Proceedings Book of

International Workshop on
Theory of Submanifolds

Istanbul Technical University, Turkey 02-04 June 2016




Proceedings Book of
International Workshop on Theory of Submanifolds

Volume: 1 (2016)

Istanbul Technical University, Turkey 02-04 June 2016

eBook is available at http://iwts2016.com/proceedings/
Published Online: 01 October 2017
eISBIN: 978-975-561-487-8




Proceedings Book of
International Workshop on Theory of Submanifolds

Volume: 1 (2016)
Istanbul Technical University, Turkey 02-04 June 2016

Editors: Nurettin Cenk Turgay, Elif Ozkara Canfes, Joeri Van der Veken, Cornelia-Livia Bejan

Publisher: Istanbul Technical University

Head of Department of ITU Library and Documentation, Mustafa Inan Library, Ayazaga Campus, 34469
Maslak, Istanbul, TURKEY. Fax: +90(212)285 3302, Phone: +90(212)285 3596, e-mail: kutuphane@itu.edu.tr.
http://www library.itu.edu.tr/en

Publication Date: October 2017

ISBN: 978-975-561-486-1

Printed at Cenkler Matbaa (I.Karaoglanoglu Cad. Civan Sok. No:7 Seyrantepe, 4. Levent, Istanbul, Turkey. +90(212)283 0277, +90(212)264 1821,

+90(212)269 0499). Certificate Number: 13968.

All rights reserved. No part of this book may be reproduced or utilized in any form or by any means, electronic or mechanical, including

photocopying, recording, or by any information storage and retrieval system, without permission in writing from the publisher.

Acknowledgement. In this workshop some of results obtained during the TUBITAK project ‘Y_EUCL2TIP’ (Project Number: 114F199) were also presented.

eBook is available at http://iwts2016.com/proceedings/
Published Online: 01 October 2017
eISBIN: 978-975-561-487-8




From Editors

Differential geometry is proving to be an increasingly powerful tool that improves its ties to other
branches of mathematics such as analysis, topology, algebra, PDEs, and so on, as well as to theoretical
physics research.

The growing number of publications in the field of submanifolds was probably the main reason
to organize the ”International Workshop on Theory of Submanifolds”, which took place at Istanbul
Technical University, Turkey, from June 2 to June 4, 2016. One of the main features of the conference
is the originality of its topic, being the only one focussing particularly on submanifold theory in the
last few years. This is remarkable since submanifold theory is a very broad and omnipresent topic,
going from surface theory in three-space, with applications in engineering and computer vision for
example, to very abstract settings with high dimension and codimension, some of them appearing in
modern physical theories.

This volume, containing the proceedings of the above mentioned workshop, provides very recent re-
sults mainly on the theory of submanifolds, which the reader would be interested in getting acquainted
with.

The book is divided into three parts, each of them having a distinct editor. The first part contains
surveys on submanifolds with certain properties, in particular on surfaces. Part two is the biggest one,
and is devoted to the theory of submanifolds. The last part extends the main subject of the workshop
toward some related topics, such as some geometrical structures which are extended from a manifold
to the whole space containing the manifold (e.g. the total space of its cotangent bundle).

The experience of the contributors to the Proceedings is illustrated by their publications in this
field and the freshness of this conference was given mainly by the presence of many young mathema-
ticians. The workshop was very successful, despite the critical period of this conference, where many
participants had to cancel their participation for reasons beyond their control.

All articles included here passed the usual referee process.

Our warm thanks go to all those who contributed to this book by their work, to all participants of
the workshop, to the referees of the Proceedings, to the host institution for organizing the conference
and last but not least to our sponsors.

Editors: N. C.Turgay, E. O. Canfes, J. Van der Veken , C-L. Bejan
September, 2017
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Foreword

The theory of submanifolds was studied since the invention of calculus and it was started with
differential geometry of plane curves. Since then the theory of submanifolds has been developed as
an important part of pure and applied mathematics. In recent times, submanifold theory also plays
some important roles in computer design, image processing, economic modeling, arts and vision,
mathematical physics, relativity theory and cosmology as well as in mathematical biology.

There are two aspects of geometry of submanifolds, namely, intrinsic geometry and extrinsic ge-
ometry of submanifolds. Intrinsic differential geometry of submanifolds describes the geometry inside
the submanifolds. Extrinsic geometry of submanifolds deals with the shape of submanifolds as subsets
of the ambient space.

An important result connecting intrinsic and extrinsic geometry of submanifolds is the 1956 J. F.
Nash embedding theorem which states that every Riemannian manifold can be isometrically embedded
in a Euclidean space with sufficient high codimension. One important fundamental problem connecting
intrinsic geometry and extrinsic geometry of submanifolds is to establish simple optimal relations
between the main intrinsic invariants and the main extrinsic invariants of submanifolds as well as to
discover their applications.

Since the pioneering work of P. Fermat, L. Euler, G. Monge, and others done in the seventeenth and
eighteenth centuries, submanifold theory is still a very active vast research field in pure and applied
mathematics. It plays a very important role in the development of modern differential geometry. This
branch of mathematics is so far from being exhausted; in fact, only a small portion of an exceedingly
fruitful field has been cultivated, much more remains to be discovered in this and coming centuries.

This new series of the Proceedings Book International Workshop on Theory of Submanifolds is a
very welcome addition to the literature on the theory of submanifolds. The first volume of this series
contains important contribution to the field of submanifold theory. It includes many nice articles on the
following contemporary important research topics; submanifolds with parallel mean curvature, bihar-
monic and biconservative submanifolds, theory of finite type submanifolds, rotational hypersurfaces,
curve and surface theory, and quasi-Einstein manifolds.

I expect this new series of Proceedings Book International Workshop on Theory of Submanifolds
to play an important role in the future development of geometry of submanifolds for many coming
years.

Bang-Yen Chen
April 15, 2017
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1 INTRODUCTION

One of the main problems in submanifold theory is to know whether given
complete Riemannian manifolds M™ and N™, with m < n, there exists an
isometric immersion f : M™ — N™. In case the ambient space is the Euclidean
space, the Nash embedding theorem says that there is an isometric embedding
f: M™ — R"™ provided the codimension n — m is sufficiently large. For small
codimension, the answer in general depends on the geometries of M and N.
Isometric immersions f : M™ — N" with low codimension and nonpositive
extrinsic curvature at any point must satisfy strong geometric conditions. The
simplest result along this line is that a surface with nonpositive curvature in R?
cannot be compact. This is a consequence of the well-know fact that at a point
of maximum of a distance function on a compact surface in R? the Gaussian
curvature must be positive.

In the same direction, the Hilbert-Efimov theorem [4], [5] states that no
complete surface M with sectional curvature Ky < —62 < 0 can be isometri-
cally immersed in R3. A classical result by Tompkins [17] states that a compact
flat m-dimensional Riemannian manifold cannot be isometrically immersed in
R?m~1. Tompkins’s result was extended in a series of papers by Chern and
Kuiper [3], Moore [8], O’Neill [11], Otsuki [12] and Stiel [15], whose results can
be summarized as follows:



Theorem 1.1. Let f : M™ — N™ be an isometric immersion of a compact
Riemannian manifold M into a Cartan-Hadamard manifold N, withn < 2m—1.
Then the sectional curvatures of M and N satisfy

sup Ky > inf K.
M N

The aim of this paper is to survey on some recent extensions of Theorem
1.1, mostly for the case of complete cylindrically bounded submanifolds.

2 BOUNDED COMPLETE SUBMANIFOLDS WITH
SCALAR CURVATURE BOUNDED FROM
BELOW

Let f : M™ — N" be an isometric immersion. In the statement below and
the sequel, p stands for the distance function to a given reference point in
M™, 1og(j) is the j-th iterate of the logarithm and ¢ > 1 means that ¢ is
sufficiently large. Also Bx[R] denotes the closed geodesic ball with radius 0 <

R < min {ian (o), 77/2\/5} centered at a point o of N”, where injy (0) is the

injectivity radius of N™ at o and 7/ 2v/b is replaced by 400 if b < 0. Moreover,
Ky (0) denotes the sectional curvature of M™ at a point € M™ along the
plane o C T, M, and similarly for N,

Ky (0) == Ky (0) — Kn (fi0)

is the extrinsic sectional curvature of f at z along o and K% stands for the
radial sectional curvature of N™ with respect to o, that is, the sectional curvature
of tangent planes to N™ containing the vector gradN r, where r is the distance
function to o in N™. Finally, let C} be the real function given by

™

Vb cot(vVbt ifb>0and 0<t< ,
B (Vbt) Wi

Grt) =9 1 ith=0and ¢ >0,

vV/—bcoth(y/=bt) ifb<0andt>0.

Theorem 1.1 was extended by Jorge and Koutrofiotis [6] to bounded com-

plete submanifolds with scalar curvature bounded from below. Pigola, Rigoli

and Setti presented in [13] an extension of Theorem 1.1 with scalar curvature
satisfying

J 2
su (@) = =4%2 @) [T (108 (p (@) (@) > 1, (2.1)

j=1

for some constant A > 0 and some integer J > 1 (where we use the definition in
which the scalar curvature and also the Ricci curvature in Section 5 are divided
by m —1).



Theorem 2.1 ([13]). Let f : M™ — N be an isometric immersion with
codimension p =n —m < m of a complete Riemannian manifold whose scalar
curvature satisfies (2.1). Assume that f(M) C By [R]. If K39 < b in By [R],
then
sup Kpr > CZ (R) + inf Ky. (2.2)
M Bn|[R]

Note that if N™ = Qp is the simply connected space form of constant sec-
tional curvature b and M = JBgp [R] C Qp is a geodesic sphere of radius R,
then equality (2.2) is achieved.

3 CYLINDRICALLY BOUNDED SUBMANIFOLDS

In this section we will discuss an extension of Theorem 2.1 due to Alias, Bessa
and Montenegro for the case of cylindrically bounded submanifolds. More pre-
cisely, in [1] they have provided an estimate for the extrinsic curvatures of com-
plete cylindrically bounded submanifolds of a Riemannian product P" x RF,
where cylindrically bounded means that there exists a (closed) geodesic ball
Bp[R] of P", centered at a point o € P™ with radius satisfying 0 < R <

min {injp (0) 77r/2\/l3} (where 7/2v/b is replaced by +oo if b < 0), such that

f(M) c Bp[R] x RF. (3.1)
Otherwise, we say that f is cylindrically unbounded.

Theorem 3.1 ([1]). Let f: M™ — P" x R* be an isometric immersion with
codimension p =n+k—m < m —k of a complete Riemannian manifold whose
scalar curvature satisfies (2.1). Assume that f is cylindrically bounded and that
P is complete. If K34 < b in Bp[R], then

sup K; > CZ (R). (3.2)
M
Moreowver,
sup Ky > CZ(R) + inf Kp. (3.3)
M Bp[R]

We point out that the codimension restriction p < m — k cannot be relaxed.
Actually, it implies that n > 2 and m > k 4+ 1. In particular, in a three-
dimensional ambient space N3, that is, n + k = 3, we have that k& = 0, and
therefore f(M) C Bp[R]. In fact, the flat cylinder S'(R) x R C Bg:z[R] x R
shows that the restriction p < m — k is necessary.

On the other hand, estimates (3.2) and (3.3) are sharp. Indeed, the function
Cp is well-known: the geodesic sphere dBgy: (R) of radius R in the simply con-
nected complete space form Q" of constant sectional curvature b, with R < 2%/5
if b > 0, is an umbilical hypersurface with principal curvatures being precisely
Cy(R). This shows that its extrinsic and intrinsic sectional curvatures are con-
stant and equal to CZ(R) and CZ(R) + b, respectively, the latter following from



the former by the Gauss equation. Then, for every m > 2 and k > 0 we can
consider M™% = §Bgm (R) x R* and take f : M™% — Bom[R] x R to
be the canonical isometric embedding. Therefore sup,; K and sup,; K); are
the constant extrinsic and intrinsic sectional curvatures CZ(R) and CZ(R) + b
of dBgy (R), respectively.

Remark 3.2. The geometry of the Euclidean factor R plays essentially no role
in the proof of Theorem 3.1. Indeed, estimate (3.3) remains true if the former
is replaced by any Riemannian manifold Q*, which need not be even complete,
whereas for (3.2) the only requirement is that K¢ be bounded from above. In
the next section we will discuss a more accurate conclusion than the one of
Theorem 3.1 (see Theorem 4.1 and comment below).

As a consequence of Theorem 3.1, the following results about extrinsic radius
were obtained.

Theorem 3.3. [1] Let f : M™ — P" x R! be an isometric immersion of a
compact Riemannian M™ with codimension p =n+1—m < m — 1. Assume
that P™ is a complete Riemannian manifolds with a pole and radial sectional

curvature Kf;“d < b <0. Then, the extrinsic radius satisfies

Ry 20,;1 <\/supKM—ianN).

In particular, if P™ = R"™ we have that

1

Ry > ——oun.
sup Ky

Theorem 3.4. [1] Let f : M™ — S™ x R! be an isometric immersion of a
compact Riemannian M™ with codimension p =n+l—m < m—1. Ifsup Kj; <
1, then

T
Ry > —.
=7

4 CYLINDRICALLY BOUNDED SUBMANIFOLDS:
A MORE GENERAL SETTING

The purpose of this section is to discuss a more accurate conclusion than the one
of Theorem 3.1. More precisely, the authors [2] understood how much extrinsic
(respectively, intrinsic) sectional curvature satisfying estimate (3.2) (respectively
(3.3)) appears depending on how low the codimension is. The idea is that the
lower the codimension is, the more extrinsic (respectively, intrinsic) sectional
curvature satisfying (3.2) (respectively (3.3)) will appear.

In the same way as in (3.1), an isometric immersion f : M™ — P" x Q* is
said to be cylindrically bounded if there exists a (closed) geodesic ball Bp[R] of
P, centered at a point o € P™ with radius R > 0, such that

f(M) c Bp[R] x Q*, (4.1)



with 0 < R < min {injp (o), 2%/5}, where 2%/13 is replaced by +o0 if b < 0.

Theorem 4.1 ([2]). Let f: M™ — P" x QF be an isometric immersion with
codimension p=n+k—m < m —k of a complete Riemannian manifold whose
radial sectional curvature Kt34(z) satisfies

J
K2 () > — A2p% ( H (log(]) )2, plx) > 1. (4.2)

Assume that f is cylindrically bounded. If K34 < b in Bp[R], then

supmin{mCaXKf( ): dimW>p+k}ZC'b2(R). (4.3)
M o
Moreover,
supmin{ max Ky (¢) : dimW > p+kp > C? (R) + inf Kp. 4.4
wpin { g K (o) piEp = CRR) 4 jnf Keo (1)

The estimates of Theorem 4.1 are clearly better than the ones of Theorem
3.1. Actually, (4.3) and (4.4) reduce to (3.2) and (3.3), respectively, only in the
case of the highest allowed codimension p = m — 1 — k. On the other hand,
although one has a stronger assumption on the curvature of M™, if (2.1) holds
but (4.2) does not, then, since the scalar curvature is an average of sectional
curvatures, we have that sup,,; Kj; = 400, and hence (3.3) is trivially satisfied.
Moreover, Kp is clearly bounded in Bp[R], thus if also K¢ is bounded from
above, we conclude that sup,, Ky = 400 by the Gauss equation, so that (3.2)
also holds trivially in this case. Finally, note that the same example considered
below Theorem 3.1 shows that our estimates (4.3) and (4.4) are also sharp.

5 APPLICATIONS

In this section we will discuss some applications of Theorem 4.1. Denote by Ry
the extrinsic radius of a cylindrically bounded isometric immersion f, that is,
the smallest R for which (4.1) holds. A first application of Theorem 4.1 are the
following versions of Theorem 3.3 and 3.4.

Corollary 5.1 ([2]). Let f : M™ — P"™ x Q¥ be an isometric immersion with
codimension p = n+ k —m < m — k of a complete Riemannian manifold
whose radial sectional curvature satisfies (4.2). Assume that P™ is a complete
Riemannian manifold with a pole and radial sectional curvatures K?d <b<O0.
If f is cylindrically bounded, then

supmin{maXKf (o) : dim W >p—|—k} > —b
M oCW



and the extrinsic radius satisfies

Ry >Cyt <\/supmin{mz%l(f(a):dimW>p+k}>. (5.1)

M aoC

In particular, if

supmin{mafo (o) : dim W >p+k} < —b,
M oCW

then f is cylindrically unbounded.

Corollary 5.2 ([2]). Let f: M™ — S™ x Q¥ be an isometric immersion with
codimension p=n+k—m < m —k of a complete Riemannian manifold whose
radial sectional curvature satisfies (4.2). If

supmin{maXKM (o) : dim W >p+k} <1,
M oCW
then
™

On the other hand, a sharp lower bound for the Ricci curvature of bounded
complete Euclidean hypersurfaces was obtained by Leung [7] and extended by
Veeravalli [18] to nonflat ambient space forms. For simplicity of notation we
shall denote by sup Ric(M) the sup Ric(X,X), where UM is the unitary

M XeUM

tangent bundle.

Theorem 5.3 ([18]). Let f : M™ — Q"™ be a complete hypersurface with
sectional curvature bounded away from —oo such that f(M) C BQ:LH[R], with
R < QL\/E if b > 0. Then

sup Ric(M) > C? (R) +b. (5.3)
M
Theorem 4.1 also gives an improvement of the above result, where we con-
sider hypersurfaces of much more general ambient spaces and obtain that es-
timate (5.3) actually holds for the scalar curvature. This shows the unifying
character of Theorem 4.1.

Corollary 5.4 ([2]). Let f : M™ — P™*! be a complete hypersurface whose
radial sectional curvatures satisfy (4.2). Assume that f(M) C Bp[R], with R
as in Theorem 4.1. If K}ad <b in Bp|[R], then

supsy > CF (R) + inf Kp.
M Bp[R]

Again observe that for the geodesic sphere M™ = aBQZnH (R) of radius R in

Q’bwrl the above inequality is in fact an equality. Corollary 5.5 leads to similar
extrinsic radius results to Corollaries 5.1 and 5.2 and, in particular, a criterion
of unboundedness:



Corollary 5.5 ([2]). Let f : M™ — P™%! be a complete hypersurface whose ra-
dial sectional curvatures satisfy (4.2). Assume that Pt is a complete Rieman-
nian manifold with a pole and sectional curvatures Kp > ¢ and Kf;ad <b<O0.
If f(M) is bounded, then sup,; spr > ¢ — b and

Ry ZC’b_l( /sx[psM—c>.

In particular, if sup,; spr < ¢ — b, then f (M) is unbounded.

Corollary 5.6 ([2]). Let f : M™ — S™*! be a complete hypersurface whose
radial sectional curvature satisfies (4.2). If supy, sy < 1, then

T
Ry > —.
I=7
Remark 5.7. One of the main tools to prove this kind of result, in particular
Theorem 4.1, is an algebraic lemma due to Otsuki [12], about symmetric bilinear
forms. On the other hand, a key ingredient to handle the noncompact case is
a maximum principle due to Omori [10] and generalized by Pigola-Rigoli-Setti
[13].

6 CONJECTURE

One of the most important open problems in the area of geometry of sub-
manifolds is an old conjecture on the higher-dimensional extension of Hilbert’s
classical theorem asserting that the complete hyperbolic plane H? cannot be
isometrically immersed into three-dimensional Euclidean space R3. Hilbert’s
theorem was proven at the turn of the last century in [5] and was one of the
first global theorems from the Riemannian geometry of surfaces. It is quite nat-
ural to explore whether this result could be extended to higher dimensions. It
follows from Otsuki’s lemma that there are no m-dimensional submanifolds of
constant negative curvature in R?*™~2 In R?>™~! Moore [9] showed that the
existence of an isometric immersion f : H™ — R?™~! implies the existence
of a Chebyshev net on H™, thereby extending the main step in the standard
proof of Hilbert’s theorem to m dimensions. However, despite the effort of
many geometers such as Tenenblat and Terng [16], Xavier [19], and Aminov, it
is remarkable that the conjectured extension of Hilbert’s theorem has not been
solved yet even in the next case m = 3. Most of the attempts were made by
trying to face the problem directly, exploring the fairly complete understanding
of the structure of m-dimensional submanifolds of constant curvature in R?™~!
provided by the study of the fundamental equations to reduce the question to a
problem of global analysis generalizing the sine-Gordon equation. But as it often
happens in mathematics, the answer for a conjecture may arise out of the so-
lution of a more general problem. Hilbert’s own theorem illustrates this point,
since it is just the special constant curvature case of Efimov’s much stronger
statement that a complete surface with sectional curvature K < —¢ < 0 cannot



be immersed isometrically in R3. Generalizations to higher dimensions of this
stronger result have been in the direction of hypersurfaces [14] rather than to
codimension m — 1. Nevertheless, we point out that Theorem 4.1 leads to a
conjecture that goes right into the latter direction. Indeed, it is a natural ques-
tion to ask whether Theorem 4.1 is still true in the limiting case, that is, when
R =1injp (0) = 75 Where o7 is replaced by +o00 if b < 0, which motivates the
following:

Conjecture 6.1. Let f : M™ — N™t = P" x Q! be an isometric immersion
with codimension p =n+1—m < m — 1 of a complete Riemannian manifold.

™

Assume that R = injp (0) = QL\/E’ where 5 i replaced by +oo if b < 0. If
K4 <b in Bp[R], then

supmin{mafo (o) : dimW > p—|—l} > max {—b,0}.
M oCW

Moreover,

supmin{maxKM (o) :dimW >p+ l} > max {—b,0} + inf Kp.
M oCW Bp [R]

It is not clear the extent to which the above conjecture is true, but an
affirmative answer at least in the most important case P* =R™, [ =0, p =m—1
would provide the extension of Efimov’s theorem to codimension m — 1 and
consequently settle the problem of isometric immersions f : H™ — R2™~1,

Remark 6.2. We said that Conjecture 6.1 was the limiting case of Theorem 4.1.
However, we do not add hypothesis (4.2). Indeed, (4.2) is important only to
ensure that the Omori-Yau maximum principle for the Hessian holds on M™.
This latter principle is one of our main tools to build the proof of Theorem
4.1, but the above conjecture seems to be inaccessible to techniques using it.
Moreover, removing (4.2) allows us to include the aforementioned extension of
Efimov’s theorem as an important particular case of the conjecture.
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1 INTRODUCTION

Let M be a (semi-)Riemannian manifold, M a hypersurface of M and X a
vector field tangent to M. M is said to have a canonical principal direction
relative to X if the tangential projection of X to M gives a principal direction.
For example, a rotational hypersurface in Euclidean spaces has a canonical
principal direction relative to a vector field parallel to its rotation axis, [12]. It
turns out that when M is a product space M x R or a semi-Euclidean space,
some common interesting geometrical properties of hypersurfaces endowed with
a canonical principal direction relative to X occur if X is chosen to be a fixed
direction k (See Theorem 3.6, Theorem 3.13, Theorem 3.15, Theorem 4.1 and
Theorem 4.6).
Let M™(c), ¢ = 1 denote the Riemannian space-form given by

w8 ife=1,
M(C){H" if c=—1.

We would like to note the following important property which relates con-
stant angle surfaces to surfaces with a canonical principal direction. The projec-
tion U of the unit vector field T" tangent to the second factor R to the tangential
bundle of the surface is a principal direction for M with the corresponding prin-
cipal curvature equal to zero. Therefore, a constant angle surface in M?(c) xR is
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endowed with canonical principal direction relative to 7. There are many classi-
fication results obtained so far, in different ambient spaces, [1, 3, 5, 6, 13, 15, 18].

A recent natural problem is that appears in the context of constant angle
surfaces is to study those surfaces for which U remains a principal direction but
the corresponding principal curvature is different from zero. This problem was
studied in S? x R [4] and H? x R [7]. Further, this problem has been recently
studied in Euclidean spaces and semi-Euclidean spaces, (see in [10, 19, 20])
where T is replaced by a constant direction k.

On the other hand, in [8, 9, 11, 23] authors study generalized constant ratio
surfaces. A hypersurface M in a semi-Euclidean space E?H is said to be a
generalized constant ratio surfaces if the tangential component of its position
vector is a principal direction of M. It is well-known that planes and complete
hypersurfaces of Ef*! with constant sectional curvatures are trivial examples
of generalized constant ratio surfaces.

This paper is organized as follows. In Sect. 2, we mention the notation that
we use in this paper. In Sect. 3 and Sect.4, we present a short survey of recent
results on surfaces endowed with a canonical principle curvatures. In Sect. 5,
we show some of the results that we have recently obtained. In Sect. 6 we
present classifications of generalized constant ratio hypersurfaces in Minkowski
spaces.

2 PRELIMINARIES

In this section, we would like to give a brief summary of basic results on
Lorentzian surfaces, (see for detail, [2, 21]).

Let EJ* denote the semi-Euclidean m-space with the canonical semi-Euclidean
metric tensor of index ¢ given by

m—t m
g = Z dm? — Z da:?,
=1

j=m—t+1

where x1, 22, ...,Zy, are rectangular coordinates of the points of E}".
Let S?(r?) and H?_, (—r?) denote the de Sitter space-time and the hyperbolic
space of dimension n > 2 defined by

St(1/r?) = {zeBy™:(z,z) =r"?),
?_1(—1/1"2) = {z B! (z,z) = —r 2.

For a short notation, we put H{j(—1) = H" and S (1) = S™.

We would like to note that all further notations, basic definitions and basic
facts that we will use in this paper are described in [8, 23]. We also would like
to refer to [4, 7, 19, 20] for detailed information of definition and geometrical
interpretation of surfaces endowed with canonical principal direction.
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3 SURFACE ENDOWED WITH CANONICAL
PRINCIPAL DIRECTION IN PRODUCT SPACES

In recent years, a lot of research has been done about M? xR by considering
the unit vector field T tangent to the second factor, parallel along M2 x R. A
special case is when M is a 2-dimensional Riemanmian space form, i.e., M =
M?(c), ¢ = £1. A surface M in M?(c) x R is said to be endowed with canonical
principal direction (in short, CPD) if the projection of T', i.e. the canonical unit
vector tangent to the R—direction, onto the tangent space of M, is a principal
direction. In this case, T' can be decomposed as

T =sin U + cosON

where N is the unit normal vector field of surface M. Here, SU = kiU for a
smooth function k; where S is the shape operator of M in M? x R, respectively.
Note that we consider the case 0 ¢ {0, %} to eliminate trivial cases.

In this section, we would like to present a survey of classification results
recently obtained. However, before we proceed, we would like to note that a
further generalization of this notion is isometric immersions which belongs to
the class A. An isometric immersion f : M — S™ x R is said to have this
property if U is an eigenvector of all shape operators of f, where M is an m-
dimensional submanifold of S™ x R. This class was introduced in [22], where a
complete description was given for hypersurfaces, and extended to submanifolds

of " x R in [17].
3.1 Surfaces in S* x R

We may note that the study of CPD surfaces in S? x R was investigated in [4].
The following results were obtained in that paper.

Let M be a surface endowed with canonical principal direction in S? x R.
By choosing an appropriate local coordinate system on M, one can see that the
induced metric g of M becomes

g = da® + B*(z,y)dy”.

Moreover, the shape operator S with respect to the basis {%, a%} is given by

5=(7 e ).
(See [4].)

Remark 3.1. An analogous result for CPD surfaces in H? x R is obtained in [7].

First, we would like to give the following characterization for CPD surfaces
in S? x R.

14



Theorem 3.2. [5] Let M be an immersed in S> <R and p a point of M for which
O(p) ¢ {0,7/2}. Then, U is a principal direction if and only if M considered as
a surface in E* is normally flat.

The following classification result is obtained in [4].
Proposition 3.3. [}/ A surface M immersed in S*> x R is a surface for which
U is a principal direction if and only if the immersion F' is in the neighborhood
of a point p where 0(p) ¢ {O, g} given by
F:M — $?xR
(‘T7y) — (Fl(SU,y)7F2(l’,y),F3($,y),F4((L‘))7

where

Few = [ "y () sin((@) + $(v))dv

Yo
for j =1,2,3, ¢'(x) = cos(6(x)), Fj(z) = sin(f(z)) and (a1, a2, a3) is a curve
in S? and FE + F$ + F§ = 1. Moreover ay, as, az, and ¢ are functions on M
related by

4 (0) = = cos(u () +0(0) [ 50 con(u(e) + 6o

—sin(0(e) + 6(0)) [ () sin((z) + 0))dv

A direct consequence of this proposition is

Corollary 3.4. [4] A surface M immersed in S* x R is a minimal surface with
U a principal direction if and only if the immersion F is (up to isometries of
S? x R) in the neighborhood of a point p where 0 ¢ {0, g} given by

F: M —S? xR,

(2,9) sinz  Vcos?z + c2cosy vcos?x + c?siny Fa(x)
x,y) — x
Y /714_027 /71_’_62 ) /714_02 y» 44

with

x

c
= ———du.

0 /cos?(u)+ c?
Corollary 3.5. [/] A surface M immersed in S* x R is a flat surface with U a

principal direction if and only if the immersion F is (up to isometries of S> xR)
in the neighborhood of a point p where 6 ¢ {0, g} given by

F4(SU)

F: M —S? xR,
Vv1+d—2% zcos z sin
(2.9) H< 2 Y Fy(x)

Vitd Vit+d Vi+d
with
T oVd—u?

b= | Ara—e
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3.2 Surfaces in H? x R

In [7], the authors studied CPD surfaces in H? x R.
Note that we have the following characterization.

Theorem 3.6. [7] Let M be a surface isometrically immersed in H? x R such
that 6 ¢ 0. U is a principal direction if and only if M is normally flat in R x R.

Theorem 3.7. [7] If F : M — H? x R is an isometric immersion with 6 ¢
{O7 g}, then U is a principal direction if and only if F' is given by
F(IE, y) = (Fl(xv y)v F2(x, y)7 F3(:L'> y)a F4(:L'))7

with Fj(x,y) = A;j(y)sinhé(z) + Bj(y) coshd(z), for j = 1,2,3 and Fy(z) =
s sin(6(7)dr), where ¢'(x) = cos(0). The siz functions A; and B; are found
in one of the following three cases.

e Case 1.
y
A0) = | Hy(r) coshv(rydr + e,
0
Yy
B;(y) :/ H;(7) sinh ¢ (7)dT + c25,
0
Hj(y) =Bj(y) sinh)(y) — A;(y) coshp(y);
o Case 2.
Yy
A;i(y) :/ H;(7)sinh¢(7)dt + ¢4,
0
B;(y) :/y H;(1) coshp(7)dr + c25,
0
Hj(y) = — Aj(y) sinhy(y) + B;(y) coshy(y);
o Case 3.

Yy
A](y)::t/ Hj(T)dT-l-Clj,
0
Yy
Bly) = [ Hy(r)dr + oo
0
H(y) =caj F 1y

where H = (Hy, Ha, H3) is a curve on the de Sitter space S%,1 is a smooth
function on M and ¢; = (11, ¢12,€13), c2 = (a1, Cag, C23) are constant vectors.

Remark 3.8. [7] In order to obtain a unified description, we note that in all
cases F' is given by

Flz,y) = (A(y) sinh ¢(x) + B(y) cosh 6(x), /0 ’ Sing(T)dT) ,
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where A is a curve in S? and B is a curve in H? orthogonal to A such that
the two speeds A’ and B’ are parallel. Denoting by H the unit vector of their
common direction, one has H = A ® B and moreover

e M is a space-like curve in the first case,
e H is a time-like curve in the second case,
e M is a light-like curve in the last case.

Theorem 3.9. [7] If F : M — H? x R is an isometric immersion with angle
function 0 ¢ {0, g}, then U is a principal direction if and only if F is locally
given by

F(z,y) = (A(y) sinh ¢(z) + B(y) cosh ¢(z), x(z)) ,

where A(y) is a curve in S? and B is a curve in H?, such that (A, B) = 0, A" || B/
and where (¢p(z),x(x)) is a regular curve in R%. The angle function 0 of M
depends only on x and coincides with the angle function of the curve (¢, x).
In particular, we can arc length reparametrize (¢, x); then (x,y) are canonical
cordinates and 0'(x) = k(x), the curvature of (¢, x).

Theorem 3.10. [7] Let F : M — H? x R is an isometric immersion with
0¢ {0, g} Then M has U as a principal direction if and only if F is given by

F(z,y) = (f(y) cosh ¢(z) + Ny (y) sinh (), x(x)) ,

where f(y) is a reqular curve in H? and N¢(y) = LWl w represents the

(), f (v)
normal of f. Moreover, (¢,x) is a reqular curve in R? and the angle function

0 of this curve is the same as the angle function of the surface parametrized by
F.

Consequently, authors obtained the following classification results by con-
sidering minimal and flat surfaces.

Corollary 3.11. [7] Let M be a surface isometrically immersed in H? x R, with
0 ¢ {0, g} Then M is minimal with U a principal direction if and only if the
immersion is, up to isometries of the ambient space, locally given by one of the
next cases

o Fz,y) = (\/11(26578 \/1+ 22)+127X( ));

.F(x,y>—( VI Gy VIO o), >)

COSy\/ 1—c2+c3 1ny\/—l 3+c3’ /1= +c3

o Flz,y) = (b(@)y, %52 (1= 1) = gy 2511+ 0%) + g7 x(@) ),

where x(z fo zidr with a(x) = ¢; coshx + co sinh z, b(x) = d’(x) and

c1,Co are constants



Theorem 3.12. [7] Let M be a surface in H> x R, with 0 ¢ {0,%}. Then
M is flat with U a principal direction if and only if the immersion F is, up to
isometries of the ambient space, given by

. )

o Flo.y) = (EELL 2 sinhy, =2 coshy, \(x)),

o F(z,y) = (zy, 2(1 — 9?) — 5=, 2(1 + ¥*) + 55, x(2)),

where x(z) = [ \/Timdr,c e R.

3.3 Surfaces in M?*(c) x R,

In [10], Fu and Nistor gave a partial classification of CPD surfaces by assuming
that the fixed vector is time-like. In this case, the fixed vector is k = (0,0,1)
which is time-like.

Similar to previous case, let U stand for the unit tangent vector on the
direction of k™.

Theorem 3.13. [10] Let M be a space-like surface in Lorentzian product spaces
M?(c) x Ry. Then, U is a principal direction if and only if M is normally flat
in R} for c =0, R} forc =1, R} forc=—1.

Next, we would like to mention the following theorem obtained in [10] where
authors assume k = (0,0, 1).

Theorem 3.14. [10, 20] Let L : M — M?(c) xRy be a space-like surface. Then,
U is a canonical principal direction for M if and only if M is parametrized as:

o Ifc=1, then L: M — S? x Ry,
L(z,y) = (cos ¢(x) f(y) + sin d(x) Ny (y), x(x)) ,
where f(y) is a regular curve on S* and

e )
Nl = o W)

represents the normal of f.

o Ifc=—1, then L: M — H? x Ry,

L(z,y) = (coshé(x) f(y) + sinh ¢(2) N (y), x(2)) ,

where f(y) is a reqular curve in S* and

fly) ® f'(y)

N = e W)

represents the normal of f.
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e Ifc =0, then we have L : M — R3 is congruent to one of the following
two surfaces.

1. L(z,y) = (cosy,siny, 0) ¢(z) — (0,0, 1)x(z) + v(v), where
v(v) = (/wa(T) sin(7)dr, — /01/ »(T) cos(T)dT,O> , e C(M).

2. L(z,y) = (cosyo,sin(yo), 0) ¢(x) — (0,0, )x(x) + v0(y), where
Y0(y) = (—(sinyo)y, (cos yo)y, 0)
and yo s a real constant.
In all three cases ¢(x) = f:; cosh §(7)dr and x(z) = ffo sinh 0(7)dr.

Now, we give the following results obtained in [10] for Lorentzian surfaces
with canonical principal direction. We note that they gave the partial classifi-
cation of those surfaces in that paper.

Theorem 3.15. [10] Let M be a Lorentzian surface in Lorentzian product
spaces M?(c) x Ry, and let 0 be the hyperbolic angle function. Then, U is a
principal direction if and only if M is normally flat in R} for ¢ = 0, R} for
c=1,R} forc=—1.

Theorem 3.16. [10, 7] Let L : M — M?(c) x Ry be a Lorentzian surface and
let 8 ¢ 0 be the hyperbolic angle function. Then, U is a canonical principal
direction for M if and only if M is parametrized as:

o Ifc=1, then L: M — S? xRy is
L(z,y) = (cos x(x) f(y) + sinx(z) Ny (y), ¢(z)) ,

where f(y) is a regular curve on S* and

fly) ® f'(y)
VA (W), F(y)

Nyly) =
represents the normal of f.
o Ifc=—1, then L: M — H? x Ry is

L(z,y) = (cosh x(z) f(y) + sinh x(2) Ny (y), (z)) ,

where f(y) is a reqular curve in S* and

fly) ® f'(y)

N = W)

represents the normal of f.
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e Ifc=0, then L: M — R}

1. L(z,y) = (x(z) cosy, x(z) siny, d(x)) + v(y) where
v(y) = < /Oy (1) sin(7)dr, /Oy () COS(T)dT,O> , W € C(M).

2. L(z,y) = (x(x) cosyo, x(x) sinyo, p(x)) + Yoy, where
Yo = (—sinyo, cos yo, 0)
and yo s a real constant.
In all these cases ¢(x) = f;; cosh O(7)dr and x(x) = f;ﬂ sinh 6(7)dr.
We have the following corollaries of the previvous theorem.

Corollary 3.17. [10] The only flat Lorentz surfaces M immersed in E3 en-
dowed with a canonical principal direction are given by the cylindirical surfaces
parametrized in the last case of Theorem 3.16.

Corollary 3.18. [10] The only minimal Lorentz surfaces M immersed in E}
endowed with a canonical principal direction are given by the catenoids of the
3rd kind parametrized as:

L(z,y) = (mcos i COS I, M COS * siny,x) ,meR {0}.
m m
4 SURFACES ENDOWED WITH CANONICAL

PRINCIPAL DIRECTION IN EUCLIDEAN AND
SEMI-EUCLIDEAN SPACES

A surface in a semi-Euclidean space E2 is said to be endowed with canonical prin-
cipal direction (CPD) if there exists a fixed direction k such that S(k7) = kikT,
where kT denote the tangential component of k. In [19], Munteanu and Nistor
studied surfaces with CPD in E3, while some classifications of such surfaces in
the Minkowski space [E$ is obtained in [20] for some cases.

4.1 Surfaces in E3

Let M be a surface with CPD in E3. Note that by choosing an appropriate
rotation in E?, we may assume k = (0,0,1) and we denote U = kT /||kT||. We
define 6 by k = sin U + cos§N. To eliminate trivial cases we consider a point
p € M with 6(p) ¢ {0, g}

Note that if U is a principal direction, then we can choose a local coordinate
system (z,y) in a neighborhood of p so that 9, is in the direction of U and the
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metric ¢ has the form g = da? + $%(x, y)dy?. Further, the shape operator S is

given by
0 0
S = ( N Bz tan 6 ) .
0 B

Moreover, 6 and 8 are related by 22 is independent of  and 6, =0, [19].

cos 6
In [19] the following characterization theorem obtained.

Theorem 4.1. [19] Let M be a surface in E® and 0 ¢ 0 be the angle function.
Let (z,y) be local coordinates on M such that 0, is the direction of U. Then,
U is a principal direction if and only if 0, = 0.

Further, the classification of surfaces with CPD in E3 was given as following.

Theorem 4.2. [19] Let M be a surface isometrically immersed in E® and let
0 ¢ 0,5 be as before. Then, U is a canonical principal direction if and only if
M is given, up to isometries of E3, by one of the following cases:

o r: M — E3,

r(z,y) = ((b(x)(coswiny) +7(), /0 i Sin9(7)d7>
" 2 (y) = (— [ vysinrar, [Mo) cosmdr) ,

where ¥ is a smooth function on a certain interval I.

o« M o B r(ny) = (6(2) cos(yo), (x) sin(yo), [ sinb(r)dr + y(vo))
with vo = (—sin(yo), cos(yo),0),y0 € R. Notice that these surfaces are
cylinders. In both cases ¢(x) denotes a primitive of cos 6.

Similar to Sect. 3, the classifications of minimal and flat surfaces follows
from the previous theorem.

Corollary 4.3. [19] Let M be a surface isometrically immersed in E3. Then
M is minimal surface with U a principal direction if and only if the immersion
18, up to isometries of the ambient space, given by

r(z,y) = (\/ 22 + c? cosy, V12 + 2siny, clog(z + V22 + 02)) ,c€R.

Remark 4.4. [19] We notice that this surface can be obtained by rotating the
catenary around the z-axis. Hence, the only minimal surface in Euclidean 3-
space with canonical principal direction is the catenoid.

Corollary 4.5. [19] Let M be a surface isometrically immersed in E® and let
0 ¢ 0,5 be the angle function. Then M is a flat surface with U a principal
direction if and only if the immersion is, up to isometries of the ambient space,
given by

rz,y) = (¢<x> cos(yn), (o) sin(). | sinede) Ty

where vy = (— sinyo, cos Yo, 0),yo € R, and ¢(x) represents a primitive of cos .
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4.2 Surfaces in E?

On the other hand, some classification results for surfaces endowed with canon-
ical principal direction in E3 were obtained in [20], where Nistor studied space-
like surfaces. In that paper, the author gave a classification of those surfaces by
assuming that the fixed direction is time-like and the fixed vector k is considered
to be k = (0,0,1).

Theorem 4.6. [20] Let M be a space-like surface in E3 and 0 ¢ 0 be the
hyperbolic angle function. Let (x,y) be local coordinates on M such that 0, is
the direction of U. Then, U is a principal direction if and only if 6, = 0.

Theorem 4.7. [20] Let M immersed in E3 be a space-like surface and 6 ¢ 0 be
the hyperbolic angle function. Then, M has a principal direction if and only if
M is parametrized in the last case of Theorem 3.14.

Consequently, we mention following two theorems related with minimality
and flatness.

Theorem 4.8. [20] The only mazimal space-like surfaces in E3 with a canonical
principal direction are catenoids of the 1st kind, parametrized in local coordinates

(2,y) as
(z,y) — (\/1’2 —c2cosy, Va2 — 2siny, cln(x + Va2 — 02)> ,c€R {0}.

Theorem 4.9. [20] The only flat space-like surfaces in E3 with a canonical
principal direction are generalized cylinders, parametrized in local coordinates
(z,y) as

(2,y) = o(z) + voy,

where o (x) = (cosyo [ coshd(r)dr,sinyg [ coshd(r)dr, — [ sinh8(7)dr) ,v9 =
(—sinyg, cos Yo, 0) ,yo € R, and 6 ¢ 0 denotes the hyperbolic angle function.

Remark 4.10. [20] The flat space-like surfaces endowed with a canonical prin-
cipal direction classified in Theorem 4.9 are given by the generalized cylinders
from the last case of Theorem 3.14. More precisely, these surfaces are cylinders
over space-like curves with space-like rulings orthogonal to k& = (0,0, 1).

) NEW EXAMPLES OF SURFACES IN [E?

In this section we would like to present some new examples of Lorentzian surface
endowed with CPD in the Minkowski 3-space. Before we proceed, we would like
to note that if M is space-like, then its shape operator S is diagonalizable,
i.e., there exists a local orthonormal frame field {e1,es; N} such that Se; =
kie;, 1 =1,2,...,n. In this case, the vector field e; and smooth function k;
are called a principal direction and a principal curvature of M.

On the other hand, if M is Lorentzian, then its shape operator can be non-
diagonalizable. In this case, if all of the eigenvalues of S are real at any point
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of M, then the matrix representation of S with respect to a suitable pseudo-
orthonormal frame field {f1, f2; N} such that

of the tangent bundle of M, the shape operator of a Lorentzian surface in E$
can be assumed to be one of canonical forms given by

0 ki

Case 3. S:(kl M)
-k

Case 1. S = diag(ki, k2), Case2. S= < Fioop >
(5.1)

for some smooth functions ki, ke and a non-vanishing function p, where the
frame field is chosen to be orthonormal in Case 1 and Case 3 and pseudo-
orthonormal in Case 2 (See for example [16]). We note that if the shape operator
of M is as given in Case 3 of (5.1), then S has no eigenvalue. So, we will consider
surfaces whose shape operator is as given in Case 1 or Case 2 of (5.1).

A null curve 3(s) in E$ is said to have a Cartan frame if there exists vector
fields {A, B,C} on j such that (A, A) = (B,B) =0, (4,B) = -1, (A4,C) =
(B,C) =0 and (C,C) = 1 with g/ = A, A’ = k1(s)C and B’ = kyC for a
constant ko and a smooth function k; which is vanishing only on a subset U
with intU = (). Then, the surface M given by

f(s,t) = B(s) +tB(s) (5.2)

is said to be a B-scroll. Note that in [16], M. Magid have proved that a surface
in E$ with non-diagonalizable shape operator is isoparametric if and only if it
is a B-scroll.

Ezample 5.1. [14] Consider the B-scroll given by
. 82 (28—1)%2 &2
c(3,t) = <2+t,3,2$+t). (5.3)

It turns out that the shape operator of this surface with respect to the pseudo-
orthonormal frame field {0;, 0} is

(44)

Moreover, it is a surface endowed with a canonical principal direction relative
to k = (1,0,0).

Further, we have recently obtained the following result.

Proposition 5.2. A flat minimal surfaces in E3 endowed with a canonical
principal direction relative to a fixed direction is either an open part of a plane
or congruent to the surface given in (5.3).
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Remark 5.3. By considering the above example, the problem of considering sur-
faces with shape operator given in Case 2 of (5.1) in terms of having canonical
principal direction arises. Authors would like to announce that they have re-
cently completed the classification of such surfaces with a canonical principal
direction relative to a fixed direction in E3.

Ezample 5.4. [14] Consider the rotational surface with a light-like rotational
axis in E$ given by

1 1
x(s,t) = (23t2 + s+ ¢(s), st, §St2 + ¢(s)> (5.4)
for a smooth function ¢. It is well-kown that the principal directions of M are
1 1
e = ————05, e3=—0;.
e1(—=2¢' —1) $

Further, we have
(1707 1) = ¢(61 - N)

for a smooth function 1. Hence, the surface given by (5.4) is endowed with a
canonical principal direction relative to k = (1,0, 1).

Remark 5.5. A direct computation yields that the surface given by (5.4) is
minimal if and only if

¢// 1

(2¢'+1) s
On the other hand, the surface given by (5.4) is flat if and only if ¢ is linear.

Remark 5.6. Authors also would like to announce that they have recently com-
pleted the classification of surfaces with a canonical principal direction relative
to a fixed light-like direction in [E3.

6 GENERALIZED CONSTANT RATIO SURFACES
N [E3

Generalized constant ratio surfaces in Euclidean spaces are firstly investigated
in [9, 23]. By definition, let M be a surface in the ambient space, x its position
vector and 6 denote the angle function between z and the unit normal vector
field N of M. If the tangential part of = is one of its principal directions, then
M is said to be a generalized constant ratio (in short, GCR surfaces). Note
that, we would like to remember two following definition. The time-like cone of
[E$ is defined as the set of all time-like vectors of E3, that is,

T={zeE}: (z,2) <0}.

The space-like cone of E is defined as the set of all space-like vectors of E3,
that is,
S={z€E}: (z,z)>0}.
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In this section, we just would like to present classification of GCR surfaces
in Minkowski 3-space obtained in [9, 8, 24]. Note that in [8], authors studied
this surface independently from the paper at [24]. Fistly, we would like to give
results for this surface obtained in [9)].

6.1 Lorentzian surfaces in E}

Most recently, Lorentzian GCR surfaces in the 3-dimensional Minkowski space
investigated by Fu and Yang in [11].

Theorem 6.1. [11] Let x : M — 3 be a surface immersed in the 3-dimensional
Minkowski space E3. If the immersion x lies in the space-like cone, then M is a
GCR surface if and only if the immersion x(M) is given by one of the following
eight statements holds:

o z(s,t) = s(cosu(s),sinu(s)cosht,sinu(s)sinht), whereu(s) = [ Lf(“’:)ds;
o z(s,t) = s(sinu(s),cosu(s) cosht, cosu(s)sinht), whereu(s) = [ %e(s)ds;

o x(s,t) = s(cosu(s)f(t) +sinu(s)f(t) x f'(t)), where f is a time-like unit
speed curve on S% satisfying (f, f/, ") ¢ 0, u(s) = [ %e(s)ds;

o z(s,t) =5 (—e ) 4 ev(s)(t? — 1),2e¥(s)t, —e =) + () (¢2 + 1)), where
S) _ f cothSG(s) dS,'

u(

o 1(s,1) =3 (—e“(s) +e ) (12 — 1), 204t —et(9) 4 emuls) (12 4 1)), where
U(S) _ f cothse(s) dS,’

e x(s,t) = s(coshu(s)cost,sinhu(s)sint,sinhu(s)), where

u(s) = /Md&

S

e z(s,t) = s(coshu(s),sinhu(s)sinht,sinhu(s) cosht), where

u(s) = / coth(s)

s
o x(s,t) = s(coshu(s)f(t) +sinhu(s)f(t) x f'(t)), where f is a time-like
unit speed curve on S} satisfying (f, f', ") ¢ 0, u(s) = [ %‘g(s)d&

Further, if x lies in the time-like cone, the following classification theorem
was obtained.

Theorem 6.2. [11] Let x : M — E$ be a surface immersed in the 3-dimensional
Minkowski space. If the immersion x lies in the timelike cone, then M is a GCR
surface if and only if the immersion x(M) is given by one of the following five
statements holds:
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o z(s,t) = % (e_“(s) + () (t2 —1), 2eu(s)t7e—u(s) + eu(s)(t2 + 1)); where
u(s) = / tanh@(s)ds;

S

o (s

t)

, £ (eul®) 4 emu) (2 — 1), 2674, euls) 4 7w (2 + 1)), where
u(s) =

tanh 0(s) 5 .
fds’

e x(s,t) = s(sinhwu(s), coshu(s)sinht, coshu(s)cosht), where

u(s) = / tanhe(s)ds;

S

e x(s,t) = s(sinhu(s)sint,sinhu(s) cost, coshu(s)), where

u(s) = / tanh f(s) )

S

o 1(s,t) = s(coshu(s)f(t) +sinhu(s)f(t) x f'(¢)), where f is a unit speed
curve on W2 satisfying (1", ") & = (f, )7, u(s) = [ 4 Hds.

We would like to also note the following consequences of the previous theo-
rems.

Corollary 6.3. [11] A flat Lorentz GCR surface in E3 is an open part of a
plane or of a cylinder.

Corollary 6.4. [11] A Lorentzian GCR surface in B3 with constant mean cur-
vature is a surface of revolution.

6.2 Space-like GCR Surfaces in Minkowski 3-Space

In [8] and [24], the authors independently studied the space-like GCR, surface
in Minkowski spaces. After, they independently obtained the complete classi-
fication of GCR surfaces in the Minkowski 3-space. All the following results
obtained for space-like GCR surfaces in Minkowski spaces were given in [8, 24].

Theorem 6.5. [8] Let M be a non-degenerated hypersurface in ]E:Tf+1 with po-
sition vector x. If M is GCR, then the tangential part of x is either space-like
or time-like.

Proposition 6.6. [8] Let M be an oriented hypersurface in the Minkowski space
E;’H and x its position vector. Consider a unit tangent vector field ey in the
direction of x*. Then, M is a GCR hypersurface if and only if a curve o is a
geodesic of M whenever it is an integral curve of e;.

Proposition 6.7. [8, 2/] Let M be a space-like hypersurface in the Minkowski
space E?H andx : M — E?H the position vector with the tangential component
xT'. Then M is GCR hypersurface if and only if Y () = 0, whenever (Y,xT) =0,
where 0 is the angle function.

26



First we assume that the surface is contained in the time-like cone.

Theorem 6.8. [8, 24] Let x : M — E3 be a space-like surface immersed in the
3-dimensional Minkowski space. Also, assume that M is lying in the time-like
cone of E3. Then, M is GCR if and only if it can be parametrized by

x(s,t) = s (coshu(s)p(t) + sinhu(s)p(t) A @' (t)), (6.1)

where ¢ = @(t) is an arc-length parametrized curve lying on H?(—1) and u =
u(s) is a smooth function. In this case, x can be decomposed as

x = —s (sinhfe; 4 coshfN) (6.2)

for the function 0 given by
coth§ = su’ (6.3)

Now, we will give the classification of space-like GCR surfaces in case the
image of the immersion x lies in the space-like cone.

Theorem 6.9. [8, 24/ Let x : M — E3 be a space-like surface immersed in the
3-dimensional Minkowski space. Also, assume that M is lying in the space-like
cone of E3. Then, M is GCR if and only if it can be parametrized by

x(s,t) = s (coshu(s)p(t) + sinhu(s)p(t) A ¢ (t)) (6.4)

where ¢ = @(t) is an arclength parametrized curve lying on S3(1) and u = u(s)
s a smooth function. In this case, x can be decomposed as

x = s (coshfe; + sinhdN) (6.5)

for the function 0 given by
tanh 6 = su'. (6.6)

As a direct corollary of the previous theorems, we have

Corollary 6.10. [8] A space-like rotational surface given by
x(s,t) = (scoshucosht, s coshusinht, ssinh u) (6.7)

or
x(s,t) = (scoshusinh ¢, s cosh u cosh ¢, s sinh u) (6.8)

is a GCR surface, where u = u(s) is a non-vanishing smooth function.

Theorem 6.11. [8, 2/] The flat space-like GCR surfaces immersed in E3 are
an open parts of a plane or of a cylinder.

Proposition 6.12. [2/] The space-like GCR surfaces with constant mean cur-
vature immersed in B3 are surfaces of revolution.
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1 INTRODUCTION

The study of submanifolds with constant mean curvature, i.e., CMC subman-
ifolds, and, in particular, that of CMC' surfaces in 3-dimensional spaces, rep-
resents a very active research topic in Differential Geometry for more than 50
years.

There are several ways to generalize these submanifolds. For example, keep-
ing the CMC hypothesis and adding other geometric hypotheses to the sub-
manifold or, by contrast, in the particular case of hypersurfaces in space forms,
studying the hypersurfaces which are “highly non-CMC”.

The biconservative submanifolds seem to be an interesting generalization of
CMC submanifolds. Biconservative submanifolds in arbitrary manifolds (and in
particular, biconservative surfaces) which are also CMC have some remarkable
properties (see, for example [10, 18, 22, 28]). C'M C' hypersurfaces in space forms
are trivially biconservative, so more interesting is the study of biconservative
hypersurfaces which are non-C' M C'; recent results in non-C'M C biconservative
hypersurfaces were obtained in [12, 19, 21, 29, 30].

The biconservative submanifolds are closely related to the biharmonic sub-
manifolds. More precisely, let us consider the bienergy functional defined for
all smooth maps between two Riemannian manifolds (M™, g) and (N™, h) and
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given by
1 o0
Bie) =5 [ 1r@F v e C¥OLN)

where 7(¢) is the tension field of . A critical point of Ej is called a biharmonic
map and is characterized by the vanishing of the bitension field T2 () (see [15]).

A Riemannian immersion ¢ : M™ — (N™ h) or, simply, a submanifold M
of N, is called biharmonic if ¢ is a biharmonic map.

Now, if ¢ : M — (N, h) is a fixed map, then Ey can be thought as a functional
defined on the set of all Riemannian metrics on M. This new functional’s
critical points are Riemannian metrics determined by the vanishing of the stress-
bienergy tensor Se. This tensor field satisfies

div Sy = _<7-2(@)a d<p>

If divSy = 0 for a submanifold M in N, then M is called a biconservative
submanifold and it is characterized by the fact that the tangent part of its
bitension field vanishes. Thus we can expect that the class of biconservative
submanifolds to be much larger than the class of biharmonic submanifolds.

The paper is organized as follows. After a section where we recall some
notions and general results about biconservative submanifolds, we present in
Section 3 the local, intrinsic characterization of biconservative surfaces. The
local, intrinsic characterization theorem provides the necessary and sufficient
conditions for an abstract surface (M 2, g) to admit, locally, a biconservative
embedding with positive mean curvature function f and grad f # 0 at any
point.

Our main goal is to extend the local classification results for biconservative
surfaces in N3(c), with ¢ = 0 and ¢ = 1, to global results, i.e., we ask that
biconservative surfaces to be complete, with f > 0 everywhere and | grad f| > 0
on an open dense subset.

In Section 4 we consider the global problem and construct complete bicon-
servative surfaces in R? with f > 0 on M and grad f # 0 at any point of an
open dense subset of M. We determine such surfaces in two ways. One way is
to use the local, extrinsic characterization of biconservative surfaces in R3 and
“glue” two pieces together in order to obtain a complete biconservative surface.
The other way is more analytic and consists in using the local, intrinsic charac-
terization theorem in order to obtain a biconservative immersion from (Rg, QCO)
in R3 with f > 0 on R? and |grad f| > 0 on an open dense subset of R? (the
immersion has to be unique); here, Cy is a positive constant and therefore we
obtain a one-parameter family of solutions. It is worth mentioning that, by
a simple transformation of the metric go,, (RQ, v—Kc, gco) is (intrinsically)
isometric to a helicoid.

In the last section we consider the global problem of biconservative surfaces
in S with f > 0 on M and grad f # 0 at any point of an open dense subset
of M. As in the R3 case, we use the local, extrinsic classification of biconser-
vative surfaces in S3, but now the “gluing” process is not as clear as in R3.
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Further, we change the point of view and use the local, intrinsic characteriza-
tion of biconservative surfaces in S?. We determine the complete Riemannian
surfaces (RQ, gCl,C{‘) which admit a biconservative immersion in S with f > 0
everywhere and | grad f| > 0 on an open dense subset of R? and we show that,
up to isometries, there exists only a one-parameter family of such Riemannian
surfaces indexed by C1.

We end the paper with some figures, obtained for particular choices of the
constants, which represent the non-CMC complete biconservative surfaces in
R3 and the way how these surfaces can be obtained in S3.

2 BICONSERVATIVE SUBMANIFOLDS;
GENERAL PROPERTIES

Throughout this work, all manifolds, metrics, maps are assumed to be smooth,
i.e. in the C'*° category, and we will often indicate the various Riemannian
metrics by the same symbol (,). All surfaces are assumed to be connected and
oriented.

A harmonic map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds
is a critical point of the energy functional

1
E:C¥(M,N) =R, E(p) =3 /M |dip|? v,

and it is characterized by the vanishing of its tension field
T(p) = tracey Vde.

The idea of the stress-energy tensor associated to a functional comes from
D. Hilbert ([14]). Given a functional F, one can associate to it a symmetric
2-covariant tensor field S such that div.S = 0 at the critical points of . When
E is the energy functional, P. Baird and J. Eells ([1]), and A. Sanini (][27]),
defined the tensor field

* 1 *
S=e(p)g—p*h= ildw\zg —¢*h,
and proved that
div.S = —{7(¢),dp).

Thus, S can be chosen as the stress-energy tensor of the energy functional. It is
worth mentioning that S has a variational meaning. Indeed, we can fix a map
@ : M™ — (N™ h) and think F as being defined on the set of all Riemannian
metrics on M. The critical points of this new functional are Riemannian metrics
determined by the vanishing of their stress-energy tensor S.

More precisely, we assume that M is compact and denote

G ={g : g is a Riemannian metric on M} .
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For a deformation {g;} of g we consider w = %’t:o g € T,G = C (&*T*M).
We define the new functional

F:G—=R, Flg)=E(p)
and we have the following result.

Theorem 2.1 ([1, 27]). Let ¢ : M™ — (N", h) and assume that M is compact.
Then

d 1 X
G Fla=5 [ oo v,

Therefore g is a critical point of F if and only if its stress-energy tensor S
vanishes.

We mention here that, if ¢ : (M™,g) — (N™,h) is an arbitrary isometric
immersion, then div.S = 0.

A natural generalization of harmonic maps is given by biharmonic maps. A
biharmonic map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds is
a critical point of the bienergy functional

1
B2 CX(MN) =R, Eale) =3 [ 1) vy
M
and it is characterized by the vanishing of its bitension field

To(p) = —A¥T(p) — trace, RN(dga,T(gp))dga,

where
A¥ = —trace, (V¥V¥ —VE)

is the rough Laplacian of ¢~ 'TN and the curvature tensor field is
RN(X,Y)Z =VYVYZ - V¥VRZ -V Z, VXY, Z € C(TM).

We remark that the biharmonic equation m2(p) = 0 is a fourth-order non-
linear elliptic equation and that any harmonic map is biharmonic. A non-
harmonic biharmonic map is called proper biharmonic.

In [16], G. Y. Jiang defined the stress-energy tensor Ss of the bienergy (also
called stress-bienergy tensor) by

S2(X,Y) =35 lr(@)P(X.¥) + (dp, Vr(@))(X,Y)
~ {dp(X), Ty 7(g)) — (do(Y), Vxr (o))

as it satisfies
diVSQ = —<T2(g0), d(p>

The tensor field Ss has a variational meaning, as in the harmonic case. We
fix a map ¢ : M™ — (N™, h) and define a new functional

Fo:G =R, Falg) = Ex(p).

Then we have the following result.
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Theorem 2.2 ([17]). Let ¢ : M™ — (N™, h) and assume that M is compact.

Then
d 1
i F2 (gt):—§ M<W»S2> Vg,

t=0
so g is a critical point of Fo if and only if So = 0.

We mention that, if ¢ : (M™,g) — (N", k) is an isometric immersion then
div Sy does not necessarily vanish.

A submanifold of a given Riemannian manifold (N™, h) is a pair (M™, @),
where M™ is a manifold and ¢ : M — N is an immersion. We always consider
on M the induced metric g = ¢*h, thus ¢ : (M,g) — (N, h) is an isometric
immersion; for simplicity we will write ¢ : M — N without mentioning the
metrics. Also, we will write ¢ : M — N, or even M, instead of (M, p).

A submanifold ¢ : M™ — N™ is called biharmonic if the isometric immersion
© is a biharmonic map from (M™, g) to (N™, h).

Even if the notion of biharmonicity may be more appropriate for maps than
for submanifolds, as the domain and the codomain metrics are fixed and the
variation is made only through the maps, the biharmonic submanifolds proved
to be an interesting notion (see, for example, [24]).

In order to fix the notations, we recall here only the fundamental equations
of first order of a submanifold in a Riemannian manifold. These equations
define the second fundamental form, the shape operator and the connection in
the normal bundle. Let ¢ : M™ — N™ be an isometric immersion. For each
p € M, Ty, N splits as an orthogonal direct sum

TN = do(T,M) & do(T,M)™*, (2.1)

and NM = U dp(T,M)™* is referred to as the normal bundle of ¢, or of M,
peM
in N.
Denote by V and V¥ the Levi-Civita connections on M and N, respectively,
and by V¥ the induced connection in the pull-back bundle

e NTN) = | TpmN.
peEM

Taking into account the decomposition in (2.1), one has
V%do(Y) =dp(VxY) + B(X,Y), VXY e C(TM),

where B € C(®?T*M ® NM) is called the second fundamental form of M in
N. Here T*M denotes the cotangent bundle of M. The mean curvature vector
field of M in N is defined by H = (trace B)/m € C(NM), where the trace is
considered with respect to the metric g.

Furthermore, if n € C(NM), then

Vin = —dp(A,(X)) + Vxn, VX e€C(TM),
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where A, € C(T*M ®@TM) is called the shape operator of M in N in the direc-
tion of 7, and V+ is the induced connection in the normal bundle. Moreover,
(B(X,Y),n) = (A4,(X),Y), for all X,Y € C(TM), n € C(NM). In the case
of hypersurfaces, we denote f = trace A, where A = A, and 7 is the unit nor-
mal vector field, and we have H = (f/m)n; f is the (m times) mean curvature
Sfunction.

A submanifold M of N is called PMC if H is parallel in the normal bundle,
and CMC if |H| is constant.

When confusion is unlikely we identify, locally, M with its image through ¢,
X with dp(X) and Vidp(Y) with VY. With these identifications in mind,
we write

VXY = VxY + B(X,Y),

and
Vi =—4,(X) + Vxn.

If div.Ss = 0 for a submanifold M in N, then M is called biconservative.
Thus, M is biconservative if and only if the tangent part of its bitension field
vanishes.

We have the following characterization theorem of biharmonic submanifolds,
obtained by splitting the bitension field in the tangent and normal part.

Theorem 2.3. A submanifold M™ of a Riemannian manifold N™ is biharmonic
if and only if

trace Ay g (+) + trace VAy + trace (R (-, H))T =0

and
AL H + trace B (-, Ay () + trace (R (., H))J' =0,

where A is the Laplacian in the normal bundle.

Various forms of the above result were obtained in [7, 17, 23]. From here we
deduce some characterization formulas for the biconservativity.

Corollary 2.4. Let M™ be a submanifold of a Riemannian manifold N™. Then
M is a biconservative submanifold if and only if:

1. trace AgyLp(-) + trace VAy + trace (RV (., H))T =0;

2. Zgrad (|H|?) + 2 trace Ay g (-) + 2trace (RV (, H))T =0;
3. 2trace VAy — 2 grad (|H|?) = 0.

The following properties are immediate.

Proposition 2.5. Let M™ be a submanifold of a Riemannian manifold N™. If
VAg =0 then M is biconservative.
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Proposition 2.6. Let M™ be a submanifold of a Riemannian manifold N™.
Assume that N is a space form, i.e., it has constant sectional curvature, and M
is PMC'. Then M is biconservative.

Proposition 2.7 ([2]). Let M™ be a submanifold of a Riemannian manifold
N™. Assume that M is pseudo-umbilical, i.e., Ay = |H|?I, and m # 4. Then
M is CMC.

If we consider the particular case of hypersurfaces, then Theorem 2.3 be-
comes

Theorem 2.8 ([2, 25]). If M™ is a hypersurface in a Riemannian manifold
N™FL then M is biharmonic if and only if

2A(grad f) + fegrad f — 2f (RicciN(n))T =0,

and
Af + fIA]? = fRicei™ (n,n) =0,

where n is the unit normal vector field of M in N.

Corollary 2.9. A hypersurface M™ in a space form N™%1(c) is biconservative
if and only if

A(grad f) = —g grad f.
Corollary 2.10. Any CMC hypersurface in N™1(c) is biconservative.

Therefore, the biconservative hypersurfaces may be seen as the next research
topic after that of CM C surfaces.

3 INTRINSIC CHARACTERIZATION OF
BICONSERVATIVE SURFACES

We are interested to study biconservative surfaces which are non-CMC. We
will first look at them from a local, extrinsic point of view and then from a
global point of view. While by “local” we will mean the biconservative surfaces
@ : M? — N3(c) with f > 0 and grad f # 0 at any point of M, by “global” we
will mean the complete biconservative surfaces ¢ : M? — N3(c) with f > 0 at
any point of M and grad f # 0 at any point of an open and dense subset of M.

In this section, we consider the local problem, i.e., we take ¢ : M? — N3(c) a
biconservative surface and assume that f > 0 and grad f # 0 at any point of M.
Let X; = (grad f)/| grad f| and X5 two vector fields such that {X;(p), X2(p)}
is a positively oriented orthonormal basis at any point p € M. In particular,
we obtain that M is parallelizable. If we denote by A; < Ao the eigenvalues
functions of the shape operator A, since A(X;) = —(f/2)X; and trace A = f,
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we get Ay = —f/2 and Ay = 3f/2. Thus the matrix of A with respect to the
(global) orthonormal frame field {X;, Xo} is

_é 0
A =
3
0 ¥
We denote by K the Gaussian curvature and, from the Gauss equation, K =
c+ det A, we obtain
f2=-(c—-K). (3.1)

Thus ¢ — K >0 on M.
From the definitions of X; and X5, we find that

grad f = (X1 f) X1 and Xof =0.

Using the connection 1-forms, the Codazzi equation and then the extrinsic and
intrinsic expression for the Gaussian curvature, we obtain the next result which
shows that the mean curvature function of a non-C'MC' biconservative surface
must satisfy a second-order partial differential equation. More precisely, we have
the following theorem.

Theorem 3.1 ([5]). Let ¢ : M? — N3(c) a biconservative surface with f > 0
and grad f # 0 at any point of M. Then we have

fAf—l—|g1raudf|2—&—§cfg—f4:07 (3.2)

where A is the Laplace-Beltrami operator on M.

In fact, we can see that around any point of M there exists (U;u,v) local
coordinates such that f = f(u,v) = f(u) and (3.2) is equivalent to

FIT =LY = gef 1 =0, (33)

i.e., f must satisfy a second-order ordinary differential equation.

Indeed, let pg € M be an arbitrary fixed point of M and let v = «(u) be an
integral curve of X7 with v(0) = pg. Let ¢ the flow of X5 and (U;u,v) local
coordinates with pg € U such that

X(u7 U) = ¢’y(u) (U) = (b(,)/(u)a U)'
We have
Xu(u,0) =+ (u) = X1(y(u)) = X1(u,0)
and
Xo(u,0) = ¢y (V) = X (dyu) (v)) = Xa(u,v).

If we write the Riemannian metric g on M in local coordinates as

g= gndu2 + 2g12dudv + g22dv2,
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we get gog = |Xv|2 = |X2\2 =1, and X; can be expressed with respect to X,
and X, as

1
X1 == (Xu — g12Xy) = o gradu,
o

where 0 = \/g11 — 935 > 0, 0 = o (u, ).

Let fo X = f(u,v). Since Xof = 0, we find that

fu,v) = f(u,0) = f(u), V(u,v) €U

It can be proved that

(X1, Xo] = MX%

4f
and thus X2X1f = X1X2f — [Xl,Xg] f =0.
On the other hand we have

X2X1f = X, (%f,) =X, (l) f/
= 0 ’

We recall that )
med £ = (600) % = (1) X1 £0

at any point of U, and then f’ # 0 at any point of U. Therefore, from (3.4),
X, (1/o) =0, i.e., 0 = o(u). Since g11(u,0) = 1, and g12(u,0) = 0, we have
oc=1,ie,

X =X, — g12X, = grad u. (3.5)

In [5] it was found an equivalent expression for (3.2), i.e.,

(X f) f = T () + 57

Therefore, using (3.5), relation (3.2) is equivalent to (3.3).

Remark 3.2. If ¢ : M? — N3(c) is a non-CMC biharmonic surface, then,
there exists an open subset U such that f > 0, grad f # 0 at any point of U,
and f satisfies the following system

Af = f(2c—|A])
A(grad f) = —% grad f '
As we have seen, this system implies
Af = f(2c—|A])

FAS +|grad f|* + 5ef? = f1 =0
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which, in fact, is a ODE system. We get

FF =3 +2ef? =511 =0
(3.6)
P =5 = gef*+ 11 =0

As an immediate consequence we obtain

7
7f4:Oa

2 10
(f") +§Cf2—2

and combining it with the first integral
(f) = 2f* = 8ef + af*?

of the first equation from (3.6), where @ € R is a constant, we obtain
3 14
5,]05/2 + chl/Q —a=0.

If we denote f = f1/2, we get 3f5/2 + 14cf/3 —a = 0. Thus, f satisfies a
polynomial equation with constant coefficients, so f has to be a constant and
then, f is a constant, i.e., grad f = 0 on U (in fact, f has to be zero). Therefore,
we have a contradiction (see [6, 8] for ¢ = 0 and [3, 4], for ¢ = £1).

We can also note that relation (3.2), which is an extrinsic relation, together
with (3.1), allows us to find an intrinsic relation that (M, g) must satisfy. More
precisely, the Gaussian curvature of M has to satisfy

(c — K)AK — | grad K|* — gK(c —K)? =0, (3.7)

and the conditions ¢ — K > 0 and grad K # 0.

Formula (3.7) is very similar to the Ricci condition. Further, we will briefly
recall the Ricci problem. Given an abstract surface (M?, g), we want to find the
conditions that have to be satisfied by M such that, locally, it admits a minimal
embedding in N3(c). It was proved (see [20, 26]) that if (M2, g) is an abstract
surface such that ¢ — K > 0 at any point of M, where ¢ € R is a constant, then,
locally, it admits a minimal embedding in N3(c) if and only if

(c— K)AK — |grad K|? — 4K (c — K)? = 0. (3.8)

Condition (3.8) is called the Ricci condition with respect to ¢, or simply the
Ricci condition. If (3.8) holds, then, locally, M admits a one-parameter family
of minimal embeddings in N3(c).

We can see that relations (3.7) and (3.8) are very similar and, in [9], the
authors studied the link between them. Thus, for ¢ = 0, it was proved that if
we consider a surface (M2, g) which satisfies (3.7) and K < 0, then there exists
a very simple conformal transformation of the metric g such that (M 2 V-K g)

39



satisfies (3.8). A similar result was also proved for ¢ # 0, but in this case, the
conformal factor has a complicated expression (and it is not enough to impose
that (M?,g) satisfy (3.7), but we need the stronger hypothesis of it to admit a
non-C'MC biconservative immersion in N3(c)).

Unfortunately, condition (3.7) does not imply, locally, the existence of a bi-
conservative immersion in N3(c), as in the minimal case. We need a stronger
condition. It was obtained the following local, intrinsic characterization theo-
rem.

Theorem 3.3 ([9]). Let (M?,g) be an abstract surface and ¢ € R a constant.
Then, locally, M can be isometrically embedded in a space form N3(c) as a
biconservative surface with positive mean curvature having the gradient different
from zero at any point if and only if the Gaussian curvature K satisfies ¢ —
K(p) > 0, (grad K)(p) # 0, for any point p € M, and its level curves are circles
in M with constant curvature

_ 3| grad K|
- 8(c—K) '

Remark 3.4. If the surface M in Theorem 3.3 is simply connected, then the
theorem holds globally, but, in this case, instead of a local isometric embedding
we have a global isometric immersion.

We remark that unlike in the minimal immersions case, if M satisfies the hy-
potheses from Theorem 3.3, then there exists a unique biconservative immersion
in N3(c) (up to an isometry of N3(c)), and not a one-parameter family.

The characterization theorem can be equivalently rewritten as below.

Theorem 3.5. Let (Mz,g) be an abstract surface with Gaussian curvature K
satisfying ¢ — K(p) > 0 and (grad K)(p) # 0 at any point p € M, where ¢ € R
is a constant. Let X; = (grad K)/|grad K| and Xy € C(TM) be two vector
fields on M such that {X1(p), X2(p)} is a positively oriented basis at any point
of p € M. Then, the following conditions are equivalent:

(a) the level curves of K are circles in M with constant curvature

3| grad K| 3XhK
o — _ :
8(c—K) 8(c—K)’

(b)
3X,K

X2 (XlK) =0 and VXZXQ = m

X1;
(¢) locally, the metric g can be written as g = (¢ — K)~3/4 (du? + dv?), where
(u,v) are local coordinates positively oriented, K = K(u), and K' > 0;

(d) locally, the metric g can be written as g = €*# (du® 4 dv?), where (u,v) are
local coordinates positively oriented, and ¢ = p(u) satisfies the equation

Q= e 20/3 _ ce2¢ (3.9)
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and the condition ¢’ > 0; moreover, the solutions of the above equation,

u=u(yp), are
@
dr n
u = Ug,
o V—=3e=27/3 —ce2™ +q

where @ is in some open interval I and a,ug € R are constants;

(e) locally, the metric g can be written as g = €% (du® + dv?), where (u,v) are
local coordinates positively oriented, and ¢ = p(u) satisfies the equation

"

30" + 20/ 0" + 8ce?P ' =0 (3.10)

and the conditions ¢’ > 0 and ¢+ e~ 2?¢" > 0; moreover, the solutions of
the above equation, uw = u(y), are

©
dr n
u = Ug,
o V=3be=27/3 — ¢e27 + ¢

where  is in some open interval I and a,b,uy € R are constants, b > 0.

The proof follows by direct computations and by using Remark 4.3 in [9]
and Proposition 3.4 in [21].

Remark 3.6. From the above theorem we have the following remarks.

(i) If condition (a) is satisfied, i.e., the integral curves of X are circles in
M with a precise constant curvature, then the integral curves of X; are
geodesics of M.

(ii) If condition (c) is satisfied, then K has to be a solution of the equation
3K"(c— K) +3(K')’ +8K(c— K)»* =0.
(ili) If condition (c) is satisfied and ¢ > 0, then (M2, (c — K)3/4g) is a flat
surface and, trivially, a Ricci surface with respect to c.

(iv) Let ¢ = ¢(u) be a solution of equation (3.10). We consider the change of
coordinates

(u,0) = (et + B, 00 + ),
where a € R is a positive constant and 8 € R, and define
¢ = (at+ B)+loga.

Then g = €*? (du? + dv*) and ¢ also satisfies equation (3.10). If ¢ = ¢(u)
satisfies the first integral

4,0// — bef2<p/3 _ Ce2<,o7
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where b > 0, then, for « = b=3/8, ¢ = ¢ (u) satisfies
¢// — e—2¢/3 _ ce2q>_

From here, as the classification is done up to isometries, we note that
the parameter b in the solution of (3.10) is not essential and only the
parameter a counts. Thus we have a one-parameter family of solutions.

(v) If ¢ is a solution of (3.10), for some ¢, then ¢ + «, where « is a real
constant, is a solution of (3.10) for ce?*.

(vi) If ¢ = 0, we note that if ¢ is a solution of (3.10), then also ¢ + constant
is a solution of the same equation, i.e, condition (a) from Theorem 3.5 is
invariant under the homothetic tranformations of the metric g. Then, we
see that equation (3.10) is invariant under the affine change of parameter
u = ati + (, where a > 0. Therefore, we must solve equation (3.10) up to
this change of parameter and an additive constant of the solution ¢. The
additive constant will be the parameter that counts.

In the ¢ = 0 case, the solutions of equation (3.10), are explicitly determined
in the next proposition.

Proposition 3.7 ([21]). The solutions of the equation

3%0”’ +2§0/SON — O

which satisfy the conditions ¢’ > 0 and ¢" > 0, up to affine transformations of
the parameter with o > 0, are given by

p(u) = 3log(coshu) + constant, u > 0.

We note that, when ¢ = 0, we have a one-parameter family of solutions of
equation (3.10), i.e., go, = Co(coshu)® (du® + dv?), Cy being a positive con-
stant.

If ¢ # 0, then we can not determine explicitly ¢ = p(u). Another way to
see that in the ¢ # 0 case we have only a one-parameter family of solutions of
equation (3.10) is to rewrite the metric ¢ in certain non-isothermal coordinates.

Further, we will consider only the ¢ = 1 case and we have the next result.

Proposition 3.8 ([21]). Let (M2, g) be an abstract surface with g = e (du®+
dv?), where u = u(yp) satisfies

©
dr n
u = Uo,
o V=3be=27/3 —¢27 1+ g

where p is in some open interval I, a,b € R are positive constants, and ug € R
s a constant. Then (M2,g) s 1isometric to

3
& (-6 +3C1€7 - 3)

e + 1d02> ,

<D017gCI = 52
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where De, = (&01,802) X R, Cy € (4/ (33/2) ,oo) is a positive constant, and &gy
and Euy are the positive vanishing points of —&3/3+3C162 =3, with 0 < &1 < &oa.

Remark 3.9. Let us consider

D _ 3
C1,901 = 52 (758/34»30152 73)

de? + ;dQQ)

and

3
Decy, g0 = = - =
& (=88 + 30182 = 3)
The surfaces (D¢, ,9¢,) and (DC{7 gC{) are isometric if and only if C; = Cj

and the isometry is ©(&,0) = (£, +6 + constant). Therefore, we have a one-
parameter family of surfaces.

de? + L g
52

Remark 3.10. We note that the expression of the Gaussian curvature of
(De¢y, 9c,) does not depend on Cy. More precisely,

1
Kcl (67 9) = _§§8/3 + L

But, if we change further the coordinates (£, 60) = (501 + & (02 — 1) ,é), then
we “fix” the domain, i.e., (D¢, gc, ) is isometric to ((0, 1), go, ) and C; appears
in the expression of K¢, (é, 6).

4 COMPLETE BICONSERVATIVE SURFACES IN
RB

In this section we consider the global problem and construct complete biconser-
vative surfaces in R? with f > 0 everywhere and grad f # 0 at any point of an
open dense subset. Or, from intrinsic point of view, we construct a complete
abstract surface (M 2 g) with K < 0 everywhere and grad K # 0 at any point
of an open dense subset of M, that admits a biconservative immersion in R3,
defined on the whole M, with f > 0 on M and | grad f| > 0 on the open dense
subset.

First, we recall a local extrinsic result which provides a characterization of
biconservative surfaces in R3.

Theorem 4.1 ([13]). Let M? be a surface in R? with f(p) > 0 and (grad f)(p) #
0 for any p € M. Then, M is biconservative if and only if, locally, it is a
surface of revolution, and the curvature k = k(u) of the profile curve o = o(u),
|o’(u)] =1, is a positive solution of the following ODE



In [5] there was found the local explicit parametric equation of a biconser-
vative surface in R3.

Theorem 4.2 ([5]). Let M? be a biconservative surface in R with f(p) > 0 and
(grad f)(p) # 0 for any p € M. Then, locally, the surface can be parametrized
by

X¢,(p,v) = (peosv, psinv, ug, (p))

3 o [= 1 N ; -
w6 = g (o1 o (g 4 )
0

with Cy a positive constant and p € <C~'0_3/2, oo).

We denote by S, the image X5 ((6’63/2, oo) X R) . We note that any two

such surfaces are not locally isometric, so we have a one-parameter family of
biconservative surfaces in R?. These surfaces are not complete.

Remark 4.3. If p : M? — R? is a biconservative surface with f > 0 and
grad f # 0 at any point, then there exists a unique Cy such that (M) C Sé,-
Indeed, any point admits an open neighborhood which is an open subset of
some Sg . Let us consider pg € M. Then, there exists a unique Cy such that
pU) C Sg,» where U is an open neighborhood of pg. If A denotes the set of all
points of M such that they admit open neighborhoods which are open subsets
of that S , then the set A is non-empty, open and closed in M. Thus, as M is
connected, it follows that A = M.

The “boundary” of Sg , ie., gé‘o \S@O, is the circle
(C~’0_3/2 cos v, 6‘0_3/2 sinw, 0) ,

which lies in the Ozy plane. At a boundary point, the tangent plane to the
closure S, of Sg, is parallel to Oz. Moreover, along the boundary, the mean

curvature function is constant fs = (25’3/ 2) /3 and grad fe, = 0.
Thus, in order to obtain a complete biconservative surface in R, we can
expect to “glue” along the boundary two biconservative surfaces of type S@o

corresponding to the same Cy (the two constants have to be the same) and
symmetric to each other, at the level of C'*° smoothness.

In fact, it was proved that we can glue two biconservative surfaces S and
Sé(,), at the level of C'°° smoothness, only along the boundary and, in this case,

Co = Cj.
Proposition 4.4 ([19, 21]). If we consider the symmetry of Graf uc, with re-

spect to the Op(= Ox) axis, we get a smooth, complete, biconservative surface
Sg, n R3. Moreover, its mean curvature function f&, is positive and grad fs,

1s different from zero at any point of an open dense subset of 5@0.
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Remark 4.5. The profile curve o = (p, 0,ug, () = (p, ug, (p)) can be re-
parametrized as

oc,0) = (0% (0),0% (6))

G (0 + 1723 (VP 0+1og (VE+VIFT))).  0>0,
(4.1)
and now Xg = Xg (0, 0).

Proposition 4.6. The homothety of R3, (1,y,2) — C’O(:c, y,z), renders Sy onto

Séo—z/z .

In [21], there were also found the complete biconservative surfaces in R? with
f > 0 at any point and grad f # 0 at any point of an open dense subset, but
there, the idea was to use the intrinsic characterization of the biconservative
surfaces. More precisely, we have the next global result.

Theorem 4.7 ([21]). Let (Rz,gco = C (coshu)’ (du? +dv2)) be a surface,
where Cy € R is a positive constant. Then we have:

(a) the metric on R? is complete;
(b) the Gaussian curvature is given by

3 , 24 sinhu

—— <0, K;(@Wu)=——"—,
Cy (coshu)® ca(t) Cy (cosh u)’

Kco(uvv) = Kco(u) = -
and therefore grad K¢, # 0 at any point of R? \ Ov;
(c) the immersion ¢c, : (R?, gc,) — R? given by
wo, (u,v) = (Ué'o (u) cos(3v), O'évo (u) sin(?w),o%o (u))
is biconservative in R3, where
vCy vCo
3 2

1
(coshu)?, og, (u) = (2 sinh(2u) + u) , u € R.

g, (1) =

Sketch of the proof. The first two items follow by standard arguments. For the
last part, we note that choosing Cy = (9/Cp)'/3 in (4.1) and using the change
of coordinates (0,v) = ((sir1hu)2,3v)7 where v > 0, the metric induced by
X(9/cy)y1/s coincides with go,. Then, we define ¢¢, as: for u > 0, ¢, (u,v) is
obtained by rotating the profile curve

0'+ 1/3U:O'913U: 0'1 1311,,0'2 13U s
9= (= (o)
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and for u < 0, ¢, (u, v) is obtained by rotating the profile curve

azl)l/3(U) = (Utcg)l/s(—u), —Uzg)lm(—u)) .
O

By simple transformations of the metric, (RQ, gCO) becomes a Ricci surface
or a surface with constant Gaussian curvature.

Theorem 4.8. Consider the surface (R2,gco), Then (Rz, \/—Kcogco) s com-
plete, satisfies the Ricci condition and can be minimally immersed in R? as a
helicoid or a catenoid.

Proposition 4.9. Consider the surface (R?, gc,). Then (R* —Kc,gc,) has
constant Gaussian curvature 1/3 and it is not complete. Moreover, (RQ, —Kc¢, gco)
is the universal cover of the surface of revolution in R? given by

Z(u,v) = (a(u) cosh <\/§v> , a(u) sinh (?v) ,B(u)) ) (u,v) € R?,

a

where a € (0,+/3] and

\/ —a?) cosh? 7 + a2
a(u) = dr.
Coshu cosh? 7

Remark 4.10. When a = /3, the immersion Z has only umbilical points and
the image Z (RQ) is the round sphere of radius v/3, without the North and the
South poles. Moreover, if a € (0,+/3), then Z has no umbilical points.

Concerning the biharmonic surfaces in R? we have the following non-existence
result.

Theorem 4.11 ([6, 8]). There exists no proper biharmonic surface in R3.

5 COMPLETE BICONSERVATIVE SURFACES IN
83

As in the previous section, we consider the global problem for biconservative
surfaces in S2, i.e., our aim is to construct complete biconservative surfaces in
S? with f > 0 everywhere and grad f # 0 at any point of an open and dense
subset.

We start with the following local, extrinsic result.
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Theorem 5.1 ([5]). Let M? be a biconservative surface in S* with f(p) > 0
and (grad f)(p) # 0 at any point p € M. Then, locally, the surface, viewed in
R*, can be parametrized by

ém;l\/);/él (fi(cosv—1)+ fysinv),
1

where Cy € (64/ (35/4 ,oo) is a positive constant; f,, fo € R* are two constant
orthonormal vectors; o(u) is a curve parametrized by arclength that satisfies

Yo, (u,v) = o(u) +

1

o). F :4n(u)*3/4 _
< ( )af1> 3\/671 )

and, as a curve in S?, its curvature k = k() is a positive non constant solution
of the following ODE

4
Kk = Z ()2 + gnz — 4k*
such that

1 .
(k) = —56/3 —16x* + C167/2.

Remark 5.2. The constant C; determines uniquely the curvature , up to a

translation of u, and then «, f; and f, determines uniquely the curve o.

We consider f, =3 and f, = €, and change the coordinates (u,v) in (k,v).
Then, we get

veteen = (1= () comton 1= (o) st

4 ,.—3/4 4 ,.—3/4

—K cos v, \Ffi

3 \Y4 C1 3 Cl

sinwv |,

(5.1)
where (k,v) € (Ko1, ko2) X R, ko1 and ko2 are positive solutions of

1 _
7—6/12 —165*+ 172 =0
and
" Crr3/4
1(k) = ﬂos/ - o dr + co,
ko (—16+9Ci74/2) \J9C1™/2 — 16(1 + 972)

with ¢ € R a constant and kg € (ko1,k02). We note that an alternative
expression for Y was given in [11].

Remark 5.3. The limits lim,\ .o, (k) = @ (ko1) and limy .., p(k) = 1 (Ko2)
are finite.
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Remark 5.4. For simplicity, we choose xo = (3C} /64)2.

If we denote Sg, the image of Yz , then we note that the boundary of S5 is
made up from two circles and along the boundary, the mean curvature function
is constant (two different constants) and its gradient vanishes. More precisely,
the boundary of SCH is given by the curves

2 2
3/4 —3/4 .
<\/1—< 4Cl,1<,01/ ) COSM(HOl),\/l— <3 461/4,01/ ) sln,U,(K()l),

4_ =3/ cos 0, —4 k4 sinw
& o1 e, ot

and

2 2
—3/4 3/4\ .
3\%1"502/ ) cos pu (Ko2) , \/1 - <3f’£02/ ) sin  (Ko2) ,

4 —3/4 4 —3/4
K2 sinw |.

= cos v, 3\/67502

These curves are circles in affine planes in R* parallel to the Ox32* plane and
their radii are (4&0 3/4) (3\/ ) and (4&0 3/4) / (3\/ C’l), respectively.

At a boundary point, using the coordinates (u,v), we get that the tangent
plane to the closure of Si is spanned by a vector which is tangent to the
corresponding circle and by

_\/1 - (3\;#5;/4)28111“%),\/1 (

where ¢ =1 or ¢ = 2.
Thus, in order to construct a complete biconservative surface in S®, we can
expect to glue along the boundary two biconservative surfaces of type Sg , corre-

2
4 —3/4 _
3\/C~Tll€0i > Ccos (’{01) ) 0, 0 )

sponding to the same Cy. In fact, if we want to glue two surfaces corresponding
to Cy and Cl along the boundary, then these constants have to coincide and
there is no ambiguity concerning along which circle of the boundary we should
glue the two pieces. But this process is not as clear as in R? since we should
repeat it infinitely many times.

Further, as in the R® case, we change the point of view and use the intrinsic
characterization of the biconservative surfaces in S3.

The surface (D¢, , gc,) defined in Section 3 is not complete but it has the
following properties.

Theorem 5.5 ([21]). Consider (D¢, gc,). Then, we have
(a) Kc,(§,0) = K(£,0),
SK(E0) = g0, K(Q) = -6
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and grad K # 0 at any point of D¢, ;

(b) the immersion ¢c, : (Dc,,g9c,) — S® given by

(1 ‘ 1 in cos(+v/C10) sin(v/C10)
¢C1(§70)_( 1 0152 COSC(ﬁ), 1 01525 <(£)7 \/@E s \/@5

is biconservative in S, where

13
4/3
(&) ==+ o dr+ e,
oo (1 C172)\/—78/3 430172 - 3

with ¢; € R a constant and £yo € (€01, &02)-

Sketch of the proof. The first item follows by standard arguments. For the
second item, we note that choosing C; = 3%/4.16C; in (5.1) and using the
change of coordinates (k,v) = (3*3/254/3, (3’”&/@0) /4), the metric induced
by Y31/4.16¢, coincides with gc, .

Then, we define ¢¢, as

_ 3-1/8,/C10
b, (§,0) = Ys1/4.46¢, (3 3/254/37 41) .

O

Remark 5.6. The limits limes ¢, (&) = ¢ (§01) and limg xg,, C(§) = ¢ (€o2) are
finite.

Remark 5.7. For simplicity, we choose £yo = (9C4 /4)3/2.

Remark 5.8. The immersion ¢¢, depends on the sign £ and on the constant
c1 in the expression of ¢. As the classification is up to isometries of S, the sign
and the constant are not important, but they will play an important role in the
gluing process.

The construction of complete biconservative surfaces in S® consists in two
steps, and the key idea is to notice that (D¢, gc,) is, locally and intrinsically,
isometric to a surface of revolution in R3.

The first step is to construct a complete surface of revolution in R? which
on an open dense subset is locally isometric to (D¢, gc,). We start with the
next result.

Theorem 5.9 ([21]). Let us consider (D¢, ,gc,) as above. Then (D¢, gc,) is
the universal cover of the surface of revolution in R3 given by

bew.os (6,0) = (x(é“) C‘f A(€) sin (ff V(f)) 7 (5.2)

49

).



where x (&) = CT /€,

32 — C* —78/3 4 3C 72 — 3)
d T, 5.3
/ \/ 7.4 7.8/3 +30,72 — 3) T+ (5.3)

Ci e (07 (Cr - 4/33/2)71/2) is a positive constant and ¢ € R is constant.

Remark 5.10. The immersion 9¢, ¢y depends on the sign + and on the con-
stant cj in the expression of v. We denote by Sjccl,cl*,c; the image of ¥c, c:.

Remark 5.11. The limits limg ¢, ¥(§) = v (&o1) and limg ne, v(§) = v (€o2)
are finite.

We note that the boundary of Sa’cf,cf is given by the curves

i 0 Ci )
<501 cos cy’ 501 C*’ v (6o1)

Cf o 0 G gy ¥
(&J e S (502)>

These curves are circles in affine planes in R3 parallel to the Oxy plane and
their radii are Cf /&1 and Cf /&pe, respectively.

At a boundary point, using the coordinates (v, 6), we get that the tangent
plane to the closure of Sa,Cl*,cf is spanned by a vector which is tangent to

and

the corresponding circle and by the vector (0,0,1). Thus, the tangent plane is
parallel to the rotational axis Oz.
Geometrically, we start with a piece of type Sa Cr et and by symmetry to

the planes where the boundary lie, we get our complete surface §01,0{5 the
process is periodic and we perform it along the whole Oz axis.

Analytically, we fix C; and C7, and alternating the sign and with appropriate
choices of the constant c¢], we can construct a complete surface of revolution
gcl,c*; in R? which on an open subset is locally isometric to (D¢, , gc, ). In fact,
these choices of + and —, and of the constants ¢j are uniquely determined by
the “first” choice of 4, or of —, and of the constant ¢j. We start with + and
c; =0.

The profile curve of Sa,ci‘ o can be seen as the graph of a function depend-
ing on v and this allows us to obtain a function F' such that the profile curve
of SCH,C; to be the graph of the function x o F' depending on v and defined on
the whole Oz (or Ov). The function F : R — [£p1, 02| is periodic and at least
of class C3.

Theorem 5.12 ([21]). The surface of revolution given by

Vo, 0r(v,0) = ((XOF)(I/)COS 0 (x o F)(v)sin g*, ), (v,0) € R?,

)
oy
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is complete and, on an open dense subset, it is locally isometric to (D¢, 9o, )-
The induced metric is given by

3F?(v) 2 1 2
3F2(v) — (CF)? (—=F3/3(v) + 3CL F2(v) — 3)d 0 v

gc,.c;(v,0) =

(v,0) € R2. Moreover, grad K # 0 at any point of that open dense subset, and
1 — K > 0 everywhere.

From Theorem 5.12 we easily get the following result.

Proposition 5.13 ([21]). The universal cover of the surface of revolution given
by Ve, cr is R? endowed with the metric gc,,c; - It is complete, 1—K > 0 on R2
and, on an open dense subset, it is locally isometric to (D¢, , gc,) and grad K #
0 at any point. Moreover any two surfaces (Rz,gclycf) and (RQ,gcl,Cl*') are
1sometric.

The second step is to construct effectively the biconservative immersion from
(R%, gc, ,Cf) in S3, or from Scl,c; in S3. The geometric ideea of the construction
is the following: from each piece Saﬁcfycf{ of SCl,Cl* we “go back” to (D¢, g9c,)
and then, using ¢, and a specific choice of + or — and of the constant c;, we
get our biconservative immersion ®¢, cr. Again, the choices of + and —, and
of the constant ¢; are uniquely determined (modulo 27, for ¢;) by the “first”
choice of +, or of —, and of the constant ¢; (see [21] for all details).

Some numerical experiments suggest that ®¢, ¢y is not periodic and it has
self-intersections along circles parallel to Oz3z*.

The projection of ®¢, cr on the Oz'2? plane is a curve which lies in the
annulus of radii /1 — 1/ (C1&2,) and /1 — 1/ (C1£2,). It has self-intersections
and is dense in the annulus.

Concerning the biharmonic surfaces in S* we have the following classification
result.

Theorem 5.14 ([4]). Let ¢ : M? — S3 be a proper biharmonic surface. Then
(M) is an open part of the small hypersphere S?(1/1/2).

APPENDIX

In the ¢ = 0 case, the idea was to construct, by symmetry, a complete bicon-
servative surface in R? starting with a piece of a biconservative surface. We
illustrate this in the following figure obtained for Cy = 1.
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In the ¢ = 1 case, the construction of a complete biconservative surface in
S? can be summarized in the next diagram, obtained for C; = Cf =1, ¢f = 0
and we started with + in the expression of v.
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ISOMETRY

v

501 502 f

ISOMETRY T |

-
wchcf - QZ}CI,C{‘,C’{

playing with the constant
¢ and +

P0¢ — 1o
:F
HALLVAYISNODIL

gCuCl* C R3 complete

The projection of ®; 1 on the Oz'2? plane is represented in the next figure
(Cl = O)
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_ The last two figures represent the signed curvature of the profile curve of
Sc,,c» and the signed curvature of the curve obtained projecting ®;; on the
Oz'z? plane.
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1 INTRODUCTION

Surface Theory in three-dimensional manifolds is a classical topic in Differen-
tial Geometry. Although the most extensive investigation has been carried out
in ambient three-manifolds with constant curvature, the so-called space forms,
there has been a growing interest in considering the broader family of homoge-
neous three-manifolds. Among the different geometrically distinguished families
of surfaces, we will focus on those which have constant mean curvature (CMC in
the sequel). When the codimension is bigger than one, a natural generalization
of cMC surfaces are those whose mean curvature vector is not constant but par-
allel in the normal bundle. These surfaces are called parallel mean curvature
surfaces (PMC from now on, see Definition 2.1), and enjoy some of the properties
of cMC surfaces in codimension one.

The aim of this work is to gather some results on the classification of PMC
surfaces when the codimension is two and the ambient space is homogeneous,
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sketching a parallelism with cMC surfaces in homogeneous three-manifolds. The
connection between these two theories principally comes from the fact that cMcC
surfaces in totally umbilical cMC hypersurfaces of a four-manifold become PMC
surfaces (cf. Proposition 3.1). When the four-manifold is homogeneous typically
such a hypersurface is also homogeneous. Nonetheless, there could be PMC sur-
faces not factoring through a hypersurface in this sense, as we will discuss below.
The interested reader can refer to [DHMO09] and [MP12] for an introduction to
oMmc surfaces in homogeneous three-manifolds. Another approach that covers
both cMC and PMC surfaces as critical points of extended area functionals can
be found in [Sall0].

In the seventies, Ferus [Fer71] proved that an immersed PMC sphere in a
space form is a round sphere (cf. Theorem 4.3), and afterwards Chen [CheT73]
and Yau [Yau74] classified PMC surfaces in space forms, showing that they are
cMC surfaces in three-dimensional totally umbilical hypersurfaces (cf. Theo-
rem 5.1). It is also important to mention the contribution of Hoffman [Hof73],
who classified PMC surfaces of R* and S* in terms of analytical functions assum-
ing their Gauss curvature does not change sign.

Almost thirty years later, Kenmotsu and Zhou [KZ00] undertook the classi-
fication of PMC surfaces in the complex space forms CP? and CHZ2, based on a
result of Ogata [Oga95]. However, soon thereafter Hirakawa [Hir06] pointed out
a mistake in Ogata’s equation, but gave a classification of the PMC spheres in
CP? and CH2. The mistake was corrected in [KO15] but the classification was
still incomplete. Finally, Kenmotsu has recently published a correction [Ken16]
that closes the classification problem. The complete classification then follows
from both [Hir06] and [Ken16].

The classification of PMC surfaces in four-dimensional manifolds has also
been treated in M?(c) x R, where M"(c) denotes the n-dimensional space form
of constant sectional curvature ¢. On the one hand, de Lira and Vitério [dLV10)
classified the PMC spheres (cf. Theorem 4.12). On the other hand, Alencar, do
Carmo and Tribuzy [ACT10] proved reduction of codimension for PMC surfaces
in M™(¢) x R (cf. Theorem 5.3) also classifying PMC spheres (cf. Theorem 4.13).
Mendonga and Tojeiro [MT14] improved Alencar, do Carmo and Tribuzy’s result
under some additional conditions (see Section 5.1).

A few years ago, the second author and Urbano [TU12] classified the pPmC
spheres in the product four-manifolds S? x S? and H? x H?, as well as a large
family of PMC surfaces that satisfy an extra condition on the extrinsic normal
curvature (cf. Theorem 5.8). Fetcu and Rosenberg also tackled the problem in
other ambient manifolds obtaining several partial results, namely, in S? x R and
H? x R [FR12], in M"(c) x R [FR13], in CP™ x R and CH" x R [FR14] and
also in Sasakian space forms [FR15], including the Heisenberg space of any odd
dimension.

An interesting family where to study the classification problem for PMC sur-
faces in is that of the four-dimensional Thurston geometries, i.e., homogeneous
four-manifolds whose isometry group acts transitively and effectively on them,
and the stabilizer subgroup at each point is compact. Usually the isometry
group is required to be maximal in the sense that it cannot be enlarged to
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another subgroup. Under these assumptions, there are 19 types of Thurston
geometries in dimension 4, listed in Table 1 below. We will emphasize the prod-
uct geometries, which might be the first spaces where PMC surface should be
understood:

e The product spaces M3(c) xR (see Sections 4.4 and 5.2). The classification
of the PMC spheres was done by de Lira and Vitério [dLV10], but the
general classification remains open.

e The product spaces M?(c;) xM?(cg). The classification of spheres is known
when ¢; = ¢z (see Sections 4.3 and 5.4), but the general case remains still
open, although there are some partial results (see Section 4.5).

e The product spaces Nils xR, Sly(R) xR and Sol® xR (the latter is included
in the family Solﬁ%n in Table 1).

Dropping the condition on the maximality of the isometry group, a simply con-
nected homogeneous four-dimensional product manifold is either of the form
M2(c1) x M2(cg) or G x R, where G is a Lie group endowed with a left-invariant
metric (see [MP12]). In the latter family, it is worth highligthing the fam-
ily E(k,7) x R where E(k,7), K — 472 # 0, denotes the two-parameter fam-
ily of simply connected three-manifolds with isometry group of dimension four
(see [VAV08], [DHMO09] and the references therein).

The existence of holomorphic quadratic differentials for PMC surfaces has
been central in their classification. Note that cMcC surfaces in E(k, 7)-spaces
admit a holomorphic quadratic differential called the Abresch-Rosenberg dif-
ferential [ARO05]. This fact plays a key role in the definition of holomorphic
quadratic differentials for PMC surfaces in H? x R and S? x R (see Section 5.2).

GEOMETRY IsoTrROPY dim(Iso) KAHLER

St RE, HA SO, 10 No, except R*
CP?, CH? Uy 9 Yes

SE xR, H? xR SO3 7 No

S? x §?2, H? x H?, S x R?, S04 x SO, 6 Yes

S? x H?, H? x R?

Sly(R) x R, Nilg x R, Soli SO, 5 No

F4 (81)172 5 Yes

Nily, Soly, . Solf {1} 4 No

Table 1: List of Thurston four-dimensional geometries, their isotropy group
(cf. [Wal86, §1] and [Mai98]), the dimension of their isometry group and
whether they admit a Kéhler structure compatible with the geometric struc-
ture (cf. [Wal86, Theorem 1.1]). The spaces Slo(R) x R, Nilz x R, Solj, and
Sol} are not Kihler but do admit complex structures. Here, (SY)m,n denotes
the image of the unit circle St C C in Uy by z + (2™, 2").

It is worth mentioning that PMC surfaces have been also studied in pseudo-
Riemannian manifolds. A classification was achieved for non-degenerate PMC
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surfaces in the four-dimensional Lorentzian space forms [CV09]. It turns out
that, as in the Riemannian case, all PMC surfaces lie in three-dimensional sub-
manifolds. This classification was afterwards extended to any codimension and
any signature of the metric (see [Che09] for the spacelike case and [Chel0, FH10]
for the timelike case). In the sequel we will restrict ourselves to the Riemannian
case.

2 DEFINITIONS AND FIRST PROPERTIES

Let M be an n-dimensional orientable Riemannian manifold with metric (,)
and Levi-Civita connection V, and let ¢ : ¥ — M be an isometric immersion of
an orientable Riemannian surface . The tangent space T,% will be identified
with dg(T,%) C Ty M in the sequel, so the metric on ¥ will also be denoted by
(, ) since the immersion is isometric. Therefore Ty,) M admits an orthogonal
decomposition T, M = TPZEBTPLE, where T3 is the so-called normal bundle
of the immersion. This leads to considering the space X(X) of (tangent) vector
fields, i.e., smooth sections of 7Y, and the space X*(X) of normal vector fields,
i.e., smooth sections of T+, We will denote by u' € T,% and ut € T;-E the
components of a vector u € T,y M with respect to this decomposition.

Given a normal vector field n € X+ (X)), we can define the shape operator
associated with 7 as the self-adjoint endomorphism A, : X¥(X) — X(X) given by
A,(X) =—(Vxn)". Then the second fundamental form o : X(M) x X(M) —
X1H(X) satisfies (0(X,Y),n) = (4,(X),Y) for all X,V € X(¥) and € X+(X).
The mean curvature vector H of the immersion at p € ¥ is defined as H(p) =
1(o(er,e1) + o(e2,€2)), where {e1,es} is an orthonormal basis of T,X.

The normal bundle T3 can also be endowed with a connection V+ : X(X) x
XH(E) = XH(Z) defined as Vxn = (Vxn)* for all X € X(2) and n € X*+(%).
This connection is called the normal connection, and gives rise to a curvature
tensor Rt : X(3) x X(X) x X1(X) — x1(X), given by

RH(X,Y)n = VxVyn-VyVxn—Vixyy, XY € X(%), n € X5(D). (2.1)

Definition 2.1 (Parallel mean curvature immersion). An isometric immersion
¢ : 3 — M is said to have parallel mean curvature (PMC for short) if its mean
curvature vector H € X1 (X) is parallel in the normal bundle, i.e., V+iH =0,
but not identically zero.

Remark 2.2. The minimal case H = 0 has been excluded from Definition 2.1
due to several reasons that will become clear after Lemma 2.4. Essentially, it
is not possible to define a natural orthonormal frame in the normal bundle if
H = 0, which is crucial for some of the arguments below.

Although several results in higher codimension will be mentioned hereinafter,
let us assume now that the codimension is 2, where PMC surfaces enjoy additional
properties. In the first place, we will furnish the normal bundle with a natural
orientation provided that both M and X are oriented, and define a notion of
curvature in the normal bundle.
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Definition 2.3. A basis {n,v} in T;Z is said to be positively oriented if and
only if {e1, e2,n, v} is positively oriented in Ty(,) M whenever {e1, ez} is a posi-
tively oriented basis of T,%.

The normal curvature of ¢ is the smooth function K+ € C*°(X) defined by
K*(p) = (R*(e1, e2)es, ea), (2:2)

where {e1,e2,e3,e4} is an orthonormal basis of T, M such that {e;,e2} and
{es,e4} are positively oriented bases in T),X and TPLZ, respectively.

Lemma 2.4. Let ¢ : ¥ — M be a PMC immersion. Then the mean curvature
vector H has constant length (in particular, H never vanishes). If additionally
the codimension is 2, then:

(i) There exists a unique parallel normal field H € X+(3) such that the global
frame {H/|H|, H/|H|} is positively oriented and orthonormal in T+X.

(ii) K+ is identically zero, i.e., the normal bundle is flat.

(iii) The Ricci equation for the Riemann curvature tensor R of M reads

(R(X,Y)H,n) = ([A,, Ag|X,Y), X, Y € X(%),ne€XH(%). (2.3)

Remark 2.5. Flatness of the normal bundle of a PMC surface is a typical property
in codimension 2. If the codimension is bigger than 2, it is possible to define
likewise the normal sectional curvature of the normal bundle, but it does not
necessarily vanish for PMC surfaces.

Proof. Since H is parallel in the normal bundle we have
X(HP) = 2V x H, H) = 2(V5 H, H) =0,

for all X € X(X), so |H]| is constant on X. As for (i), the normal bundle is
orientable in the sense of Definition 2.3, so we can define a rotation R, of angle
7/2 in T;-% such that {n, Ryn} is positively oriented for all € T;-%. This
rotation leaves the normal bundle of ¥ invariant, and should not be confused
with a possible complex structure on M.

Hence H = —RH is such that {H/|H|, H/|H|} is a positively oriented global
orthonormal frame of the normal bundle. Moreover, H is also parallel since it
has constant length and is orthogonal to the parallel vector field H. Given
a positively oriented orthonormal frame {e1,e2} in TY, we can consider ez =
H/|H| and e;, = H/|H|, so Equation (2.1) and the fact that H is parallel yield

|H|R*(e1,e2)es = VL, VEH — VEVLH - Vi, H =0, 2.4
|H|R (e1,e2)ea = VEVEH - VEVEH - VE  H=0. '

[e1,e2]

From (2.2) and the first equation in (2.4), we get that K+ = 0, so (ii) is
proved. Finally, given X, Y € X(¥) and &,1 € X1 (X), the Ricci equation reads
R(X,Y,&,n) = RH(X,Y, &, n)—([Ae, A,) X, Y), so (iii) is a consequence of taking
¢ = H in the Ricci equation and of the second identity in (2.4). O
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3 THE RELATION BETWEEN CMC AND PMC
SURFACES

Parallel mean curvature surfaces are often considered the natural generalization
to higher codimension of CMC surfaces in three-manifolds, so a leading idea in
the study of PMC surfaces in four-manifolds is to reduce the codimension and rely
on results for cMC surfaces. Our first approach to this idea will consist in finding
natural assumptions on a hypersurface N of a four-manifold M guaranteeing
that any cMcC surface immersed in N has parallel mean curvature vector in M.
This is evident if N is totally geodesic, but this condition can be relaxed as the
following result ensures.

Proposition 3.1. Let N be a totally umbilical cMC hypersurface of a four-
manifold M. Then every CMC surface immersed in N is either PMC or minimal
i M.

Proof. Let ¢ : ¥ — N be a cMC immersion with second fundamental form o
and mean curvature vector H. The immersion ¢ can also be regarded as an
immersion into M, so let us denote by ¢ and H the second fundamental form
and the mean curvature vector of the immersion ¢ : ¥ — M, respectively. We
will also define o and H as the second fundamental form and the mean curvature
vector of NV as a hypersurface of M, respectively. B ~

Since 0 = 7 4 7, taking the trace on X we get that 2H = 2H +3H —a(n,n),
where 7 is a unit normal vector field to ¢(X) tangent to N. Taking into account
that N is totally umbilical, i.e., o(x,y) = <x,y)ﬁ for all z,y € TN, we finally
get that H = H+H. Taking the derivative of this last equation with respect
to a tangent vector field V € X(X) gives

S— ~ o~ J_ — ~ J— o~
ViH = (Vv(H + H))" = (VvH)" + (VvH)*
— (VYH+5(V,H))" + (Vv H)*
= (VY H)" + (V, HYH)*" + (Vv H)*" = (Vv H)*,
where V¥ is the Levi—Ci\Lita connection of N and we have taken into account

that (V4 H )+ = 0 since H has constant length. We distinguish two cases:

e IfH =0 (N is a totally geodesic hypersurface of M), then ViH =
(VyH)* =0 and H is parallel, so we are done.

e Assume now that H # 0. Observe that (ﬁvﬁ,f[) = 0 since H has
constant length, so (Vy H )L is proportional to a unit vector field 77, normal
to X, but tangent to N. Hence

(VvH)E = (VvH,nn=—(H,Vyn)n=—(H,5V,n)n
= —(H,(V,n)H)n =0,

where we used again that N is a totally umbilical hypersurface in M. [
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Remark 3.2.  Under the assumptions of Proposition 3.1, the mean curvature
vector H of ¥ in M is just the sum of the mean curvature vector H of ¥ in
N and the mean curvature vector H of N in M, i.e., we have the orthogonal
decomposition H = H + H. Hence ¥ is PMC if and only if VX H = 0 and ¥ is
not minimal in N or N is not totally geodesic in M.

Let us analyse how Proposition 3.1 can be applied in different four-manifolds
where totally umbilical surfaces are classified in order to construct PMC surfaces.

1.

In the space forms R*, S* and H*, totally umbilical hypersurfaces have
constant sectional curvature and constant mean curvature. Hence, the
pMC surfaces provided by Proposition 3.1 are cMC surfaces in the three-
dimensional space forms R?, S? or H? embedded totally umbilically in the
four-dimensional space form.

There are no totally umbilical hypersurfaces in the complex space forms
CP? and CH? [TT63]. This is one of the difficulties when trying to produce
examples of PMC immersions. In fact, there are no PMC spheres in CP?
or in CH? (cf. Theorem 4.6).

In S3 x R and H? x R there are plenty of totally umbilical hypersurfaces
since both spaces are locally conformally flat, but only the totally geodesic
ones have constant mean curvature [MT14]. Since totally geodesic sub-
manifolds in a product are the product or totally geodesic submanifolds,
we conclude that such totally geodesic hypersurfaces are locally congruent
to S?, H3, S? x R, or H? x R.

In a Riemannian product M?(c;) x M?(cy) of two surfaces of constant
Gaussian curvatures ¢; and co, with (c1,¢c2) # (0,0), the only totally
umbilical hypersurfaces with constant mean curvature are totally geodesic.
Hence, they are open subsets of products of one surface and a geodesic in
the other surface. This was proven for S? x S? and H? x H?, where both
factors have the same curvature, in [TU12], but the proof can easily be
extended to the other cases.

Consider E(k,7) x R, the Riemannian product of a homogeneous three-
space with the Euclidean line. If k — 472 = 0, the first factor has constant
sectional curvature and the classification of totally umbilical hypersurfaces
with constant mean curvature has been treated in item 3. If 7 = 0 (and
k # 0), the first factor is either S x R or H? x R, so the space under
consideration is either S? x R? or H? x R?, which have been treated in
item 4. In all other cases, if was proven in [ST09, VdV08] that there
are no totally umbilical surfaces in E(k,7), so the only totally umbilical
hypersurfaces of E(k,7) x R are open parts of the slices E(x,7) x {to}.
A more general result in G x R, where G is a simply connected three-
dimensional Lie group endowed with a left-invariant metric, follows from
the classification of totally umbilical surfaces in G (see [MS15]).
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4 QUADRATIC DIFFERENTIALS AND THE
CLASSIFICATION OF PMC SPHERES

As in the theory of ¢MC surfaces in homogeneous Riemannian three-manifolds,
the existence of quadratic differentials that are holomorphic for PMC immersions
comes in handy in some ambient four-manifolds. For instance, in symmetric
four-manifolds such as

e the space forms R*, S* and H*,
e the complex hyperbolic and projective spaces CP? and CH?,
e the Riemannian products S? x S? and H? x H?,

it is possible to define two holomorphic quadratic differentials for PMC surfaces.
It is also hitherto possible to define one holomophic quadratic differential in
a few other cases, such as in M3(c) x R and M?(c;) x M?(cy) (de Lira and
Vitério [dLV10] and Kowalczyk [Kowll]), or in Sasakian space forms (Rosen-
berg and Fetcu [FR15]). This is instrumental, for instance, in the classification
of PMC spheres in the aforementioned spaces, for the fact that a non-trivial
holomorphic differential vanishes often gives precious information.

Throughout this section, we will consider a PMC immersion ¢ : % — M of an
oriented surface ¥ into a four-manifold M with second fundamental form o. As
in the previous section, V and V will denote the Levi-Civita connections in 3
and M, respectively, and R will stand for the Riemann curvature tensor of M.
Also, z = x + iy will be a conformal parameter on ¥ with conformal factor e?%,
giving rise to the usual basic vectors 9, = %(893 —i0y) and 0z = %(GI +i0y).

Lemma 4.1. Under the previous assumptions, the following formulae hold:
(i) (0.,0:) = 3€* and (0.,0.) = 0.
(i) Vo, 0 = V5.0, =0 and Vy.0, = 2u,0,.

(iii) 20(0z,0,) = e*“H.

(iv) (0(0,,0.),n)z = (R(0z,0.,)0.,n) for any parallel normal section 7.

Proof. (i) is a consequence of z being a conformal parameter, (ii) is a direct com-
putation using Koszul’s formula and (iii) is straightforward from the definition
of 9, and 0;. We prove (iv):

<U(az7az)777>z =
9.0)(0:,0:) + 20(V5.0:,0:),m)

820)(327 3z) +E(32,32)az, 77>

V5.0(0z,0.) — 0(V5.0z,0.) — 0(92,V5.0.) + R(D=,0.)0-,m)

Va.(3¢* H) — u.e®" H + R(0z,0:)0:,1) = (R(0z,0:)0:,m),
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where we have taken into account (ii), (iii), the fact that 7 is parallel, the defi-
nition of the covariant derivative of ¢ and the Codazzi equation (Vxo)(Y, Z) —
(Vyo)(X,Z) = (R(X,Y)Z)*. O

From now on z = z + iy will denote a conformal parameter on ¥ compatible
with the orientation and H is given in Lemma 2.4.

4.1 Space forms

Let M = M*(c) be the space form of constant sectional curvature ¢ € R, and
define in conformal coordinates the quadratic differentials

O(z) = (0(0,0,), HYdz ® dz,

~ ~ (4.1)
O(z) = (0(0,0,), HYdz ® dz.

Equation (4.1) defines globally © and é, i.e., their expressions do not depend
upon the choice of the conformal parameter.

Proposition 4.2. Let ¢ : ¥ — M*(c) be a parallel mean curvature immersion
of an oriented surface .. Then © and O defined by (4.1) are holomorphic
quadratic differentials.

Proof. Taking into account that (R(9;,0,)d,,n) is zero for any normal vector
field i in a space form, the statement follows from Lemma 4.1. O

Theorem 4.3 (Ferus [Fer71], see also [Hof73, Theorem 2.2]). Let ¢ : S — M*(c)
be a PMC immersion of a sphere S in a space form. Then ¢(S) is contained in
a totally umbilical hypersurface of M*(c) as a minimal surface.

Proof. For illustration purposes, we will prove the case ¢ = 0, that is, M*(0) =
R*. Since S is a sphere and ¢ is a PMC immersion, both © and O defined in (4.1)
vanish. Since © = 0, we obtain that Ay = |H|?Id (i.e., ¢ is pseudo-umbilical).

Arguing as in the classical proof that complete and connected totally umbil-
ical surfaces in R3 are spheres or planes, we consider the function f : § — R*
given by f(p) = H, + |H,|*¢(p). For any tangent vector field V € X(S) we get

V(f) = V(H + |HP¢) = Vv H + |HPV = —AgV + Vi H + [HPV = 0,

by using the pseudo-umbilicity, and identifying 7,,S with its image by d¢ in
Ty»M*(c). Hence f is constant a € R?*, so the immersion satisfies

2

a 1
= fie| ~
This means that ¢(S) is contained in a sphere S3 C R* of radius 1/|H|, which
is totally umbilical in R* with mean curvature |H| = |H|. Thus the mean
curvature H = H — H of S as a surface of S? is zero (observe that H and H
have the same length, and H and H are orthogonal, see Remark 3.2). O
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Remark 4.4. In the proof of Theorem 4.3 we have only used one of the holomor-
phic differentials associated to the PMC immersion to get the result. Neverthe-
less, both holomorphic differentials will be needed to get a complete classification
of PMC immersions in space forms (cf. Theorem 5.1) as well as to classify pmcC
spheres in S? x S? and H? x H? (cf. Theorem 4.9).

Besides, [ACT10] showed that the spheres are not the only PMC surfaces in
space forms for which the quadratic differential © vanishes identically: there is
also a complete non-flat example in H™ with non-negative Gaussian curvature
(cf. Remark 4.10).

4.2 Complex hyperbolic and projective spaces

Let us consider M = CM?(c), i.e., the complex projective or hyperbolic space of
constant holomorphic curvature ¢, also including C? = CM?(0). The situation
in the complex space forms is quite similar to that of real space forms, due to the
fact that Fetcu [Fet12] defined a couple of holomorphic quadratic differentials
associated with PMC immersions in CM?(c).

The Riemann tensor of these spaces reads

R(X,Y)Z = §{<Y, )X — (X, Z)Y +(JY, Z)JX —(JX, Z)JY —2(X, JY)JZ},
(4.2)

where J : X(M) — X(M) is the complex structure, which satisfies:
1. J? = —1Id.
2. J is an isometry, i.e., (JX,JY) = (X,Y).

3. J is parallel, i.e., VxJY = JVxY, being V the Levi-Civita connection
of CM?(c).

Proposition 4.5 ([Fet12, Proposition 2.3 and Section 3.1]). Let ¢ : ¥ —
CM2(c) be a PMC immersion of an oriented suface ¥, and let z = x + iy be
a conformal parameter on ¥. Then

O(z) = (8|H[*(0(0:,0.), H) + 3c(J¢-, H)*)dz ® dz,

_ ~ 2 (4.3)
O(2) = (8i|H|*(0(9:,9.), H) + 3c(J ¢, H)?)dz ® dz,

define two quadratic holomorphic differentials on 3.

On the one hand, if ¢ = 0, then these differentials reduce to the corresponding
diffentials in C* = R?”. On the other hand, the appearance of the new extra
term (J®., H) can be motivated by the fact that the Codazzi equation in CM?(c)
is not as simple as in the case of M*(c).

Proof. The holomorphicity follows easily from Lemma 4.1, from the expression
of the Riemann tensor (4.2) and from the following equalities:

(JH,H) = 2i|H|?e 2" (J®,,®5), (JO,)| =2 2d,.
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Let us justify the first one, by showing that if {ej,eq,e3,e4} is an oriented
orthonormal basis, then (Jey, es) = (Jes, eq). Let C = (Jeq, ea), which satisfies
C? < 1 by Cauchy-Schwarz inequality. If C? = 1, then Je; = +es, so Jez = +ey
and we are done. If C? < 1, let us define é3 = (1 — C?)~1/2(Ce; + Jes) and
€1 = (1 —C?)"Y2(Je; — Cey). Then {€3,¢4} is an oriented orthonormal basis
spanning the same plane as {es, e4}, so they differ in a rotation of angle 6, and
it is easy to check that (Jes, es) = (Jes, e4) = C. O

Although there exist two holomorphic quadratic differentials, there is no
direct proof of the classification of the PMC spheres in CM?(c). All the known
proofs use the structure equations for PMC surfaces in CM?(¢) provided by
Ogata [Oga95]. The proof given by Fetcu in [Fet12, Corollary 3.2] uses the two
holomorphic differentials to show that such a sphere must have constant Gauss
curvature, so the result follows from [Hir06, Theorem 1.1].

Theorem 4.6 ([Hir06, Corollary 1.2] and also [Fet12, Corollary 3.2]). Let ¢ :
S — CM?(c) a PMC immersion of a sphere S. Then ¢ = 0 and S is a Tound
sphere in a hyperplane of C2.

This non-existence result of PMC spheres in CH? and CP? contrasts with the
rest of the symmetric spaces, where there do exist PMC spheres (cf. Theorem 4.3
and Theorem 4.9). In other Thurston four-geometries like M(c) x R, M?(c;) x
M2(c3), E(k,7) x R or Solz x R, there always exist PMC spheres, since H3
and the E(k, 7)-spaces or Solg do admit CMC spheres (see the comments below
Proposition 3.1).

4.3 The Riemannian products S? x S? and H? x H?

Now let M = M?(e) x M?(e), where M?(e) stands for the 2-sphere S? (e = 1)
or the hyperbolic plane H? (e = —1). Since both S? and H? admit a complex
structure J, we can define on M two different (but equivalent) complex struc-
tures J; = (J,J) and Jy = (J,—J) (see [TU1L2, Section 3]). Moreover, we can
define a product structure P : TM — TM as P(u,v) = (u, —v), which enjoys
the following properties:

1. P is a self-adjoint linear involutive isometry of every tangent plane of M.
2. J2:PJ1:J1P
3. Pis parallel, i.e., VxPY = PVyY for all X,Y € X(M).

The operator P allows us to write the Riemann tensor of M?(e) x M?(e) as

R(X,Y)Z == [(Y,Z)X — (X, 2)Y + (Y,PZ)PX — (X,PZ)PY].  (4.4)

€
2
In particular, M?(e) x M?(e) is an Einstein manifold of constant scalar curvature

4¢ (this is no longer true in the general case M?(c1) x M?(cg)). The existence
of two holomorphic differential was shown in [TU12].
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Proposition 4.7 ([TU12, Proposition 3]). Let ¢ : ¥ — M?(e) x M?(¢) be a PMC
immersion of an oriented suface 3, and let z = x + iy be a conformal parameter
on X. Then

€
A[H|?
€

PTTEE

O41(z) = <2<a(az, 9.), H +iH) + (J1¢2, H + if[)2> dz @ dz,
(4.5)
Oy(z) = (2(0(82, d.), H —iH) (oo, H — z‘fl>2) dz @ dz,

are two holomorphic quadratic differentials.

Proof. Tt also follows from Lemma 4.1 after some manipulations, as in the pre-
vious cases. U

Remark 4.8. The differentials ©; and ©2 can be chosen in different ways, since
any linear combination of them is also holomorphic. As a particular case and
taking into account that (J1¢,, H) = i(J1¢,, H), (Jad,, H) = —i({Ja¢,, H), and
Jo = PJy, we can define the following two holomorphic quadratic differentials
(cf. equation (4.3)):

0= (4|H|2<U(8zuaz)7H>+6[<J1¢27H>2+<J1¢27PH>2]>dZ®dZ ( )
4.6
6= (4i|H|2<0(8z,3z),ﬁ> — e[, H)? — <J1¢Z,Pf1>2])dz ® dz

It is easy to show that © = |H[2(©1 + O,) and © = |H|%(©; — ©5), so these
expressions make it clear that ©; and ©, extend the classical differentials in R*
given by (4.1).

Using that these two differentials vanish on spheres, it is shown in [TU12]
that the extrinsic normal curvature of an immersed PMC sphere has to be zero.
Then the following classification is a consequence of Theorem 5.8.

Theorem 4.9 ([TU12, Corollary 1]). Let ¢ : S — M2(e) x M2(e), €2 = 1, be
a PMC immersion of a sphere S. Then ¢ is a CMC sphere in a totally geodesic
hypersurface of M2 (€) x M?(e).

Remark 4.10. It is interesting to highlight that PMC spheres are not the only
surfaces with vanishing holomorphic differentials. Indeed, the product of two
hypercycles in H? x H? with curvatures satisfying k% + k3 = 1 and a special em-
bedding of the hyperbolic plane in H? x H? also satisfy that condition (see [TU12,
Theorem 4]).

4.4 The Riemannian products M3(c) x R

The study of PMC surfaces in M = M3(c) x R was tackled by de Lira and
Vitério [dLV10], as well as by Alencar, Do Carmo and Tribuzy [ACT10]. As in
all the previous cases these authors found a holomorphic quadratic differential.
In spite of their claim that there are two holomorphic differentials Q" and Q?,
a deeper analysis shows that Q" and Q" coincide.
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The Riemann tensor of M3(c) x R is given by:

R(X,Y)Z = §(<Y + PY, Z)(X + PX) — (X + PX, Z)(Y + PY))

= c((V,2)X — (X, 2)Y = (Y, )(Z,0X + (X, ({Z.QY+  (47)
+ (X, 2NV, ¢ — (¥, 2)(X, 0)¢),

where P is the product structure in T(M?(c) x R) = TM?3(c) x R given by
P(u,t) = (u,—t) for all u € TM3(c), and t € R, and ( is a unit tangent
vector to the factor R. The second expression in (4.7) follows from the identity
PX = X — 2(X,¢) for all X € X(M).

Proposition 4.11. Let ¢ : ¥ — M?3(c) x R be a PMC immersion of an oriented
surface 3 and let z = x + iy be a conformal parameter. Then

O(z) = (2(0(82,32),117} - c(¢Z,C>2)dz ®dz

= (2<U(am 0.), H) + 5(¢-, P¢Z>)dz ®dz (45

18 a holomorphic quadratic differential in X.

Proof. Both expressions for © coincide, which follows from the equality P¢, =
¢, — 2(¢,,¢)¢ and the fact that z is a conformal parameter, i.e., {(¢,,d,) =
0. Using now Lemma 4.1 and the second equality in (4.7), we deduce that
(0(0:,0.),H)z = §e*"(¢.,¢)(H, (), and also

(<¢za€>2)2 = 2<¢Z,C><ﬁaz¢z70 = e2u<¢z;g><H’ C>7

where we have taken into account that ¢ is a parallel vector field. Consequently,
the differential is holomorphic. O

De Lira and Vitério use this quadratic differential © to classify the pMmC
spheres in M?(c) x R by showing that there is a principal frame {e;,es} on the
surface such that the the associated curvature lines to e; lie in horizontal slices.
Then an analysis of these curvature lines leads to the following result:

Theorem 4.12 ([dLV10, Theorem 3.2]). The only PMC spheres immersed in
M3(c) x R are the rotationally invariant CMC surfaces embedded in totally
geodesic cylinders M?(c) x R or in totally geodesic slices M(c) x {to}, to € R.

A result of the same kind is obtained by Alencar, do Carmo and Tribuzy in
M*(c) x R (codimension 3), as we show next. One expects that a PMC sphere
in M*(c) x R lies either in a slice M*(c) x {to} or in some M?(c) x R as a
cMC sphere (hence rotationally invariant). Unfortunately, a further reduction
of the codimension still remains an open problem, which would give the complete
classification of PMC spheres in M"(c¢) x R for all n > 4 (see Theorem 5.3).

Theorem 4.13 ([ACT10, Theorem 2]). Let ¢ : S — M*(c) x R be a PMC
immersion of a sphere S. Then one of the following assertions holds:
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(i) ¢(S) is contained in a totally umbilical hypersurface of M*(c) x {to} as a
CMC surface.

(ii) Considering M*(c) x R isometrically embedded in R® (c =1) or R (c =
—1), there is a plane II such that ¢(S) is invariant under rotations which
fix TI+, and the level curves of the height function p — ($(p), () are circles
lying in planes parallel to 11.

Remark 4.14. Mendonca and Tojeiro [MT14] improve item (ii) in the previous
result by showing that, in general codimention, ¢(X) is a rotationally surface
in a totally geodesic M™(c) x R, m < 4, over a curve in a totally geodesic
M?(c) x R, s < 3.

4.5 The Riemannian products M?(c;) x M?(c,).

Let us finally consider M = M?(c1) x M?(cz). Following the notation introduced
in Section 4.3, the Riemann tensor of M can be expressed as

R(X,Y)Z =c1Ry(PiX,P\Y)Z + caRy(P2 X, P2Y) Z,

where Ry(X,Y)Z = (Y, Z)X —(X,Z)Y, P, = £(I+ P) and P, = 3(I — P) are
the projections to the factors, i.e., P;(u,v) = (u,0) and Py(u,v) = (0,v).

De Lira and Vitério [dLV10] defined a holomorphic quadratic differential for
PMC surfaces in S? x H? (where the constant Gauss curvatures of the factors are
exactly opposite) and the holomorphicity of this differential also follows from
the ideas in [TU12]. Kowalczyk [Kowll] extended this by defining a quadratic
differential in the general case of M?(c1) x M?(cy), cf. the next proposition. In
contrast to the previous cases, the classification of PMC spheres in M?(c;) x
M?(cy) is still an open problem, even in S? x H?. The natural candidates are
those given by Proposition 3.1, i.e., CMC spheres immersed in totally geodesic
hypersurfaces of M?(c1) x M?(cs).

Proposition 4.15. Let ¢ : ¥ — M?(c1) x M2(cp) be a PMC immersion of an
oriented surface ¥ and z = x + iy a conformal parameter. Then

@(Z) = (2|H|2<0(82’8Z)aH> + cl<R0(Pl¢27P1H)H7 ¢z> (4 9)
— ¢s(Ro(P2tb., PH)H, ¢Z>)dz®dz '

s a holomorphic quadratic differential on 3.

In the case ¢; = co = %1, the holomorphic differential given by (4.9) is a
linear combination of the two holomorphic differentials in Proposition 4.7.

5 THE GENERAL NON-SPHERICAL CASE

Proposition 3.1 reveals that the ambient spaces considered above are plentiful
of PMC immersions in general: any CMC immersion into a totally umbilical
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CcMC hypersurface is PMC. Nonetheless, this description does not give all PMC
surfaces in general, as examples in complex space forms or in product manifolds
M?2(e) x M?(¢) below show. On account of the fact that listing all PMC surfaces
is not reasonable, instead local classification results have been considered so far,
based either on reducing the codimension to the CMC case (space form cases and
M"(c) x R), or on associating some analytic data with the immersion (complex
hyperbolic and projective spaces, see also Hoffman’s examples [Hof73, Theorem
5.1] in R* at the end of Section 5.1). We will present as well results with extra
conditions on the immersion.

5.1 PMC surfaces in space forms

Chen [CheT73] classified PMC surfaces in Euclidean space R?, and Yau [Yau74]
gave an independent classification in an arbitrary space form M*(c).

Theorem 5.1 ([Yau74, Theorem 4]). Let ¢ : ¥ — M?*(c) be a PMC immersion
of an oriented surface 2. Then X is contained in a totally umbilical hypersurface
of M*(c) as a cMC surface.

Remark 5.2. Although Theorem 5.1 is stated in dimension four, Chen and Yau
proved this result in arbitrary dimension, showing, more precisely that either ¢
is minimal in a totally umbilical hypersurface of M"™(c), or ¢ is a CMC immersion
into a totally umbilical three-dimensional submanifold of M"(c).

Proof. The idea is to use both differentials defined by (4.1) to show the existence
of a parallel normal section £ such that A¢ = AId, and the same argument as
in the proof of Theorem 4.3 will ensure that 3 satisfies the desired conditions
To illustrate this, let us assume ¢ = 0.

If © = 0, then Ay = |H|?>Id and we can reason as in the proof of Theo-
rem 4.3. Likewise, if 0= 0, then Az = A1d with A = (H, ﬁ) =0sopr— ffp
is constant in R* since V(H) = —AzV + VHH = 0 for all V € X(). The
function f : ¥ — R defined as f(p) = (¢(p) — d(po), ﬁ) for some py € ¥ satisfies

V(f) = (V,H) + (6(p) — ¢(po), Vv H) =0, forall Ve X(%),

so f is constant and ¢(X) lies in a hyperplane of R*. Moreover, ¢(3) has
constant mean curvature in this hyperplane
Hence we can assume that © and © are not identically zero. It is not hard
to prove that the imaginary part of the meromorphic function g : ¥ — C,
g(p) = ©(p)/O(p), coincides with the commutator [Ay, Az], which is zero by
the Ricci equation (2.3). Hence the imaginary part of ¢ identically vanishes,
s

whence g = tan(a) for some constant || < 7. The normal vector field { =

cos(a)H — sin(o)H is parallel and satisfies A¢ = cosa|H|?1d, so we can again
continue as in the proof of Theorem 4.3, considering the function f(p) = &, +
cos a| H [2¢(p). O
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For illustrative purposes, let us consider Lawson’s minimal examples [Law70,
Theorem 2] in S? as a PMC surfaces in R™, n > 4. Hence, any compact orientable
surface of genus g can be embedded as a PMC surface in R, n > 4. Hoffman gave
more examples of PMC surfaces in the space forms not lying in any hypersphere
as minimal surfaces [Hof73, Theorem 5.1]. More particularly, he showed that,
given any holomorphic function ¢ : U — C on an open domain U C C, and
constants H > 0 and a € R there exists a PMC immersion in M*(c) such that
the length of the mean curvature vector is H, © = ¢(dz)? and © = ap(dz)2.

5.2 PMC surfaces in S® x R and H® x R

Alencar, Do Carmo and Tribuzy [ACT10] studied PMC immersions in M"(¢) x
R, ¢ # 0, for arbitrary n. They realized that the quadratic differential (4.8)
introduced by de Lira and Vitério [dLV10] is holomorphic for any n > 2 (for
n = 2 it is actually the Abresch-Rosenberg differential [AR05]). They showed
that for a PMC immersion in M"(¢) x R either H is an umbilical direction,
ie., Ag = |H|’Id (so ¢(¥) lies in a slice M"(c) x R, see items (i) and (ii) in
Theorem 5.3), or one can reduce the codimension to three.

Theorem 5.3 (J[ACT10, Theorem 1]). Let ¢ : ¥ — M"(c) x R be a PMC
immersion of an oriented surface . Then, one of the following assertions
holds:

(i) ¢(X) is minimal in a totally umbilical hypersurface of M (c) x{to}, to € R.

(ii) ¢(X) is CMC in a three-dimensional totally umbilical submanifold of M™(c) x
{to}, to € R.

(iii) If n > 4, then ¢(X) lies in a totally geodesic M*(c) x R.

Remark 5.4. Notice that Theorem 5.3 does not provide a classification of PMC
surfaces in M?(c) x R or in M*(c) x R. Therefore the final classification of
pMC surfaces in M"(c) x R depends upon the cases n = 3 and n = 4, which
remain open. Moreover, PMC spheres have only been classified for n = 3 (cf.
Theorem 4.12), though it is proven that they must be rotationally invariant for
n =4 [ACT10, Theorem 2].

Mendonga and Tojeiro have also discussed PMC immersions in M"(¢) x R
in [MT14]. They obtained more information adding an extra hypothesis. They
show that, if ¢(X) is not contained in a slice (cases (i) and (ii) in Theorem 5.3)
and ©® = 0 then ¢(X) is rotationally invariant in the sense exposed in Re-
mark 4.14. In particular, this condition is fulfilled if either ¥ is diffeomorphic
to a sphere or ¥ is a complete non-flat surface in H" x R with non-negative
Gaussian curvature (cp. Remarks 4.4 and 4.10).

In order to prove the latter assertion, observe that if © # 0, then Alog |0] =
4K > 0, i.e., log|©] is a superharmonic function bounded from below in X. Since
K >0 it follows that ¥ has quadratic area growth, so log |©| must be constant
in view of [CY75, Corollary 1]. From the fact that |©] is constant, it follows
that K is also constantly zero.
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This idea was previously developed by Hoffman [Hof73] for PMC surfaces in
space forms. It is worth pointing out that Hoffman was able to deal with the
cases K > 0 and K < 0 in both S* and H*, by finding suitable superharmonic
functions bounded from below and reducing to the constant Gauss curvature
case. On the contrary, Alencar, do Carmo and Tribuzy only treated the case
K > 0in H"(¢) x R. This result has been extended to S™(c¢) x R by Fetcu and
Rosenberg [FR11, Theorem 1.2] by using a Simon-type equation.

5.3 PMC surfaces in CH? and CP?

The classification of PMC surfaces in CP? and CH? appeared first in a paper
of Kenmotsu and Zhou [KZ00]. Unfortunately, their result depended upon the
structure equations for PMC surfaces given by Ogata [Oga95], which turned out
to be incorrect (see [KO15] for the correction). However, Hirakawa [Hir06, The-
orem 2.1}, who spotted Ogata’s mistake, gave a partial solution to the problem,
recently completed by Kenmotsu [Kenl6] in a non-explicit way.

Given an immersion of an oriented surface ¥ in CM?(c) (or more generally,
in any complex manifold), the Kéhler function C : ¥ — [—1,1] is defined by
C(p) = (Jer,ez), where {e1,es} is an oriented orthonormal basis of T,X and
J is the complex structure (some authors define § = arccos C' as the Kdhler
angle of the immersion instead). The points p € ¥ where C?(p) = 1 are called
complex, that is, they are the points where T,,% is complex. Likewise, the points
p where C(p) = 0 are the points where T,,% is totally real. In particular, if C' is
constant zero, then the immersion is Lagrangian.

The main goal of [Hir06] was to study pMmC surfaces with constant Gauss
curvature (in particular, constant Kéahler angle pMC surfaces, see the following
paragraph), but Hirakawa also dealt with PMC surfaces satisfying a technical
condition in Ogata’s equation, namely a = a, where a = (JVC, H + Zﬁ) (see
Remark 5.6). This condition implies geometrically the existence of special co-
ordinates in ¥ such that the C only depends on one coordinate, see [KO15].
He also pointed out some examples that were missing in Kenmotsu and Zhou’s
paper. Hirakawa found, among others, PMC spheres and Delaunay cMcC surfaces
in R? ¢ R*, and gave four different types of solutions in C?, one type in CP? and
CH? with H? > 2, and two special types in CH? for H? = 4/3. Kenmotsu de-
scribed the rest of PMC examples in CP? and CH?, that is, those with a # a (in
particular with non-constant Kahler angle) in terms of a real-valued harmonic
function and five real constants (cp. [Hof73, Theorem 5.1]).

Theorem 5.5 ([Hir06, Theorem 2.1] and [Kenl6]). Let ¥ be a PMC surface
immersed in CM?(c) and a : ¥ — C given by a = (JVC, H +iH), where VC
1s the gradient of the Kahler function and H is defined in Lemma 2.4.

1. If a is a real-valued function, then one of the following assertions holds:

(i) |H|?> > —c/2 and the immersion is Lagrangian, or
(ii) |H|> = —c/3 and either the Kdihler function is constant 1/3 or it is
a special solution (see item (iii)-2 in [Hir06, Theorem 2.1]).
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2. If a # a, then the solution depends on one real-valued harmonic function
and five real constants.

Remark 5.6. Our definition of a differs from the definition in [Hir06, Ken16] in
a multiplicative real function plus a constant term —%|H |, which is irrelevant
for the statement. Actually,

1
- 2H|(1-C?)

a

(VO J(H —iH)) — %|H|,

which is defined in the open dense set ¥\ {p € ¥ : C(p)? = 1} (observe that
the interior of the set {p € ¥ : C(p)? = 1} is empty since otherwise the interior
will be a complex surface, hence minimal, and we are supposing that ¥ is PMC).

Remark 5.7. Among the solutions given by Theorem 5.5, the following are those
with constant Gauss curvature (see [Hir06, Theorem 1.1]):

e Either K = —H?/2 and ¥ C CM?(-3|H|?) is (an open piece of):

(i) the slant surface found by Chen in [Che98], or
(ii) one of the examples described in [Hir06, Examples, p. 230].

e Or K =0 and the immersion is Lagrangian and ¥ is (an open piece of):

(i) the product of two circles in CP?(c), ¢ > 0, [DT95, Theorem 2], or

(ii) a plane, a cylinder, or a product of two circles in CH?(c), ¢ < 0 with
|H|?> > —c/2, [Hir04, Theorem 1].

In Theorem 5.5 we omitted the case of C? on purpose. Nevertheless, Hoff-
man [Hof73, Proposition 3.4] proved that a PMC flat surface in C? is part of a
cylinder or a product of two circles (see also [Che90, Theorem 7.1]). Hirakawa
also studied PMC surfaces with constant Gauss curvature in C? (see items (2)-(b)
and (3) in [Hir06, Theorem 1.1] and item (ii) in [Hir06, Theorem 2.1]).

5.4 PMC surfaces in S? x S? and H? x H?

The case M2(e) x M2(e), €2 = 1, is of different nature to the other cases we
have presented so far. The classification is still incomplete, being only known
under an extra assumption on the extrinsic normal curvature. This curvature is
defined in the same fashion as the normal curvature K+, but using the ambient
Riemannian curvature tensor R in Equation (2.2) rather than the curvature
tensor R+.

Theorem 5.8 ([TU12, Theorems 2 and 3]). Let ¢ : X — M?(e) x M?(e) be
a PMC immersion of an oriented surface ¥ with vanishing extrinsic normal
curvature. Then ¢ is locally congruent to

1. a cMC surface in a totally geodesic M?(e) x M!(e), or

2. a specific example given in [TU12, Example 1 and Proposition 5].
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Moreover, if ¢ is Lagrangian (not necessarily with vanishing extrinsic normal
curvature), then ¢(X) is an open set of the examples given in [TU12, Example 1].

Remark 5.9. Among the examples described in [TU12], there are PMC surfaces
not lying in a totally geodesic hypersurface of M?(g) x M?(¢).

The proof, which will not be sketched here, heavily relies upon the complex
structure of M?(€) x M2 (¢), not only on the product structure as in other cases.
It is worth mentioning that there is also a local correspondence between pairs
of cMc immersions in M?(e) x R and PMC immersions in M?(e) x M?(¢) [TU12,
Theorem 1]. This relation provides a weak rigidity result for cMC surfaces in
M?2(€) xR. It is conjectured that the condition on the extrinsic normal curvature
can be dropped, but probably that problem needs a different approach. If this
conjecture were true, it would also imply a strong rigidity result for CMC surfaces
in S? x R and H? x R (cf. [TU12, Corollary 3]).
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1 INTRODUCTION

A submanifold M of a Euclidean space E™ is said to be of finite type if its
position vector x can be expressed as a finite sum of eigenvectors of the Laplacian
A of M, that is, x = xg+x1 + ...+, where xg is a constant map, x1, ..., Ty are
non-constant maps such that Az; = Az, A; € R, 0 = 1,2,k If Mg, Aoy A
are all different, then M is said to be of k—type. This definition was similarly
extended to differentiable maps, in particular, to Gauss maps of submanifolds
[3].

If a submanifold M of a Euclidean space has 1-type Gauss map G, then G
satisfies AG = A (G + C) for some A € R and some constant vector C. Chen
and Piccinni made a general study on compact submanifolds of Euclidean spaces
with finite type Gauss map and they proved that a compact hypersurface M of
E"*! has 1-type Gauss map if and only if M is a hypersphere in E"+! [3].

Hovewer, the Laplacian of the Gauss map of some typical well known surfaces
such as a helicoid, a catenoid and a right cone in Euclidean 3-space E? take a
some what different form, namely,

AG = f(G+C) (1.1)
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for some smooth function f on M and some constant vector C. A submanifold
M of a Euclidean space E™ is said to have pointwise 1-type Gauss map if its
Gauss map satisfies (1) for some smooth function f on M and some constant
vector C. A submanifold with pointwise 1-type Gauss map is said to be of the
first kind if the vector C in (1) is zero vector. Otherwise, the pointwise 1-type
Gauss map is said to be of the second kind. A pointwise 1-type Gauss map
is called proper if the function f given by (1.1) is non-constant. Non-proper
pointwise 1-type Gauss map is just usual 1-type Gauss map.

Surfaces in Euclidean space with pointwise 1-type Gauss map were recently
studied in [4], [5], [6]. Also Dursun and Turgay in [7] gave all general rotational
surfaces in E* with proper pointwise 1-type Gauss map of the first kind and
classified minimal rotational surfaces with proper pointwise 1-type Gauss map
of the second kind. Arslan et al. in [1] investigated rotational embedded surface
with pointwise 1-type Gauss map. Arslan at el. in [2] gave necessary and suffi-
cent conditions for Vranceanu rotation surface to have pointwise 1-type Gauss
map. Yoon in [8] showed that flat Vranceanu rotation surface with pointwise
1-type Gauss map is a Clifford torus.

In this paper, we determine a surface M by means of homothetic motion in
E* and we give necessary and sufficient conditions for flat surface M with flat
normal bundle to have pointwise 1-type Gauss map. We show that flat surface
with flat normal bundle which has pointwise 1-type Gauss map of the first kind
is a Clifford Torus. Morever we obtain a characterization of minimal surface M
with pointwise 1-type Gauss map.

2 PRELIMINARIES

Let M be an oriented n—dimensional submanifold in m—dimensional Euclidean
space E™. Let eq,....en, €n41,...,6; be an oriented local orthonormal frame in
E™ such that ei,...,e,, are tangent to M and e;41,...,6,, normal to M. We use
the following convention on the ranges of indices: 1 < 4,5, k,..<n, n+1 <
r, 8, t...<m, 1 <A B,C,...<m.

Let V be the Levi-Civita connection of E™ and V the induced connection
on M. Let ws be the dual-1 form of e4 defined by wa (eg) = dap. Also, the
connection forms wp are defined by

des = E waBeB, wap+wpa=0.
B

Then we have

n m
Ve, €i = Zwii (er)e; + Z hi.e;
j=1

r=n+1
and
m
vekes = _As(ek) + Dekesa Dekes = E Wsr (6k) Er,
r=n+1
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where D is the normal connection, h], the coeflicients of the second fundamental
form h and Ag the Weingarten map in the direction e,.
For any real function f on M, the Laplacian of f is defined by

Af=-%" (@eﬁeif—@vzf). (2.1)
The mean curvature vector H and Gaussian curvature K are defined by

1
H=- hl.e, 2.2
PILT (22)

and .
K= Z (hi1h3 — high3,). (2.3)
s=n-+1

Also normal curvature tensor R” of M in E™ is given by

n

RP(ej,erserses) = ) (hiphi; —hizhiy) . (2.4)

i=1

Let us now define the Gauss map G of a submanifold M into G(n,m) in
AME™, where G(n,m) is the Grassmannian manifold consisting of all oriented
n—planes through the origin of E™ and A™E™ is the vector space obtained
by the exterior product of n vectors in E™. In a natural way, we can identify

AME™ with some Euclidean space EY where N = < ZL > . The map G: M —

G(n,m) C EV defined by G(p) = (e1 A ... Aey,) (p) is called the Gauss map of
M, that is, a smooth map which carries a point p in M into the oriented n—plane
through the origin of E™ obtained from parallel translation of the tangent space
of M at p in E™.

The Laplacian of the Gauss map G for an n—dimensional submanifold M of
Euclidean space E™ was given by

Lemma 2.1. (See [3]) Let x : M — E™ be an isometric immersion of an
oriented n-dimensional Riemannian manifold M into E™. Then the Laplacian
of the Gauss map G : M — G (n,m) C A"E™ is given by

AG = —nZel/\.../\DeiH/\.../\en (2.5)

+RP (ej,exseres)er A AP A LAl A L Ne, + || G.

82



3 HOMOTHETIC MOTION AND SURFACES
WITH POINTWISE 1-TYPE GAUSS MAP

In this section, we define a surface by using the homothetic motion as follows:

cost —sint 0 0 a1(s) Cy ()
B sint  cost 0 0 as(s) Cs ()

f(t:5) = h{t) 0 0 cost —sint as(s) * Cs(t) |’
0 0 sint  cost ay(s) Cy ()

(3.1)
where h(t) is the homothetic scale of the motion, C (t) = (Cy (t),Cs (t),Cs (t) ,C4 (1))
is the translation vector and « (s) = (a1 (s),aa (s),a3(s),as(s)) is a profile
curve. If we choose the profile curve o as a(s) = (u(s) cos s,0,u(s) sin s,0) and
the translation vector C (t) = 0 in (3.1), we obtain the surface M as follows:

f (s,t) = (u(s)h(t) cos scost,u(s)h(t) cos ssint, u(s)h(t) sin s cost, u(s)h(t) sin s sint)
(3.2)

Let M be a surface in E* given by the parametrization (3.2). The tangent

vectors of f (s,t) can be easily computed as

Bi= U= (A\BL,AB) B, AsB)),
Uy = gz <A131,A1327A231,A232)
0s

and a basis of the normal space of f (s,t) can be given as follows:

U3 = (—A2B2,A2By1, A1 By, —A1By),
Uy = <—AzB§,A2Bi,AlB§7—A1B£) ;
where
A1 = wu(s)coss, Az = u(s)sins
By = h(t)cost, Bs = h(t)sint
and A; = 88‘21' for i = 1,2 and B;- = 6£j j = 1,2. By using Gramm-Schmidth

orthonormalization, the orthonormal vectors of tangent and normal spaces of
M are obtained, respectively, by

1
€1 = U1,

V11
1

ey = (011172 - U12171)
Vv (11022 — v3,)]
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and

I
€3 = U3,

\/U33
1

es = (V3304 — v34773)
V|33 (V33044 — v3,)] 7

where
o= (FLE) = (s) (B2 + (0 (1)°)
vz = (,0) = uls)u(s) h (D)W (1),
vip = (2 ) = (u? () + (@ (s))°) B2 (1),
vss = (U3, T3) = u” (s) h* (1),
vsa = (U5, 0a) =u(s)u(s)h(t)h' (t),
v = (T = (v (5) + @ ()) (20 + (0 (0)°).

Hence, {e1,e2,e3,e4} is orthonormal moving frame on M. Then we have the
dual 1-forms as:

wp = —ds +

(o0
By a direct computation we have components of the second fundamental form

and the connection forms as:

1
W3

uh’

hy =0, hi,=— h3y = 2—
11 ’ 12 ’ 22 w

(3.3)

v (2007 = n +02) )
v (h2 + (h/)z) wi '
o b (hh" - (h’)2)
2 = (h2 N (h’)Q) —

(2(@)” = wit +u?) (12 + (h’)2>2 — (@)% ()% (hh" + h?)

M = (r2 + w)?) w
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and

ih (2 (W')? — hh' + h2>
wi2 = - 3 w1
1

u (h2 + (h’)z)E W

wZh! (h2 + (h’)2)2 + (@) h2H (2 ()2 — hh' + h2)
3 w2, (35)
uh (h2 + (h’)2> ‘w

ik B (w2 () = (i) 2
w = T w1 + 1 w2,
i u (h2 + (h’)Q) o uh (h2 + (h’)2) ‘w 2

where W = u2h2 + u2 (W')* + (i) h2.

Proposition 3.1. Let M be the surface given by the parameterization (3.2).
The Gaussian curvature and the normal bundle curvature of M are given, re-
spectively, by

(2 (W')? — hh' + h2> (2 (@)? — wii + u2) - (h2 + (h’)2) (u2 + (u)2)

K= e
(3.6)
and
. (2@ = wii+u2) (124 0)7) = (2000 = b0 + 12) (w? + (@)°)
W2
(3.7)
Proof. By using (2.3), (2.4), (3.3) and (3.4), we obtain (3.6) and (3.7). O

Corollary 3.2. Let M be the surface given by the parameterization (5.2). M
1s a flat surface with flat normal bundle if and only if it is parameterized by

kit+ksos (

f(t,s) = araze cos scost, cos ssint, sin s cost, sin s sin t) (3.8)

or

f(t,S) =

C1C2
V]cos (2t + by)[/]cos (25 + b))

(cos scost, cos ssint, sin s cost, sin s sin t)
(3.9)

Proof. Let M be a flat surface with flat normal bundle. Then both K = 0 and
RP = 0. From (3.6), we have

2(W)? — b + k2 2(0)? — i + u?
R2+ () w4 (a)?

=1 (3.10)
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and from (3.7), we get

2(R')” —hh" +h2  2(0)? — il + u®
h2 + (n')° u? (s) + (1)

(3.11)

By combining (3.10) and (3.11) and solving these differential equations we obtain
h(t) = are®'t and u(s) = aget?*

or

h(t) = N u(s) = #,
V/|cos (2t + by)| V/|cos (2s + bs)|
where a1, as, b1, bo, c1, o, k1 and ko are real constants. O

Remark 3.3. The surface M given by the parameterization (3.2) can be consid-
ered as the tensor product surface of two Euclidean planar curves, that is, let
a:R = R? a(s) = (a1(s),as(s)) and §: R — R?, B(t) = (B1(t), B2(t)) be two
Euclidean planar curves. The tensor product surface f (¢, s) is defined by

f=a®p:R? >R,

[t s) = (a1 (s)B1(t), a1(s)Ba(t), aa(s)B1(t), az(s)Ba(t)) .

In particular, for the curves a(s) = (u (s) cos s, u (s) sins) and B(t) = (h(t) cost, h(t) sint)
the tensor product of them gives the surface M given by the parameterization
(3.2).

Theorem 3.4. (See [9]). A regular tensor product surface x(s,t) = a(s)® B(t)
of two curves a : R — R?, a(s) = (u(s)coss,u(s)sins) or f: R — R?, B(t) =
(h(t) cost, h(t)sint) is flat if and only if either

1. « or B is a straight line through the origin.

2. «a and B are sinusoidal spirals, that is, the curves a and B8 are parame-
terized by

a(s) = cifcos((a+1)s+ b1)|7‘#1 (cos s, sin s)

1 B %1+1
cos <( + 1) t+ b2> ‘ (cost,sint)
a

3. « and B are logarithmic spirals, that is, the curves a and 3 are parame-
terized by

B(t) = c

a(s) = a1e"® (cos s,sins) and B(t) = aze’?! (cost,sint)

with ay,a92,b1,ba,c1,c2,k1 and ko are real constants, ay,as,c1,co > 0 and a #
—1.
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Remark 3.5. In [8] Yoon studied Vranceanu surface parameterized by
f(s,t) = (u(s) cos scost,u(s)cos ssint,u(s)sinscost,u(s)sinssint).

He proved that flat Vranceanu surface in E* has pointwise 1-type Gauss map
if and only if it is a Clifford torus. Also the normal bundle of flat Vranceanu
surface is flat, too.

Now we investigate flat surface M with flat normal bundle with pointwise
1-type Gauss map.

Theorem 3.6. Let M be flat surface with flat normal bundle given by the
parameterization (3.2). Then M has pointwise 1-type Gauss map if and only if
either

1. M is a Clifford torus, that is, the product of two plane circles with same
radius

2. It is the product of two logarithmic spirals which is parameterized by

flt,s) = ek (tEs) (cos scost,cos ssint, sin s cost, sin s sin t)
where k is non zero real constant.

Proof. Firstly, we assume that the flat surface M with flat normal bundle given
by the parameterization (3.8) has pointwise 1-type Gauss map. If necessary, by
an appropriate homothetic transformation we may assume that a; = as = 1.
Then we have h(t) = e*1* and u (s) = e*2*. By using (3.3), (3.4) and (3.5) we
have components of the second fundamental form and the connection forms as:

h’?l = 07 hi’2 =« (57t)a h;Q = ax (S7t)

hill :a(sat)a hzllZ =0, h§2 :a(s7t)

and
wiz = ba(s,t)w +ea(s,t)we, wiz=—a(st)ws, wia=a(st)w
wez = —a(s,t)wi+aa(s,t)wy woy = a(s,t)wa, wss = —ba(s,t)w +da(s,t)ws,

By covariant differentiation with respect to e; and es a straightforward calcu-
lation gives:

?elel = baes + aey, (3.12)
@6261 = Ccoeg — aes,

@eleg = —bae; — aeg,

662 €2 = —coel + axes + aey,

?eleg = ey — baey,

@82 e3 = «e; —aaey + daey

66164 = —ae; + baes,

@62 eq = —aey— daes,
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where

1 2k ko ko
Oé(S,t) = T, &= 1ab:7717
u(s)h(t) (1 + k2 + k3)2 (1+k2+k3)2 (1+k2)2
1
Ey (1+ K2 +K2)° ky (1+ k2 — k2
;o= MO+H 12),61: 1(1 1 k) . (3.13)
(1+k2)2 (1+k2)2 (14 k2 +k2)2

By using (2.1) and (3.12) and after straight-forward computations, the Lapla-
cian AG of the Gauss map G can be expressed as

AG = (4 + a2) a’e; ANey + (c+d)a’ey Aes — (2b+ ad) oe; Aey
+(2b — ac) a?ex Aes — (¢ +d) aey Aey. (3.14)

We suppose that the flat surface M with flat normal bundle has pointwise 1-type
Gauss map. From (1.1) and (3.14), we get

(4+a*)a® = f+ f(C,e1 Nea) (3.15)
(c+d)a* = f(C,e1 Aes) (3.16)
(—2b —ad) a® = [ (C,e1 Aey) (3.17)
(2b — ac)a® = f(C, ez Aes3) (3.18)
—(c+d)a? = f(C,ea Ney) (3.19)
Then, we have
(Crez Neg) =0 (3.20)
By differentiating (3.20) with respect to ey, we get
(Cre1 Neg)+ (Crea ANeg) =0 (3.21)
When we take the derivative of (3.20) with respect to es, we have
(Crer ANeg) 4+ (Crea Aes) —a{Ciea Neg) =0 (3.22)
If we evaluate the derivative of (3.22) with respect to ey again, we get
2(Cie1 Ne2) = —(c+d)(Crer ANes)+ac(C,er Aey) (3.23)

+ad (C,ea Nes) + (c+d) (C,ea Aey)

By using (3.15), (3.16), (3.17), (3.18), (3.19), (3.21) and (3.23) we then have
f= (4 +a® + (¢ + d)° + abc + a’cd — abd) a? = Ad? (3.24)

that is, a smooth function f depends on s and ¢. Differentiating (3.24) with
respect to ey, we have
e1(f) = —2cAa®. (3.25)
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On the other hand, by differentiating (3.19) with respect to e; and by using
(3.12), (3.15), (3.17), (3.18), (3.19), (3.24) and (3.25) we obtain

4b* + 2abd — 2abc — a*cd — (¢ + d)® = 0. (3.26)
By substituting (3.13) into (3.26) we get
(kT —k3) (1 + kT + k3 + kik3) =0 (3.27)

and from (3.27) we obtain that k; = £ko. In particular, if we take as k1 = ko =
0, we obtain Clifford torus. For the other cases, we obtain the tensor product
surface of two logarithmic spirals.

Conversely, we assume that k? = k3. In that case the flat surface M with
flat normal bundle is given by the parametrization (3.8) has pointwise 1-type
Gauss map for the function

f(s,t) = (4 +a®+ (c+ d)2 + abc + a%ed — abd) o? = Aa?
and the constant vector

Z((él—i—a — )61/\€2+(C+d)61/\€3—(2b+ad)€1/\64)
—|—A((Zb—ac)eg/\eg—(C+d)eg/\e4).

Now, we assume that the flat surface M with flat normal bundle is given by the
parametrization (3.9). We research whether this surface has pointwise 1-type
Gauss map. We can write as

-

u(s) = ¢ (ecos(28)) 2,

where if cos(2s) > 0 ( resp. < 0), then e =1 (resp. = —1). Analogously, we

can write as .

h(t) = ca(dcos(2t)) 2,

where if cos (2t) > 0 (< 0, respectively) then § = 1(—1,respectively). By using
(3.3), (3.4) and (3.5) we have components of the second fundamental form and
the connection forms as:

hip =0, hiy=—A(s,t), h3y=x(s,t)A(s,1)

hll =-A (57t)7 hé112 = %(Sat)/\ (57t)a h32 = - (1 + %2(S7t)) A (S,t)

and

w12 = T(Svt))‘(sat)wl+B(S’t))‘2(87t)w2
waa = T (s, ) A(s,t)wr+ B (s,1) N (s,1) wa.
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By covariant differentiation with respect to e; and es, we get

66161 = TMAeg — Aey, (3.28)
@62 e1 = ﬁ)\zeg — Aesg + xhey,
65162 = —TXey — Ae3z + x)ey,
66262 = —BA%e; + xhes — (1 + %2) ey,
@eleg = deg + They,
65263 = Xe1 — xhes + fN\%ey
66164 = dey — xAeg — Thes,
66264 = —xle; + (1 + %2) es — BA%es,
where
(s,t) = 2 (esin (2s)) (6 sin (2t)) 17
(1= (esin(25))° (3sin (20))%)
(esin (29) (5 cos (2t))
t =
c1c2 (0sin (2t)) ((5 cos (25))” — (esin (25))* (8 cos (2t))2>
B (57 t) = 5 5 )
(ecos(2s))2 (dcos (2t))2
3 3
1 3 2 2 3 2 2
MNst) = = (ecos(2s))2 (0 cos (2t)) y

cicz (1 — (esin(2s))* (8 sin (2t))2) :

By using (2.1), straight-forward computation the Laplacian AG of the Gauss
map G can be expressed as

AG = (4 + 552 + %4) Aey Aeg + (—62 (3)\) -8 (2 + %2) )\3) el Nes
+ (62 ((2 + %2) /\) — ﬁ%x\3) e1Ney (3.29)
+ (61 (eN)+ 71 (2 + %2) /\2) ey N es+ (—61 ((2 + %2) )\) + T%)\Q) es N ey.

We suppose that the flat surface M with flat normal bundle has pointwise 1-type
Gauss map. From (1.1) and (3.29), we get

(445" + ") N = f+ [ (C,e1 Nea), 3.30

(3.30)
—e2 (3eA) = B (24 37) X = [ (C,e1 Nes), (3.31)
ex (24 5°)A) — BseX® = f(C,e1 Aes), (3.32)
e1 (3eN) + 7 (24 32) X = f(C,ex Nes), (3.33)
—e1 (24 ) A) + 73X = f(C,ea Ney). (3.34)

Then we have
<C, es N\ €4> =0. (335)
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By differentiating (3.35) with respect to e;, we get
(Crea Neg) —(Crep Neg) + 2 (Creq ANes) = 0.
By considering together with (3.31), (3.33), (3.34) and (3.36), we have

—e1 ((2+ 5) A) + 73eA% 4 3 (e1 (3N) + 7 (2 + %) A?)
+ez (5A) + B (24 57) X = 0.

On the other hand, after some long computations we have

[N

e () = 4 (esin (2s)) (e cos (25))% (6 cos (2t)) 7

c1C2 (1 — (esin (2s))* (6 sin (21&))2)

[N

_4A (£ cos (2s)) (Osin (2t)) (8 cos (2¢)) ™"
es () 3

(1 — (esin (2s5))? (8 sin (2t)) )
_ 4X(esin (23))2 (e cos (25)) " (0 sin (2t)) (6 cos (2t))
(1= (esin (29))* (@sin (20))°) "

((e cos(2s))?(dsin(2t)) (6 cos(2t))?)

(& )\ = 3
1) 2c3(1 — (esin(2s))2(0sin(2t))2)3

( — 3+ 2(esin(2s))?

+ (esin(2s)2(@ sin(2t))2)
and
ea(\) :4((—3 +2(8sin(2t))? + (e sin(2s))?(8 sin(2¢))?)
— (6sin(2t))%(—3 + 2(esin(2s))* + (ssin(25))2(§sin(2t))2)),
_ A(esin(2s)(e cos(2s)) % (6 cos(2 t))%)
2

crea(1 — (esin(2s))2(8sin(2t))2):

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

By combining (3.38), (3.39), (3.40) and (3.41) with (3.37), we obtain that this
equation is not satisfied. So, there is no flat surface with flat normal bundle
given by the parameterization (3.9) which has pointwise 1-type Gauss map. O

Corollary 3.7. Let M be flat surface with flat normal bundle given by the
parameterization (3.2). M has pointwise 1-type Gauss map of the first kind if

and only if it is a Clifford Torus.

Proof. From Theorem 3.6 the flat surface M with flat normal bundle is given
by the parameterization (3.2) has pointwise 1-type Gauss map for the function

f(s,t) = Aa?
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and the constant vector
1
C = ((4 +a® —A)eg ANeg+ (c+d)ey Aez — (2b+ ad)e; A 64)

1
+ ((2() —ac)eg N ez — (c+ d)eg A 64)

with k% = k2, where
A= (4+a2+ (c+d)2+abc+a20d—abd) .

We assume that the surface M has pointwise 1-type Gauss map of the first
kind. Then, we obtain C = 0, that is, all components of C' is zero. Then, we
get k1 = ko = 0. This completes the proof. O

Theorem 3.8. An oriented minimal surface M in the Euclidean space E* has
pointwise 1-type Gauss map of the first kind if and only if M has a flat normal
bundle [6].

Theorem 3.9. There exists no minimal surface given by the parameterization
(8.2) with pointwise 1-type Gauss map of the first kind.

Proof. We suppose that the surface M given by the parameterization (3.2) is
minimal surface with pointwise 1-type Gauss map of the first kind. From Theo-
rem 3.8 we have RP = 0. Since the surface M is minimal and its normal bundle
is flat then (2.2) and (2.4) imply, respectively

h3, +h3, =0 and hi, + hi, =0 (3.42)
h?z (hzlll - h%Q) + hilz (hgz - h?l) =0. (3.43)
By combining (3.3), (3.4), (3.42) and (3.43) we have
h3, = hi, = h3y = 0. (3.44)
The equation (3.44) conflicts with the regularity of the surface. O

Theorem 3.10. (See [6]). A non-planar minimal oriented surface M in the
Euclidean space E* has pointwise 1-type Gauss map of the second kind if and
only if, with respect to some suitable local orthonormal frame {e1,ea,e3,e4} on
M, the shape operators of M are given by

_(r O _( 0 ep
A3<0 _p)andA4<€p O),

where € = £1 and p is a smooth non-zero function on M.

Theorem 3.11. Let M be minimal surface given by the parameterization (3.2).
Then M has pointwise 1-type Gauss map of the second kind if and only if it is
parametrized by

bd

f(t,s) = ———=(cos scost, cos ssint,sin s cost, sin s sin t)
|cos (25 + ¢)]
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or

bd . . s
f{t,s) = —————=(cos scost,cosssint,sin scost,sin ssint)
|cos (2t + ¢)|

where b, d and ¢ are real constants.

Proof. We assume that M is a minimal surface with pointwise 1-type Gauss
map of second kind. In that case the mean curvature of M is zero and we have

h3, =0 (3.45)
and
Ry + h3y = 0. (3.46)
By using (2.5), the Laplacian AG of the Gauss map G is written as

AG = ||h||> G + 2RPes A ey, (3.47)

where R” # 0. In the opposite case, M has pointwise 1-type Gauss map of the
first kind. By using (2.4), (3.45) and (3.46) we get

RP =2h3,h1, #0. (3.48)

Since M has pointwise 1-type Gauss map of the second kind, from (1.1) and
(3.47) we have
Ih]* G + 2RPes Aes = fG + fC (3.49)

for some smooth non-zero function f on M and some constant vector C. Since
the vector C' is a linear combination of e; A eg, e1 A es, e1 A ey, €3 Aeg, ea A ey,
es A eq. From (3.49) we get

Al = f (14 (C\ex Aea)) (3.50)
2RP = f(C ez Nes) #0 (3.51)

and
<C761 A 63> = <C’7€1 A €4> = <Cv ez N 63> = <Ca ez N\ €4> =0

Since h3, is not equal to zero on M, it follows that| k| # 0 or (C,e; A eg) # —1.
Differentiating (C,e; A e3) = 0 with respect to e; and ey, we get

h?2 <C, er N €2> + hélll <C, es N\ €4> =0 (352)

and
his (Crez Aey) =0, (3.53)

respectively. On the other hand, differentiating (C, ey A e4) = 0 with respect to
e1 and es, we have

his (Crer Aeg) =0 (3.54)

and
h’:l),2 <O, (WA €4> + hill <C, er N\ €2> =0, (355)
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respectively. The equation (3.54) implies that hiy = 0 or (C,e; Aeg) = 0. If
(C,e1 Aeg) = 0 then from (3.55) we get hi, (C,e3 Aes) = 0. hiy is not equal
to zero on M. Hence we have (C,e3 Aes) = 0 and (3.51) implies that RP = 0.
This is a contradiction. So (C,e; A eg) # 0 and hiy = 0. By using (3.52) and
(3.55) we obtain

(hh) = (hiy)". (3.56)

From (3.45) and (3.3) we get @ = 0 or A’ = 0. Firstly we assume that o’ # 0.
Then we have © = d =constant. By considering together with (3.3), (3.4), (3.46)

and (3.56) we obtain
h(t) = S —

v/ |cos (2t + b)|
Now we assume that @ 7# 0. Then we have h = d = constant. By using (3.3) and
(3.4) with h = d, we can see that (3.56) is satisfied directly. So, if we consider
(3.4), (3.46) for h = d we obtain

Cc

V/|cos (2s + b)|’

u(s) =

where b, ¢ and d are real constants.

If we consider as both & = 0 and A’ = 0, then the surface M is not minimal
surface.

On the other hand by using (3.47), (3.48), (3.50), (3.51), (3.55) and (3.56)
(or see the proof of Theorem 5 in [6]) we can find the function f and the constant
vector C' as

f(s) =8 (n3,)" (3.57)

and
e1 N\ e ez N\ ey
2 T
Hence the minimal surface M has pointwise 1-type Gauss map of the second
kind for the function f and the constant vector C' given by (3.57) and (3.58),
respectively. This completes the proof. O

C = (3.58)
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1 INTRODUCTION

The Gauss map G of a submanifold M into G(n,m) in A"E”, where G(n,m)
is the Grassmannian manifold consisting of all oriented n—planes through the
origin of E7* and A"EY" is the vector space obtained by the exterior product
of n vectors in E7* is a smooth map which carries a point p in M into the
oriented n—plane in EI" obtained from parallel translation of the tangent space
of M at p in E7". Since the vector space A"EY* identify with a semi-Euclidean
space EY for some positive integer ¢, where N = ZL , the Gauss map is
defined by G : M — G(n,m) C EN, G(p) = (e1 A... Aen) (p). The notion
of submanifolds with finite type Gauss map was introduced by B. Y.Chen and
P.Piccinni in 1987 [6] and after then many works were done about this topic,
especially 1-type Gauss map and 2- type Gauss map.

If a submanifold M of a Euclidean space or pseudo-Euclidean space has
1-type Gauss map G, then G satisfies

AG = \(G+C)
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for some A € R and some constant vector C.
On the other hand the Laplacian of the Gauss map of some typical well-
known surfaces satisfies the form

AG = f(G+0C) (1.1)

for some smooth function f on M and some constant vector C. A submanifold
of a Euclidean space or pseudo-Euclidean space is said to have pointwise 1-type
Gauss map, if its Gauss map satisfies (1.1) for some smooth function f on M
and some constant vector C. If the vector C' in (1.1) is zero, a submanifold with
pointwise 1-type Gauss map is said to be of the first kind, otherwise it is said
to be of the second kind.

A lot of papers were recently published about rotational surfaces with point-
wise 1-type Gauss map in four dimensional Euclidean and pseudo Euclidean
space in [1],[3],[4], [8], [9] [11]. Timelike and spacelike rotational surfaces of el-
liptic, hyperbolic and parabolic types in Minkowski space E} with pointwise
1-type Gauss map were studied in [5, 7]. Aksoyak and Yayh in [2] studied boost
invariant surfaces (rotational surfaces of hyperbolic type) with pointwise 1-type
Gauss map in Minkowski space E}. They gave a characterization for flat boost
invariant surfaces with pointwise 1-type Gauss map. Also they obtain some
results for boost invariant marginally trapped surfaces with pointwise 1-type
Gauss map. Ganchev and Milousheva in [10] defined three types of rotational
surfaces with two dimensional axis rotational surfaces of elliptic, hyperbolic
and parabolic type in pseudo Euclidean space Ej. They classify all rotational
marginally trapped surfaces of elliptic, hyperbolic and parabolic type, respec-
tively.

In this paper, we study rotational surfaces of elliptic, hyperbolic and parabolic
type with pointwise 1-type Gauss map which have spacelike profile curve in four
dimensional pseudo Euclidean space and give all classifications of flat rotational
surfaces of elliptic, hyperbolic and parabolic type with pointwise 1-type Gauss
map.

2 PRELIMINARIES

Let E7* be the m—dimensional pseudo-Euclidean space with signature (s, m—s).
Then the metric tensor g in E7* has the form

m—s m
2 2
=1 1=m—s+1
where (z1,...,%n) is a standard rectangular coordinate system in E7".

A vector v is called spacelike (resp., timelike) if (v, v) > 0 (resp., (v,v) < 0).
Avector v is called lightlike if it v # 0 and (v,v) = 0, where (,) is indefinite
inner scalar product with respect to g.
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Let M be an n—dimensional pseudo-Riemannian submanifold of a m—dimen-
sional pseudo-Euclidean space E7* and denote by V and V Levi-Civita con-
nections of EI* and M , respectively. We choose local orthonormal frame
{e1,-.-,€n, €nti,.-- em}on M with e4 = (ea,ea) = £1 such that eq,...e,
are tangent to M and e, 11, ..., e, are normal to M. We use the following con-
vention on the ranges of indices: 1 < ¢,j,k,... < n,n+1 < rs,t,... < m,
1<AB,C,...<m.

Denote by w4 the dual-1 form of e4 such that wy (X) = (e4, X) and wap
the connection forms defined by

desy = E €pwapep, wap+wpa =0.
B

Then the formulas of Gauss and Weingarten are given by

n m
v r
Ve, €i = E gjwij (er)ej + g erhipe,
i=1

r=n+1

and

n m

v § s E

vekes = - €5 kjej + Dekesa Dekes = ErWsr (ek) €r,
=1

r=n+1

where D is the normal connection, h], the coeflicients of the second fundamental
form h.

For any real function f on M, the Laplacian operator of M with respect to
induced metric is given by

Af=-eY (%ﬁeif - @ve,ieif) . (2.1)
The mean curvature vector H and the Gaussian curvature Kof M in EJ' are
defined by
1 m n
H = — ; S .
- Z Zgzssh“es (2.2)
s=n+1i=1
and .
K = Z es (hi1h3s — hizh3y) ., (2.3)
s=n+1

respectively. We recall that a surface M is called minimal if its mean curvature
vector vanishes identically, i.e. H = 0. If the mean curvature vector satisfies
DH = 0, then the surface M is said to have parallel mean curvature vector.
Also if Gaussian curvature of M vanishes identically, i.e. K =0, the surface M
is called flat.
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3 ROTATIONAL SURFACES WITH POINTWISE
1-TYPE GAuss MaP IN Ej

In this section, we consider rotational surfaces of elliptic, hyperbolic and parabolic
type in four dimensional pseudo-Euclidean space E3 which are defined by Ganchev
and Milousheva in [10] and investigate these rotational surfaces with pointwise
1-type Gauss map.

We denote the standart orthonormal basis of E3 by {e1, €2, €3, €4} where ¢; =
(1,0,0,0), e2 = (0,1,0,0), e3 = (0,0,1,0) and ¢4 = (0,0,0,1), and (e1,€1) =
<62,€2> = 1, <63,63> = <64,64> =—1.

3.1 Rotational surfaces of elliptic type with pointwise
1-type Gauss map in E;

In this subsection, first we consider the rotational surfaces of elliptic type with
harmonic Gauss map.Then, we give a characterization of the flat rotational
surfaces of elliptic type with pointwise 1-type Gauss map and obtain a relation-
ship for non-minimal these surfaces with parallel mean curvature vector and
pointwise 1-type Gauss map of the first kind.

Rotational surface of elliptic type M; is defined by

10 0 0 z1(s)
101 o0 0 z2(s)
Pt s) = 0 0 cost —sint z3(5)
0 O sint cost 0
M : o (t,s) = (x1(s),z2(s),x3(s) cost, x3(s) sint), (3.1)

where the surface M; is obtained by the rotation of the curve

ZL’(S) = ($1(8),$2(8),$3(3), O)

about the two dimensional Euclidean plane span{e;, €2} . Let the profile curve of
M; be unit speed spacelike curve. In that case, (z1/(s))°+ (z2'(s))* — (z5/(s))* =
1. We suppose that z3(s) > 0. The moving frame field {e1, e, e3,e4} on M is
determined as follows:

er = (2)(s),x5(s), x5(s) cost, x5(s)sint),
eas = (0,0,—sint,cost),
1 / /
es = —————(—T5(s),x7(s),0,0),
' g (e a4 (9),00)
1 / / !/ ! ! 2
eg = —————(a5(s)x](s), 25(s)z5(s), (1 + x5(s)?) cost,
4 1+x§)(s)2(3()1() 3(s)25(s), ( 3(5)%)

(1 +xg(s)2)smt),
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where eq, eo and es, e4 are tangent vector fields and normal vector fields to My,

respectively.Then it is easily seen that
(e1,€1) = (e3,e3) =1, (e2,e2) = (ea,€4) = —1.
We have the dual 1-forms as:

wp=ds and  we = —x3(s)dt.

After some computations, the components of the second fundamental form and

the connection forms are given as follows:
h% =—d(s), h?z =0, th =0,
hiy = —c(s), iy =0, hiy=0b(s)
and
w12 =a(8)b(s)wa, w1z = —d(s)w1, wig = —c(8)w1,
woz =0, way = —b(s)wa, wszs = a(s)d(s)ws.

By taking the covariant derivative with respect to e; and eo we have

61 = —d(s)es+ c(s)eq,
€1 = a(s)b(s)es,
e1€2 = 0

a(s)b(s)e; — b(s)eq,
(

< < \<]z <t m<]z < < <
o
|

ces = d(s)er —a(s)d(s)ey,
€3 = 0,
€164 c(s)er — a(s)d(s)es,
exa = Db(s)ez,
where
a(s) = x5(8) ’
1+ (x3")
1+ (z3')°
b(s) = O
:E//(S)
C(S) — 3 ’
14 (x3/)2
de) = lrale) - ai)ais),
1+ (z3/)

(3.2)

(3.7)

By using (2.2), (2.3) and (3.2), the mean curvature vector and Gaussian curva-

ture of the surface M; are obtained as:
1

H = 5 (—d(s)es + (c(5) +b(s) ea)
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and
K =c¢(s)b(s), (3.9)

respectively.
By using (2.1) and (3.3), we find the Laplacian of the Gauss map of M as :

AG = L(s) (e1 Nea) + M(s) (e2 Aes) + N(s) (ex Aeq), (3.10)
where
L(s) = d*(s) — b (s) — c*(s), (3.11)
M(s) =d' (s) + a(s)d(s)(b(s) + c(s)), (3.12)
N(s) =V (s) +(s) +a(s)d*(s). (3.13)

Theorem 3.1. Let M be rotation surface of elliptic type given by the parametriza-
tion (3.1). If My has harmonic Gauss map then it has constant Gaussian cur-
vature.

Proof. Let the Gauss map of M; be harmonic, i.e., AG = 0. So, from (3.10),
(3.11), (3.12) and (3.13) we have

d*(s) —b*(s) —c*(s) = 0, (3.14)
d' (s) + a(s)d(s)(b(s) + c(s)) 0,
V()4 (s) +a(s)d*(s) = 0.

By multiplying both sides of the second equation of (3.14) with d(s) and using
the third equation of (3.14) we have

d(s)d’ (s) — b(s)V' (s) — c(s)c (s) = (b(s)c(s))’. (3.15)

By differeniating the first equation of (3.14) with respect to s and us-
ing (3.15), we have that b(s)c(s) =constant.Hence, from (3.9) we get K =
Ky =constant. U

Theorem 3.2. Let My be the flat rotational surface of elliptic type given by the
parametrization (3.1). Then M; has a pointwise 1-type Gauss map if and only
if the profile curve of My is characterized by one of the following way:

i

1
r1(8) = — 5 sin (=615 + &) + 04,
1
1
wa(s) =5 cos (=015 + 62) + b, (3.16)
1
z3(s) =0,

where 61, 02, 03 and &4 are real constants and the Gauss map of M satisfies
(1.1) for f = 6% — 5% and C = 0. If 6163 = £1 then the function f becomes zero
3

and it implies that the Gauss map is harmonic.
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i)
o) = [ (143

[ME

cos <—/\3 In(Ars + A2) + /\4> ds,
A (14 )\%)

Nl

9 i Ag (317)
x2(8) :/ (1+)\1)2 sin | —————————In(A\s+ X2) + A\g | ds,
A1 (14 A2)

N

1'3(8) =15+ Ao,

where A1, Ao, A3 and Ay are real constants and the Gauss map of My satisfies
2 1
(1.1) for f(s) = m (1_?‘_—35\% - 1) and C = Mer Aea+ A1 (14 A1) 2 ea Aey.

Proof. We suppose that M; has pointwise 1-type Gauss map. By using (1.1)
and (3.10), we get

—f+f{Cie1 Nes) = —L(s), (3.18)
f{Ciea Nes) = —M(s),
f{Ciea Nes) = N(s)
and
<C,61 N 63> = <C, €1 A €4> = <C, €3 A 64> =0. (319)

By taking the derivatives of all equations in (3.19) with respect to e3 and using
(3.18) we obtain

a(s)N(s) — L(s)+f = 0, (3.20)
a(s)M(s) = 0,
M(s) = 0,

respectively. From above equations, we have two cases. One of them is a(s) = 0,
M (s) = 0 and the other is a(s) # 0, M (s) = 0. Firstly, we suppose that a(s) =0
and M(s) = 0. By using (3.4), we have that z3(s) = d3=constant. It implies
that ¢(s) =0, b(s) = é and M is flat. Since the profile curve x is spacelike
curve which is parameterized by arc-length, we can put

z(s) = cosd(s) (or resp. sind(s)),
xh(s) = sind(s) (or resp. cosd(s)), (3.21)

where § is smooth angle function. Without loss of generality we assume that
77 (s) = cosd (s) and z5(s) = sind (s)

We can do similar computations for the another case, too. By using third
equation of (3.20) and (3.12) we obtain that

d(s) = 61, 01 is non zero constant. (3.22)
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On the other hand by using (3.7), (3.21) and (3.22) we get
0 (s) = —d15+ da, (3.23)

where 01, 02 are real constants. Then by substituting (3.23) into (3.21) and
taking the integral we have the equation (3.16). Also the Laplacian of the Gauss
map of M; with the equations a(s) = 0, b(s) = é, c(s) =0and d(s) = is

found as AG = ((5% — 5%) G
3
Now we suppose that a(s) # 0 and M (s) = 0. Since the surface M; is flat,
i.e., K =0. By using (3.9) we have that ¢(s) = 0. From (3.6) we get

x3(s) = A1s 4+ Ag (3.24)
for some constants A1 # 0 and As. In that case by using (3.4), (3.5) and (3.24)

we have

A1

a(s) = ——— (3.25)
(14 M%)
and )
2\ 2

b(s) = m (3.26)

Let consider that M (s) = 0 with ¢(s) = 0. In that case from (3.12), we obtain
that

d' (s) + a(s)b(s)d(s) =0 (3.27)
By using (3.25), (3.26) and (3.27) we have
d(s) = ﬁ;j o (3.28)

where A3 is constant of integration. On the other hand, Since the profile curve
x is spacelike curve which is parameterized by arc-length, we can put

zi(s) = (1+A])2cosA(s), (3.29)
1
zh(s) = (1+A])%sinA(s),
where )\ is smooth angle function. By differentiating (3.29). we obtain

F(s) = —(1+A2)%simA(s) N (s), (3.30)

24(s) = (14+A7)%cosA(s) N (s).
By using (3.7), (3.24), (3.29) and (3.30), we get

d(s) = — (14+A2) X (s). (3.31)
By combining (3.28) and (3.31) we obtain
A3

A (S) = 111()\18 + )\2) + A4 (332)
A1 (14 A2)

N
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So by substituting (3.32) into (3.29), we get

x1(s) = / (1+ /\%)% cos (—)\31 In(A1s+ Aa) + )\4> ds,
A (1+A2)2

zo(s) = / (1 + )\%)% sin (—/\31 In(Ars + Ag) + /\4> ds,
A (1+23)2

Conversely, the surface M; whose the profil curve given by (3.17) is pointwise
1-type Gauss map for

_ 1 A3 3
fle) = (A1s + Ag)? (HA% 1)

and )
C=Xe Nea+ N\ (1 +)\%)§ es A ey.

O

Theorem 3.3. A non- minimal rotational surfaces of elliptic type M, defined
by (3.1) has pointwise 1-type Gauss map of the first kind if and only if the mean
curvature vector of My is parallel .

Proof. From (3.8) we have that H = % (—d(s)es + (c(s) +b(s))es). Let the
mean curvature vector of M; be parallel, i.e., DH = 0. Then we get

Do H = % (= M(s)es + N(s)ea) = 0.

In this case we obtain that M(s) = N(s) = 0. From (3.10), we have that
AG = L(s)ey A es.

Conversely, if M; has pointwise 1-type Gauss map of the first kind then
from (3.10) we get M(s) = N(s) = 0 and it implies that M; has parallel mean
curvature vector. O

Corollary 3.4. If rotational surfaces of elliptic type My given by (3.1) is min-
imal then it has pointwise 1-type Gauss map of the first kind.

3.2 Rotational surfaces of hyperbolic type with pointwise
1-type Gauss map in Ej}

In this subsection, first we consider rotational surfaces of hyperbolic type with
harmonic Gauss map. Moreover, we obtain a characterization of flat rotational
surfaces of hyperbolic type with pointwise 1-type Gauss map and give a rela-
tionship for non-minimal these surfaces with parallel mean curvature vector and
pointwise 1-type Gauss map of the first kind. The proofs of theorems in this
subsection are similar the proofs of theorems in previous section so we give the
theorems as without proof.
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Rotational surface of hyperbolic type M> is defined by

cosht 0 sinht 0 x1(8)

_ 0 1 0 0 x2($)

Pt s) = sinht 0 cosht 0 0
0 0 0 1 x4(5)

My : ¢ (t,s) = (x1(s) cosht,za(s),x1(s) sinht, z4(s)), (3.33)

where the surface Ms is obtained by the rotation of the curve

2(s) = (1(s), 22(s), 0, 24(s))

about the two dimensional Euclidean plane spanned by s and €4. Let the profile

curve of My be unit speed spacelike curve. In that case (z1(s))” + (x2'(s))* —

(24'(s))> = 1. We assume that 21 (s) > 0. The moving frame field {e1, e2, es, €4}
on My is choosen as follows:

€1 = (x/l(s) cosht, x;(s)vxll(s) sinht, xil(s)) )

ea = (sinht,0,cosht,0),

]' / /
es NaCAOEES)] (0,2%(s), 0, 5(s)) ,
eq = 1 ( (z4(s)> = 1) cosht, =/ (s)25(s), (#}(s)* — 1) sinht,

e(zi(s)? — 1)

~af ()24 (5)),

where e1,e; and es, ey are tangent vector fields and normal vector fields to
My, respectively and ¢ is signature of (z1')* — 1. If (z,/)* — 1 is positive (resp.
negative) then € = 1 (resp. € = —1). It is easily seen that

(e1,€1) = — (e2,e2) =1, (e3,e3) = —(eq,e4) = €.
we have the dual 1-forms as:
w1 =ds and wy = —x1(s)dt.

After some computations, components of the second fundamental form and the
connection forms are obtained by:

h?l :d(8)7 hzls2 =0, th =0,

3.34
h£111 =c(s), h%z =0, h%z = —¢b(s) ( )

and

w12 =a(s)b(s)wa, w1z =d(s)w1, w14 = c(s)wr,

woz =0, woyq = eb(s)wa, w4 = a(s)d(s)wr.
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Differentiating covariantly with respect to e; and e; we get

€1 = ed(s)es —ec(s)ey (3.35)

€1 = a(s)b(s)ez

®
o
D
N
|
S

a(s)b(s)er + b(s)ey

< < < \<1 mqr < < <
e
I

ee3 = —d(s)er —ea(s)d(s)es
ez€3 = 0
s = —c(s)er —ea(s)d(s)es
s = —eb(s)es
where ,
a(s) = zy(s) 7

d(s) = TBE)Ta(6) — Ti()(s)

e ((xl )2 1)

By using (2.2), (2.3) and (3.34), the mean curvature vector and Gaussian cur-
vature of the surface My are obtained as follows:

H= % (ed(s)es —e(c(s) +eb(s))eq)
and
K =¢(s)b(s),

respectively.
By using (2.1) and (3.35) , we find the Laplacian of the Gauss map of M,
as:
AG = L(s) (e1 ANea) + M(s) (ea Aez) + N(s) (e2 Aesq),

where

L(s) = (d*(s) — ¢* (s) = b (5)),
M( ) e (d'(s) +ea(s)d(s) (c(s) +b(s)))
—e ((s) + et/ (s) +ea(s)d?(s)) .
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Theorem 3.5. Let My be rotation surface of hyperbolic type given by the pa-
rameterization (3.33). If My has Gauss map harmonic then it has constant
Gaussian curvatrure.

Theorem 3.6. Let My be flat rotation surface of hyperbolic type given by the
parameterization (3.33). Then My has pointwise 1-type Gauss map if and only
if the profile curve of Mo is characterized in one of the following way:

i)

171(5) = 51,
1

xa(s) = =5 sinh (—dg9s + d3) + d4,
1

x4(s) = =5 cosh (—das + 03) + 44,

where 61, 02, 03 and 64 are real constants and the Gauss map G satisfies
(1.1) for f = 5% —62 and C = 0. If 6,62 = 1 then the function f becomes zero
and it implies that the Gauss map is harmonic.
z1(s) = Ms+ A,

/ ()\f — 1)% sinh Ll In(A1s+ Aa) + Ag | ds,
A (A2 —1)2

x2($)

x4(s) = /(Af - 1)% cosh Llln()\ls—k)\g) + A4 | ds,
AL (A2 —1)2

where A1, A2, Az and \g are real constants and without loss of generality we
suppose that A2 —1 > 0. Morever the Gauss map G satisfies (1.1) for the function
1

2 L
f(s) = (/\lsih)g (1 — A%\il) and C = —X2ej Neg + A\ ()\% — 1)2 es N ey.

Theorem 3.7. A non- minimal rotational surfaces of hyperbolic type Mo defined
by (3.33) has pointwise 1-type Gauss map of the first kind if and only if My has
parallel mean curvature vector

Corollary 3.8. If rotational surfaces of hyperbolic type My given by (3.33) is
manimal then it has pointwise 1-type Gauss map of the first kind.

3.3 Rotational surfaces of parabolic type with pointwise
1-type Gauss map in Ej

In this subsection, we study rotational surfaces of parabolic type with pointwise
1-type Gauss map. We show that flat rotational surface of parabolic type has
pointwise 1-type Gauss map if and only if its Gauss map is harmonic. Also we
conclude that flat rotational surface of parabolic type has harmonic Gauss map
if and only if it has parallel mean curvature vector.
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We consider the pseudo-orthonormal base {e1, &2, &3, €4} of E% such that & =

62\;%63; §3 = _6\2/—553 (&2,&2) = (&3,&) = 0 and (&, &3) = —1. Let consider «
spacelike curve is given by

x(8) = x1(s)er + xa(s)ea + x3(s)es

or we can express x according to pseudo-orthonormal base {e1,&2,&3,€4} as
follows:
(s) = z1(s)er + p(s)&2 + q(s)&s,

@2(s)+x3(s)
2

where p(s) = and ¢(s) . The rotational surface of

parabolic type M3 is defined by

— —za(s)tws(s)
V2

Ms: ¢ (t,s) = 1(s)er + p(8)& + (—t°p(s) + q(s))&s + V2p(s)es,  (3.36)

We suppose that z is parameterized by arc-length, that is, (z1/(s))>=2p/(s)¢(s) =
1. Now we can give a moving orthonormal frame {eq, es, e3, e4} for M3 as follows:

er = m1/(s)er + /()& + (—t7D'(5) + ¢'(5))&s + V2t (5)es,

e2 = —V2& + e,

e3 = €+ xpl,((:;) &3,

ea = m/(s)e +p'(s)sa + (o= + d'(s) — 7D/ (5))&s + V2tp' (s)ea,

P'(s)
where p/(s) is non zero. Then it is easily seen that
(e1,e1) = (es,e3) =1, (ea,ea) = (eq,e4) = —1.
We have the dual 1-forms as:
wi=ds and wy = —\/ip(s) dt.

Also we obtain components of the second fundamental form and the connection
forms as:

hilil =c(s), h?z =0, hgz =0,

3.37
h%1 =—b(s), hé112 =0, h§2 = a(s) ( )
and
wiz =a(s)wa, wiz =c(s)wr, wig = —b(s)wr,
woz =0, woy = —a(s)we, wss = —c(s)ws.

Then, by taking the covariant derivatives with respect to e; and eq, weget as
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follows:

Veer = cs)es + b(s)ey, (3.38)
Ve,e1 = a(s)es,
66162 = 0,
?5262 = a(s)e; — a(s)ey,
Ve, es = —c(s)er + c(s)eq,
66263 = 07
Vees = b(s)er + c(s)es,
Ve,ea = a(s)es,
where o)
_ P\
a(s) = Ok (3.39)
&) — p//(S)
b(s) 7(s) (3.40)
() ()2 )
(s e (3.41)

By using (2.2), (2.3) and (3.37), the mean curvature vector and Gaussian cur-
vature of the surface M3 are obtained as follows:

H = - (c(s)es + (a(s) +b(s)) es) (3.42)

1
2
and

K =a(s)b(s), (3.43)

respectively.
By using (2.1) and (3.38), we find the Laplacian of the Gauss map of M3 by

AG = L(s)(e1 Nea) + M(s) (e2 Aes) + N(s) (ex Aeq), (3.44)
where
L(s) = *(s) — a® (s) — b*(s), (3.45)
M(s) = ¢ (s) + c(s)(a(s) + b(s)), (3.46)
N(s) =c*(s) +ad (s)+V (s). (3.47)

Theorem 3.9. Let M3 be flat rotation surface of parabolic type given by the
parameterization (3.36). Then Ms has pointwise 1-type Gauss map if and only
if the profile curve of Ms is given by

ri(s) = i(ln(u18+u2)(ms+u2))+(u4—6)8+u5,
p(S) = /L15+,LL2,
qa(s) = i/((eln(uls+uz)+u4>2—1> ds,
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where py, po, pa, ps real constants. Morever the surface Ms has harmonic
Gauss map for f = 0.

Proof. We suppose that M3 has pointwise 1-type Gauss map. In that case the
Gauss map of Mj satisfies (1.1). By using (1.1) and (3.44), we get

—f+f{CeiNes)y = —L(s), (3.48)
f{Cieanes) = —M(s),
f{Cieanes) = N(s)
and
(Cre1 Neg) = (Creqr Neq) = (Crez Ney) = 0. (3.49)

By taking the derivatives of all equations in (3.49) with respect to e3 and using
(3.48) we obtain

L(s)—N(s) = f. (3.50)

respectively. Since the surface Mj is flat, i.e., K = 0 from (3.43) we have that
b(s) = 0. From (3.40) we obtain that

p(s) = pas + p2 (3.51)
for some constants p1 # 0 and ps. By using (3.39) and (3.51) we have that

H1

a(s) = ————. 3.52

(=) H18 + 2 (3.52)

If we consider M(s) = 0 with the equations b(s) = 0 and a(s) = #1;&#2’ from

(3.46) we get

H3

c(s) = ————. 3.53

()=t (3.59

On the other hand, by using the first equation of (3.50), (3.45), (3.47), (3.52)
and (3.53) we obtain that f = 0. It means that L(s) = N(s) = 0 and we have

M3 = €1, € = 1.
If we consider (3.41), (3.51) and (3.53) we get
5
z1(s) = o (In(prs + p2)(pas + p2)) + (pa —€) s + s, (3.54)

where p4, ps are constants of integration. Since x is unit speed spacelike curve
we get
(21/(5)* — 1

"(s) = 3.55
/(o) = S50 (355)
By substituting (3.51) and (3.54) into (3.55) we obtain
—_ 2 —
q(s) = o / ((5 In (p1s + p2) + pa) 1) ds.
This completes the proof. O

110



Theorem 3.10. Let M3 be flat rotational surfaces of parabolic type given by
(8.36). M3 has harmonic Gauss map if and only if its mean curvature vector is
parallel.

Proof. We suppose that M3 has parallel mean curvature vector, i.e., DH = 0.
From (3.42) we have that

l%H:;M@%+N@m20

In this case we obtain that M(s) = N(s) = 0. Since M3 is a flat surface, from
the previous theorem we have

%31
b(s) =0 and a(s) = ———.
(5 ()=
By considering the equation M (s) = 0 with above equations and using (3.46)
we get
M3
c(s) = ————
(s) .
where ps is the constant of integration. It implies that L(s) = 0. Hence we
obtain that Gauss map of M3 is harmonic .
Conversely, if M3 is harmonic then it is easily seen that DH = 0. O

The first author is supported by Ahi Evran University :PYO-EGF.4001.15.002.
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Abstract.  Spacelike hypersurfaces in the Lorentz-Minkowski (n+1)-
dimensional space L"*! can be endowed with another Riemannian metric,
the one induced by the Euclidean space R™*!. The hypersurfaces with the
same mean curvature with respect to both metrics can be locally deter-
mined by a smooth function u satisfying |Du| < 1, and being the solution
to a certain partial differential equation. We call this equation the Hr = Hj,
hypersurface equation. In the particular case in which n = 2 and both curva-
tures vanish, Kobayashi proved that the graphs determined by the solutions
of such equation are open pieces of spacelike planes or helicoids, in the re-
gion where they are spacelike. In this manuscript we prove the existence of
a family of solutions whose graphs have non-zero mean curvature, and we
present an inequality relating the mean curvature to the width of the domain
of certain solutions, those without critical points.

Keywords. Mean curvature - spacelike hypersurfaces - rotational hyper-
surfaces - elliptic partial differential equations.
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1 INTRODUCTION AND BACKGROUND

Let us consider the differential operator given by

1 1

Q(u) = div NGESTE — NiESDIE

)

where v € C2(R"), and D, div and | - | stand for the gradient, the divergence
and the Euclidean norm on R™, respectively. We are interested in studying the
equation

Q(u) = 0, with [Dul < 1. (1.1)
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The above divergence-type partial differential equation is not an arbitrary
one, it has a geometrical meaning.

A hypersurface in the Lorentz-Minkowski space L™ T is said to be spacelike
if its induced metric is a Riemannian one. Therefore, spacelike hypersurfaces in
L"*! can be endowed with two different Riemannian metrics, the metric induced
by the Euclidean space R"*! and the metric inherited from L"*!. Consequently,
we can consider two different mean curvature functions on a spacelike hypersur-
face related to both metrics, Hr and Hj, respectively.

On the other hand, it is well known that any spacelike hypersurface ¥ in
L"*1 can be locally described as a spacelike graph over an open subset of a
spacelike hyperplane, which without loss of generality can be supposed to be
the hyperplane x,,1; = 0 (see [4, Proposition 3.3]). Let u be the function that
describes such a graph, then the spatiality condition becomes |Du| < 1. The
functions Hr and Hj can be written in terms of the function w and its partial
derivatives obtaining the expressions

1 Du 1 Du
Hp=—div| —/—— and Hy=—div| —— . (1.2
" <\/1—|—|Du2> S ( /1—|Du2> (1.2)

Therefore, a spacelike graph determined by u satisfies Hgr = Hy, if and only if u
is a solution of (1.1). For this reason (1.1) is called the Hp = Hj, hypersurface
equation. This equation is a quasilinear elliptic partial differential equation,
everywhere except at those points at which Du vanishes, where the equation is
parabolic, see [1].

As a particular case, we can consider the situation where the graph is si-
multaneously minimal and maximal, that is Hp = Hy = 0. The geometry of
minimal and maximal graphs has been widely studied. One of the main results
on minimal graphs is the well-known Bernstein theorem, proved by Bernstein [5]
in 1915, which states that the only entire minimal graphs in R3 are the planes.
Some decades later, in 1970, Calabi [7] proved its analogous version for spacelike
graphs in the Lorentz-Minkowski space, the Calabi-Bernstein theorem, which
states that the only entire maximal graphs in L? are the spacelike planes. An
important difference between both results is that the Bernstein theorem can be
extended to minimal graphs in R™*! up to dimension n = 7, as it was proved
by Bombieri, di Giorgi and Giusti [6], but it is no longer true for higher dimen-
sions. However, the Calabi-Bernstein theorem holds true for any dimension as
it was proved by Calabi [7] for dimension n < 4, and by Cheng and Yau [8] for
arbitrary dimension.

As an immediate consequence of the above results, we conclude that the only
entire graphs that are simultaneously minimal in R"*! and maximal in L"+!
are the spacelike hyperplanes.

Going a step further, we can consider spacelike graphs with the same con-
stant mean curvature functions Hr and Hjp. Heinz [11], Chern [9] and Flan-
ders [10] proved that the only entire graphs with constant mean curvature Hg
in R™*! are the minimal graphs. The Lorentzian version of this fact is not true,
since there are examples of entire spacelike graphs with constant mean curva-
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ture Hy, in L™! which are not maximal, for instance the hyperbolic spaces.
However, taking into account the Calabi-Bernstein theorem, we conclude again
that the only complete spacelike hypersurfaces in L"*! with the same constant
mean curvature functions Hr and Hj, are the spacelike hyperplanes.

Kobayashi [12] studied the same problem without assuming any global hy-
pothesis. He showed that the graphs of the solutions to (1.1) with Hg = Hy, =0
are open pieces of a spacelike plane or of a helicoid, in the region where the heli-
coid is a spacelike surface. Recently, Albujer, Caballero and Sanchez [2, 3] have
continued with the study of spacelike surfaces with the same mean curvature
in R3 and in L3, not necessarily constant. On one hand, they have shown that
the Gaussian curvature in R3 of those surfaces is always non-positive and have
obtained several interesting consequences about the geometry of such surfaces.
On the other hand, they have obtained results on the solutions to the Hg = Hj,
surface equation, which are not derived from the sign of the Gaussian curvature.

In general dimension, Lee and Lee [13] have recently presented non-planar ex-
amples of simultaneously minimal and maximal spacelike graphs in the Lorentz-
Minkowski space. Their examples can be seen as generalized ruled hypersur-
faces, in fact they are a natural generalization of helicoids. However, there is
no known classification of such hypersurfaces similar to Kobayashi’s result. In
[1] the authors have shown that those hypersurfaces do not have elliptic points
and have obtained several interesting consequences about the geometry of such
hypersurfaces, generalizing some results in [2].

In this manuscript we prove the existence of a solution to the Hrp = H,
hypersurface equation which constitutes the first evidence of the existence of
examples with non-zero mean curvature, following the ideas of the example
obtained in [3] in dimension 2. Finally, we generalize some results on the graphs
of the solutions which are not a consequence of the non-existence of elliptic
points, specifically Lemma 7, Theorem 8 and Corollary 1 from [2].

2 PRELIMINARIES

Let L"*! be the (n + 1)-dimensional Lorentz-Minkowski space, that is, R"*!
endowed with the metric

(v = da:f + .. +d:cfl - d:ri_H,

where (1, ..., 7,41) are the canonical coordinates in R"™! and let | - | denote
its norm. It is easy to see that the Levi-Civita connections of the Euclidean
space R"*! and the Lorentz-Minkowski space L' coincide, so we will just
denote it by V.

A (connected) hypersurface X" in L"*! is said to be a spacelike hypersurface
if L"*! induces a Riemannian metric on X, which is also denoted by (-, ).
Given a spacelike hypersurface 3, we can choose a unique future-directed unit
normal vector field Ny, on ¥. The mean curvature function of ¥ with respect
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to Ny, is defined by
1
Hp = —E(/cf + o+ kD),

where kX, i = 1,...,n, stand for the principal curvatures of (X, (-,-)1.).

The same topological hypersurface can also be considered as a hypersurface
of the Euclidean space, that is R*™! with its usual Euclidean metric. For sim-
plicity, we will just denote the Euclidean space by R"*!, the Euclidean metric
and the induced metric on ¥ by (-, -)g, and its norm by | - |g. In such a case,
Y admits a unique upwards directed unit normal vector field, Ng. The mean
curvature function of ¥ with respect to Ng is defined by

1
HR:E®§+W+k®,

where kF i =1,...,n, stand for the principal curvatures of (X, {-,-)r).

It is interesting to observe that the mean curvature functions have an ex-
pression in terms of the normal curvatures of any set of orthogonal directions.
Specifically,

1 1
Hp=——(kk +...+&k) and Hr=-(E +.. . +&E), (21
n n n 1 n
where {v1,...,v,} and {wy, ..., wy,} are orthonormal basis of T,,X with respect

to (-,")r and (-, ), respectively.
If our spacelike hypersurface is the graph of a smooth function u € C*(Q),

Yo ={(x1, st u(T, ey ) (1, xn) € QF

) being an open subset of the hyperplane x,4+; = 0, which can be identified
with R™, it is easy to check that the spatiality condition is written as |Du| < 1,
where D and |- | stand for the gradient operator and the norm in the Euclidean
space R™, respectively. In this case, it is possible to get expressions for the
normal vector fields Ny and Ng, as well as for the mean curvature functions
Hp and Hpg, in terms of u. Specifically, with a straightforward computation we
get

(Du, 1) (=Du,1)

Ny = ——— Np= —————.
L /- |DuP BT /T+ Dul?

And for the mean curvature functions we have

and (2.2)

1 Du 1 Du
Hp = —div| —— and Hp=—div| ——], (2.3
"o (x/llDUI2> " <\/1+|Du2> 23)
where div denotes the divergence operator in R™.
Let us observe that

1 1
cosh) = ——— and cosf =

/1 —|Dul? V14 [Du?’

where 1 and 6 denote the hyperbolic angle between N, and e, 1 = (0,...,0,1)
and the angle between Np and e, 1, respectively.
The following result can be found in [2], and will be used in Section 4.
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Lemma 2.1. [2, Lemma 2] Let ¥ be a spacelike hypersurface in L" 1. Given
p €Y and v € T3, let kL (p) and kE(p) denote the normal curvatures at p in
the direction of v with respect to (-,-)p, and (-, )r, respectively. Then

|U|§2 R( ) — _ |v|% HL(p)
cosf(p) " coshp(p) *
3 A SOLUTION WITH NON-ZERO MEAN
CURVATURE

Let us consider rotationally invariant spacelike graphs with respect to a vertical
axis. Therefore, we can assume without loss of generality that the graph X7 is
determined by a function

w(zy, ...y xy) = f(1), r:xf—i—...—i—x%, (3.1)

being f € C*°(I) for certain I C [0,+00). In this case, |Du| < 1 reads
4(f'(r)*r < 1 and the Hr = Hy, hypersurface equation yields

2"r & fr A Porln = 1) _ 2f"r+ fn— 4(for(n— 1)
O N (e (T Rk

(3.2)

It can be checked that, given any set of initial conditions (rg, f(ro), f'(r0)) such
that 7o > 0, f/(ro) # 0 and 4(f'(ro))*ro < 1, there exists a local solution
of (3.2) by the Picard-Lindeldf theorem.

It is interesting to observe that these examples cannot be entire because of
the following theorem which can be found in [1].

Theorem 3.1. The only entire spacelike graphs ¥, determined by a function u
given by (3.1) such that Hr = Hy, are the horizontal hyperplanes.

4 ON THE WIDTH OF THE DOMAIN OF THE
SOLUTIONS

We define the width of a set in R™ as the supremum of the diameter of the closed
balls contained in it. This is an intuitive definition which is a generalization of
the classical concept of width for a convex body, see [15].

Let u be a solution to (1.1) over an open set Q C R", %, its graph and
7+ 3, — () the canonical projection. We define X} as the graph of u over the
following open set

O ={(z1,...,25) € Q: Du(axy,...,2,) # 0}. (4.1)

The goal of this section is to give an upper bound for the width of the set
Q*. Before stating our main result, we get some previous local computations
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involving the Riemannian and Lorentzian normal curvatures of ¥} in some priv-
ileged directions. As well as a lemma relating the mean curvature of ¥, to that
of its level hypersurfaces.

Given p € X7, we consider its corresponding level hypersurface contained in
R"™, :S’vc, and its lifting to X,, S.. We will work in a neighborhood of p, hence
we can assume that S, lies on X,. Since Du # 0 in Q*, this distribution is
integrable, so we can consider the integral curve through 7(p). We denote by «
its lifting to ¥*. Notice that o/ = (Du,|Dul|?) o .

Therefore, we have two submanifolds of ¥, namely S. and «, defined on a
neighborhood of p which are orthogonal at p for both (-,-)r and (-,-)1. Now,
let {e1,...,en—1} be an orthonormal basis of Tﬁ(p),S\;. The vectors {(e1,0),...,
(en—1,0)} constitute an orthonormal basis of 7,5, in both R"*! and L"*!, and
are orthogonal to o’ for both metrics. Then, Lemma 2.1 gives us the following
relationships, where we have omitted the point p on behalf of simplicity

r _ cosl , J1—|Dul* [ .
K(ei,o) = —m K(ei,o) = — m H(ei,O)’ 1= 1, e, — 1 and

3
R /|7 cos® <1_|D“|2>2 L

Frar = |o’|% cosh for =7\ 1 1 | Dul? o

: _ 1—|Du|? . . .
By denoting A = 4/ THDup> We rewrite the previous expressions as

“gi,o) =-A Héi’oy i=1,....n—1 and KS/ =_—A3 ni,. (4.2)

As we are dealing with orthogonal directions at p for both (-, )r and (-, )1,
and u is a solution of the Hr = Hj, hypersurface equation, from (2.1) we get

L L L R R R
TRer,0) T T Blen1,0) T Bar T Fieg0) T (e, 1,0) T Rar
which jointly with (4.2) implies

I 1

e T AT

(K‘(Lel,()) 4+ ...+ K/én—l»o))' (43)
Lemma 4.1. Let X, be a spacelike graph in L™t over a domain  C R™ such
that Hgr = Hy. If S. denotes the level hypersurface uw = ¢ in Q* and H, is its

mean curvature, then
n—1

nv2
and the equality is hold if and only if Hy, = 0.

|Hr| < |He| o (4.4)

Proof. We work at a point p € S, and we follow the notation introduced at the
beginning of this section. For each i = 1,...,n we take a curve in S, a;, with
@;(0) = p and @;'(0) = e;. Let a; be its lifting to S.. Notice that o/ = (&, 0).
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It is possible to relate the Lorentzian normal curvature néi 0) of 3, at p in

the direction of o with the normal curvature ¢, of S, at 7(p) in the direction
of &ili

I — |Du| ~ Du ‘Du| c
Ko, 0y = Vitl,NLL:<D~,t', O = ————=~K¢ OT
(ev.0) = (Veti; Ni) 1—[Dul2 \" " " |Dul /g, 1 —|Dul2 “
Here D and (-,-)r» stand for the Levi-Civita connection and the usual metric
/ ~/
A ; D
of the Euclidean space R", respectively, t; = Ofl , bt = Oil — and Y is the
|l |ai'| | Du|

unitary normal vector field to TS'Z in R™.
Therefore, from (4.3) we get

A+1 | D
A2+ A+1,/1+[Dul?

where f(z) = 7=z Since [ is increasing and |Du| < 1, we get (4.4).

nlHy| = (n—1) [Helom < (n—1)f(|Dul) [He| o,

O

Theorem 4.2. Let u be a solution to the Hr = Hy hypersurface equation
defined on an open set 0 C R™. Then

V2(n—1)
Hp|

width(Q*) < (4.5)

n ian*

Proof. If infg« |Hy| = 0, there is nothing to prove.
Otherwise, we have |H| > info« |Hy| = C > 0in X¥. And, as a consequence

of (4.4), we get
2
|H.| > &{ >0 in Q% (4.6)

n —

First of all, let us notice that Q* is an open set of R™. We consider all the
level hypersurfaces in 2%, we order them by the value of u on each of them and
we orient them in a way such that its normal vectors point to the direction on
which u decreases.

We proceed by reductio ad absurdum assuming that the width of Q* is

(n—1)V2
o

n
B, ((n—1)/nv2C) C Q*. Since B, is compact, u attains a maximum in it.
Even more, Du does not vanish in By = B, ((n —1)/nv/2C), and so this ex-
tremal value is only attained on the boundary of the ball.

We pick a point p at which a maximum is attained. The level hypersurface
through p lies in Q* \ B,. And so, it is tangent to the boundary of the ball at p.
The normal vector to the hypersurface at p points to the interior of the ball, see
Figure 1. Consequently, using the tangency principle (see [14, Theorem 3.2.4]

bigger than Then, there exists a point ¢ € Q* such that Bq =
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Figure 1: Level hypersurface at p.

for the 2-dimensional case), inequality (4.6) implies that H. < —n+y/2C/(n — 1)
at p. Analogously, we get that H. > n\/2C/(n — 1) at p, p being a point at
which v attains a minimum in the ball. By a continuity argument, there is a

point in the ball at which H,. vanishes, which is a contradiction.
O

As a direct consequence of Theorem 4.2, we get the following results.

Corollary 4.3. Let u be a solution to the Hr = Hj hypersurface equation
defined on an open set & C R™ and assume that Q* is a set of infinite width.
Then infy,, |[Hr| = 0.

Equivalently, there do not exist spacelike graphs satisfying Hp = Hy,, |Hp| >
C for a certain constant C > 0 and width(Q*) = oco.

Corollary 4.4. Let u be a solution to the Hr = Hy hypersurface equation
defined on an open set Q@ C R™ with constant mean curvature. Then

width(Q*) < T

5 ACKNOWLEDGMENTS

The authors would like to thank the anonymous reviewers for their valuable
comments and suggestions to improve the quality of the paper.

The first author has been supported by a PhD grant of the University of
Murcia, Ayuda de Iniciacién a la Investigacion. The second author is partially
supported by MINECO/FEDER project reference MTM2015-65430-P, Spain,
and Fundacién Séneca project reference 19901/GERM /15, Spain. Her work is a
result of the activity developed within the framework of the Program in Support
of Excellence Groups of the Regién de Murcia, Spain, by Fundacién Séneca,
Science and Technology Agency of the Region de Murcia. The first and the
third authors are partially supported by the Spanish Ministry of Economy and
Competitiveness and European Regional Development Fund (ERDF), project
MTM2013-47828-C2-1-P.

120



REFERENCES

1]

[10]

[11]

Alarcon, E. M., Albujer, A. L., Caballero, M. Spacelike hypersurfaces with
the same mean curvature in R"*1 and L™+ (accepted), Springer Proceed-
ings in Mathematics & Statistics 211.

Albujer, A. L., Caballero, M., Geometric properties of surfaces with the
same mean curvature in R and L3, J. Math. Anal. Appl 445 (2017), 1013
1024.

Albujer, A. L., Caballero, M., Sdnchez, E., Some results for entire solutions
to the Hr = Hyp, surface equation, pre-print.

Alias, L. J., Romero, A., Sdnchez, M., Uniqueness of complete spacelike
hypersurfaces of constant mean curvature in generalized Robertson-Walker
spacetimes, Gen. Relativity Gravitation 27 (1995), 71-84.

Bernstein, S. N., Sur un théoréme de géométrie et son application auz
dérivées partielles du type elliptigue, Comm. Inst. Sci. Math. Mech. Univ.
Kharkov 15 (1915-17), 38-45.

Bombieri, E., De Giorgi, E., Giusti, E., Minimal cones and the Bernstein
problem, Invent. Math 7 (1969), 243-268.

Calabi, E., Examples of Bernstein problems for some nonlinear equations,

Proc. Symp. Pure Math. 15 (1970), 223-230.

Cheng, S. Y., Yau, S. T., Maximal spacelike hypersurfaces in the Lorentz-
Minkowski space, Ann. of Math. 140 (1976), 407-419.

Chern, S.-S., On the curvatures of a piece of hypersurface in euclidean
space, Abh. Math. Sem. Univ. Hamburg. 29 (1965), 77-91.

Flanders, H., Remark on mean curvature, J. London Math. Soc. 41 (1966),
364-366.

Heinz, E., Uber Flichen mit eineindeutiger Projektion auf eine Ebene,
deren Krimmungen durch Ungleichungen eigeschrankt sind, Math. Ann.
129 (1955), 451-454.

Kobayashi, O., Mazimal surfaces in the 3-dimensional Minkowski space I3,
Tokyo J. Math. 6 (1983), 297-3009.

Lee, E., Lee, H., Generalizations of the Choe-Hoppe helicoid and Clifford
cones in Euclidean space, to appear in J. Geom. Anal. DOI 10.1007/s12220-
016-9666-6.

Lépez, R., Constant mean curvature surfaces with boundary, Springer
Monographs in Mathematics, Springer, Heidelberg, 2013.

Schneider, R., Convex Bodies: The Brunn-Minkowski Theory, Cambridge
University Press, Cambridge, 1993.

121



Proceedings Book of International Work-
shop on Theory of Submanifolds (Vol-
ume: 1(2016)) June 2-4, 2016, Istanbul,
Turkey. Editors: Nurettin Cenk Turgay,
Elif Ozkara Canfes, Joeri Van der Veken
and Cornelia-Livia Bejan

Recieved: February 8, 2017

Accepted: April 29, 2017

DOI: 10.24064 /iwts2016.2017.7

On Pseudo-Umbilical
Rotational Surfaces with

Pointwise 1-Type (Gauss
Map in E%

Burcu Bektag, Elif Ozkara Canfes, Ugur Dursun

Burcu Bektag: Istanbul Technical University, Faculty of Science and Letters, Department of
Mathematics, 34469, Maslak, Istanbul, Turkey, e-mail:bektasbu@itu.edu.tr,

Elif Ozkara Canfes: Istanbul Technical University, Faculty of Science and Letters, Department
of Mathematics, 34469, Maslak, Istanbul, Turkey, e-mail:canfes@itu.edu.tr,

Ugur Dursun: Isik University, Faculty of Arts and Sciences, Department of Mathematics,
34980, Sile, Istanbul, Turkey, e-mail:ugur.dursun@isikun.edu.tr

Abstract. In this work, we study two families of rotational surfaces in the
pseudo—Euclidean space [E3 with profile curves lying in 2—dimensional planes.
First, we obtain a classification of pseudo—umbilical spacelike surfaces and
timelike surfaces in these families. Then, we show that in this classification
there exists no a pseudo—umbilical rotational surface in E3 with pointwise 1-
type Gauss map of second kind. Finally, we determine such pseudo—umbilical
rotational surfaces in E3 having pointwise 1-type Gauss map of first kind.
Keywords. Rotational Surfaces - Pseudo—Umbilical Surfaces - Gauss Map
Pointwise 1-Type Gauss Map.
MSC 2010 Classification. Primary: 53B25; Secondary:53C50.

1 INTRODUCTION

In late 1970, the theory of finite type submanifolds of Euclidean submanifolds
was introduced by B.-Y. Chen, [7]. Since then, many mathematicians have
characterized or classified submanifolds of Euclidean space or pseudo—Euclidean
space in terms of finite type. Later, B.-Y.Chen and P. Piccinni extended the no-
tion of finite type of submanifolds to Gauss map of submanifolds, [8]. The report
[9] and the second edition of above mentioned book [10] are useful references to
understand recent developments and open problems of this area.

A smooth map ¢ : M — E from a (pseudo)-Riemannian manifold into
a (pseudo)-Euclidean space is called of finite type if it has a finite spectral
decomposition

k
¢=do+ Y i (L.1)

i=1
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where ¢ is a constant map, and each non—constant maps ¢; satisfies A¢; = \;¢;
for some constant \; € R. If the spectral decomposition (1.1) contains exactly
k terms with different values for \;, then the map ¢ is called of k-type. Thus,
a (pseudo)-Riemannian submanifold M of a (pseudo)-Euclidean space has 1-
type Gauss map v if and only if Av = A(v + C) for some A € R and for some
constant vector C.

On the other hand, it was observed that the Gauss map of some submanifolds
such as helicoid, catenoid, right cones in E? and Enneper’s hypersurfaces in E?H
satisfies

Av=fr+0C) (1.2)

for some smooth function f on M and some constant vector C, [13, 16]. This
gives a new terminology, namely that, a submanifold of a (pseudo)-Euclidean
space is said to have pointwise 1-type Gauss map if it satisfies (1.2). In partic-
ular, if C' is zero, it is said to be of the first kind. Otherwise, it is said to be of
the second kind.

Also, rotational surfaces in a (pseudo)—Euclidean space which are the main
focus of the present paper are another active research field in differential geom-
etry. In 1919, C. L. Moore introduced generel rotational surfaces in the four
dimensional Euclidean space, [19]. A rotational surface in E* is a surface left
invariant by a rotation in E* which is defined as a linear transformation of pos-
itive determinant preserving distance and leaving one point fixed. Moreover, F.
Cole studied the general theory of rotation in E4, [12].

The rotational surfaces in the pseudo—Euclidean space E3, called Vranceanu
rotational surfaces which is a particular case of the rotational surfaces studied
in this article were studied for different purposes. The complete classification
of Vranceanu rotational surfaces in E3 with zero mean curvature was obtained
in [15]. It was proved that a flat rotational surface in E5 with pointwise 1-type
Gauss map is either the product of two plane hyperbolas or the product of a
plane circle and a plane hyperbola, [17].

In [1], F. K. Aksoyak and Y. Yayli gave a classification of flat general rota-
tional surfaces with pointwise 1-type Gauss map in the pseudo-Euclidean space
[E3 which includes similar results given in [17].

Recently, Y. Aleksieva, V. Milousheva and N. C. Turgay studied general
rotational surfaces in the pseudo-Euclidean space E3 with zero mean curvature
vector in [2] and then the first author, E. Canfes and U. Dursun classified such
rotational surfaces with pointwise 1-type Gauss map in [4].

Moreover, there are many studies about the rotational surfaces in the pseudo—
Euclidean space and different spaces with pointwise 1-type Gauss map, [3, 11,
18],

On the other hand, pseudo—umbilical submanifolds are also well-known and
have been studied in many articles, [6, 14, 5].

In this article, we consider two families of rotational surfaces in the pseudo—
Euclidean space E3 with profile curves lying in 2-dimensional planes. First, we
determine the pseudo—umbilical rotational surfaces in these families. Then, we
show that there exists no a non—planar pseudo—umbilical rotational surface in
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these families with pointwise 1-type Gauss map of the second kind. Finally, we
give a classification of all such pseudo—umbilical surfaces in E4 with pointwise
1-type Gauss map of the first kind.

2 PRELIMINARIES

2.1 Basics of Submanifold Theory

Let E}* be the m—dimensional pseudo—Euclidean space with the canonical metric
given by

m—t m
g = (dl‘z)Z — (dl‘i)Z,
i=1 i=m—t+1
where (z1,z2,...,2,,) is a standard rectangular coordinate system in E}*.

For a point xg € E}* and ¢ # 0, we put

S Hxo,¢) = {x €EE" | (x —x0,x —Xo) =c '} if ¢ >0,

Hy" ! (x0,¢) = {x € E}"| | (x —x0,x —Xo) =c '} if ¢ <0,

where (,) denotes the indefinite inner product associated to §. S{*~*(xo, ¢) and
H;”_l(x[), ¢) are called, respectively, a pseudo—sphere and a pseudo—hyperbolic
space. When X is the origin, we simply denote S{"~*(0,¢) and H* (0, c) by
Sm1(¢) and HI" ! (c).

A vector v € EI" is called spacelike (resp., timelike) if (v,v) > 0 or v = 0
(resp., (v,v) < 0). A vector v is called lightlike if it is non—zero and it satisfies
(v,v) = 0.

From now on, we use the following convention on the range of indices:

1<ABC,...<n+2, 1<ijk,...<n, n+1<rst,...<n+2.

Let M be an oriented n—dimensional submanifold in an (n + 2)-dimensional
pseudo—FEuclidean space IES”. We denote the Levi-Civita connections of E;H'Q

and M respectively, by V and V. Then, we choose an oriented local orthonormal

frame {ej,..., epy2} on M with e4 = (ea,e4) = £1 such that ey,..., e, are
tangent to M and e, 11, e,4+2 are normal to M in IE§+2. Denote the dual frame
and connection forms associated to {e1, ..., e 12} by {w!, ..., w"*?} and wap,
respectively.

The Gauss and Weingarten formulas are given, respectively, by

n n+2
r
Ve,€i = g gjwij(ex)e; + E erhler,
j=1 r=n+1
n+2
veker = - Ar(ek) + E €sw'rs(ek)657
s=n+1
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where hj; is the coefficients of the second fundamental form h, and A, the
Weingarten map in the direction e,..

The mean curvature vector H and the scalar curvature S of M in Ej ™2 are
defined, respectively, by

n+2

1
H=- .
- Z ertrd,e,, (2.1)
r=n+1
S =n*(H,H) — |[n]?, (2.2)

where [|h|* = Y7, Zf:iﬂ eigjer(hi;)®. A submanifold M is called mini-
mal if H vanishes identically and a non—minimal submanifold is called pseudo—
umbilical if there exist a smooth function p such that Ay = pl, where [ is an
identity n x n matrix and p is a smooth function on M. In particular, the
Gaussian curvature K which is also defined by K = e3detAs + e4det Ay is half
of the scalar curvature S for n = 2. If K vanishes identically, the surface M is
called flat.

The Codazzi equations of M in IE§+2 are given by

gk = Mk
n+2 n (23)
i = ei(hip) + Z eshjpwsr(ei) — Zfé (wje(ei)hpy, + wu(ei)h?j) .
s=n-+1 =1

Also, from the Ricci equation of M in E§+2, we have

n

RD<ejvek§eTa€S) = <[A€r7A€s}(ej>7ek> = Zgi (h:k fj - :j fk) ) (2'4)

i=1

where RP is the normal curvature tensor.

The gradient of a smooth function f on M is defined by Vf = > g;e;(f)es,
i=1

n
and the Laplace operator acting on M is A = > g,(V,e; — e;€;).
i=1

1=

2.2 Gauss Map

Let G(m — n,m) be the Grassmannian manifold consisting of all oriented (m —
n)—planes through the origin of a pseudo—Euclidean space E* with index ¢,
and let A" " E" be the vector space obtained by the exterior product of m —
n vectors in Ej*. Let fi, A--- A fi . and g;; A---Ag;, . be two vectors
in A" E", where {f1, f2,..., fm} and {g1,92,...,gm} are two orthonormal
bases of E". Define an indefinite inner product ((,)) on A" " E" by

({(fis Ao A fis Gin Ao N Gi_)) = det((fiys 95,))- (2.5)

Therefore, for some positive integer s, we may identify A" " E with some

pseudo-Euclidean space EY, where N = (. ™ ). The map v : M — G(m —

m—n
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n,m) C EY from an oriented pseudo-Riemannian submanifold M into G(m —
n,m) defined by
v(p) = (ens1 Aenga A--- Aem)(p) (2.6)
is called the Gauss map of M which assigns to a point p in M the oriented
(m — n)-plane through the origin of E}* and parallel to the normal space of M
at p, [17].
We put e = ((v, V) = €pt16nt2 - em = £1 and

—~ SV=1(1) in EY ife=1
N—-1 _ s s
M e) = { HY'(-1)  in EN if e=—1.

Then the Gauss image v(M) can be viewed as v(M) C MN=1(¢).

Lemma 2.1. Let M be an n—dimensional submanifold of a pseudo—FEuclidean
space ]E:""'Q. Then, the Laplacian of the Gauss map v = epy1 A epia is given by

Av =||h|]*v +2 ZejskRD(ej, €k’ €nt1;€nt2)€j N e
j<k
+ V(trdp 1) Aengz + eng1 A V(trd,2) (2.7)

+n Z EjWn+1)(n+2)(€j) H Aej,
j=1

where ||h||? is the squared length of the second fundamental form, RP the normal
curvature tensor, and V(trA,) the gradient of trA,.

Let M be a surface in the pseudo-Euclidean space E3. We choose a local
orthonormal frame field {e1, es, €3, €4} on M such that e, es are tangent to M,
and es, e4 are normal to M. Let C be a vector field in A\*E$ = ES. Since the
set {ea Aep|l < A < B <4} is an orthonormal basis for ES, the vector C' can
be expressed as

C= Y  caepCapeales, (2.8)

1<A<B<4
where Cap = ((C,eq A eg)).

Lemma 2.2. A vector C in A’E3 = ES written by (2.8) is constant if and only
if the following equations are satisfied for i =1,2

e; (C12) =e3h3Ch3 + eahiyCry — e3h3 Oo — e4h} Cau, (2.9)
e; (C13) = — eahiyCha + e4w3a(e;)Cra + e2wia(e;)Cog — e4hi; Caa, (2.10)
€; (Cra) = — €2h?2012 — e3w34(e;)C13 + cawia(e;)Cog + 53}1?1034, (2.11)
e (Cas) =e1h3Cra — e1w12(e;)Chs + eswsa(e;)Cos — 4hi5Ca, (2.12)
ei (C2a) =£1h},C1a — 1wia(e;)Cra — e3wsa(e;)Cos + e3hCay, (2.13)
e; (O34) =e1h} C13 — e1h3 Cry + e2hi5yC3 — £2h3Cay. (2.14)
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3 ROTATIONAL SURFACES IN Ej

In this section, we focus on rotational surfaces in E5 with profile curves which lie
in 2-dimensional planes, and we obtain some geometric quantities about these
surfaces.

Let M;(b) and Ms(b) be rotational surfaces in the pseudo—Euclidean space
[E5 whose profile curves lie in 2—planes. These rotational surfaces defined below
are invariant under some rotation subgroup of rotation group in E3. We can
choose a profile curve « of M;(b) in the yw-plane as a(u) = (0, y(u),0,w(u)),
defined on an open subset I of R and thus the parametrization of M (b) is given
by

My (b) : r1(u,v) = (w(u) sinh v, y(u) cosh(bv), y(u) sinh(bv), w(u) coshv) (3.1)

with some constant b > 0, where v € I is an open subset of R and v € R.

We consider the following orthonormal moving frame field e, es,e3,e4 on
M;(b) in Ej such that ej,es are tangent to M (b), and es3, e, are normal to
M1 (b)

10 10

61255, 6222%7 (3.2)

e3 = %(y’(u) sinh v, w’(u) cosh(bv), w' (u) sinh(bv), 3’ (u) cosh v), (3.3)

€4 = & (by(u) cosh v, w(w) sinh(bv), w(w) cosh(bv), by(u) sinh v), (3.4)
q

where A = \/e(y*(u) —w(w)) # 0, q = /E@W) PP # 0, and
e = sgn(y’*(u) — w?(u)), * = sgn(w?(u) —b2y2(u)). Then ey = —e4 = *, 5 =
—E&3 = ¢&.

By a direct calculation, we have the components of the second fundamental
form and the connection forms as

1 1

B = s Py (1) = 0y (), By = w0 (0) ~ o' () (),
(3.5)

ity = S (o (1) — ('), by = iy =k, =0, (36)
nz(er) = o Pyl (@) — w' (), wisles) =0, (37)
na(er) = S ) (1) = gy (W), waslea) =0 (33

For the rotational surface My (b), we can choose a profile curve § in the zz—
plane as S(u) = (z(u), 0, z(u), 0) defined on an open subset I of R, and thus the
parametrization of My (b) is given by

Ms(b) : ro(u,v) = (x(u) cosv, z(u) sinw, z(u) cos(bv), z(u) sin(bv)) (3.9)
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with some constant b > 0, where u € I is an open subset of R and v € (0, 2m).

We consider the following orthonormal moving frame fields e, ez, e3,e4 on
M5(b) in E3 such that e;,ey are tangent to My (b), and es,eq are normal to
M2 (b)

10 10
R PR P (3.10)
e3 = %(z’(u) cos v, 2’ (u) sinw, 2’ (u) cos(bv), 2’ (u) sin(bv)), (3.11)
eq4 = —62* (bz(u) sinv, —bz(u) cos v, z(u) sin(bv), —x(u) cos(bv)), (3.12)

where A = \/5(x’2(u) —2%(u)) # 0, § = /e*(22(u) — b222(u)) # 0, and ¢ =
€

sgn(z’?(u) — 2% (1)), e* = sgn(x2(u) — b22%(u)). Then 61 = —e4 = *, €5 =
—E&3 = ¢&.

By a direct computation, we have the components of the second fundamental
form and the connection forms as

3 1 2 / /! 3 1 / " / "
hiy = /—T?(b z(u)z' (u) — z(u)z'(u)), hiy = ﬁ(z (w)z" (u) — 2’ (u)2" (u)),
(3.13)
ity = Sz ()’ () = )=/ (w), Ay = Wy = by =0, (3.14)
wis(er) = é(b%(u)z’(u) —z(u)x'(u)), wia(es) =0, (3.15)
wsqer) = ;6;) (z(uw)2' (u) — z(u)x' (u)), wss(ez) = 0. (3.16)

Therefore, we have the mean curvature vector H, Gaussian curvature K and
normal curvature RP for the rotational surfaces for M;(b) and My (b) as follows

1
H= —5(55*@‘1 + h3y)es, (3.17)
K = &*(h13)* — ehi1h3y, (3.18)
RP (e, e0;e3,e4) = hiy(ehsy — e*h3)). (3.19)

On the other hand, by using the Codazzi equation (2.3) we obtain

ea(hdy) = e*hiwsa(er) + wia(er)(e*h; — ehiy), (3.20)
ea(hy) = —ehiawsa(er) + 2% higwia(er). (3.21)

The rotational surfaces M;(b) and M3 (b) defined by (3.1) and (3.9) for b = 1,
z(u) = y(u) = f(u)sinhwu and z(u) = w(u) = f(u)coshu are also known as
Vranceanu rotational surface, where f(u) is a smooth function, [15, 17].
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4 PsSEuDO-UMBILICAL ROTATIONAL
SURFACES IN Ej

In this section, we obtain all pseudo—umbilical rotational surfaces M;(b) and
My (b) in E3 defined by (3.1) and (3.9).
By the definition of pseudo—umbilical surface and (3.17), the rotational sur-
faces M;(b) and Ma(b) are pseudo—umbilical if and only if e*h3; = ch3,.
Hence, from (3.5) the surface M;(b) is pseudo—umbilical if and only if the
component functions y(u) and w(u) of the profile curve « satisfy the following
differential equation

2y(w)w’ (u) — ww)y (u
! (u)y ()~ ()" () — (" ()~ ' () y(w)zm() 1523,2((3;”/ =

By a simple computation, it can be shown that a non—planar rotational
surface M, (b) in E5 defined by (3.1) for b = 1 is pseudo—umbilical if and only if
its profile curve is given by

w(u) +y(u) = Ao(w(u) — y(u))* (4.2)

for some constants A\g # 0 and g such that (w(u) — y(uw))*o is real valued.

If uo = 1 and A2 # 1, from (4.2) we have y(u) = ioﬁw( ), that is, the
profile curve « is a part of line passing through the origin. It can be shown
easily that M (1) is an open part of a timelike plane in 5.

If pp = —1, then (4.2) implies that w?(u) — y(u) = Ao which gives (a-5)
and (a—6) in Theorem 4.2 for b = 1.

From equations (3.5), (3.6) we obtain h}, = —ce*h$; in the case b = 1. Also,
we know that such a relation e*h$; = eh3, exists. Hence, from the equation
(3.18) we conclude:

= 0. (4.1)

Proposition 4.1. Let M;(1) be a rotational surface in E3 given by (3.1). Then,
My (1) is pseudo—umbilical if and only if M1(1) is flat.

n [17], flat Vranceanu surfaces which are pseudo—umbilical surfaces M (1)
were studied for different purposes. It was proven that the Vranceanu rotational
surface is flat if f(u) = Ae#*, where A and p are real numbers. Then, we have
e* = sgn(A?e?%) = 1 and € = sgn(A\?(1—p?)e?**) = 1 for |u| < 1and e = —1 for
|¢] > 1. Thus, the Vranceanu rotational surface is spacelike pseudo—umbilical
for |u| < 1 and timelike pseudo—umbilical for |u| > 1.

For ¢y # 0 and 6 > 0, we define the following functions

h? 7 — b2 cosh?
®(0,b,¢e,e" / (sinhy COS2 n) dn (4.3)
e*cd( smh n —b%cosh®n) —¢
and
h? b2 sinh?
Q0,b,¢e,e" / 0052 - SH; ) dn. (4.4)
e*cd(cosh”n — b2sinh“n) + ¢

such that the integrands are real valued functions.
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Theorem 4.2. Let M;(b) be a non—planar rotational surface in the pseudo—-
Euclidean space E3 given by (3.1). Then,

(a)

(b)

M;(b) is a spacelike pseudo—umbilical surface in E3 if and only if the com-
ponent functions of the unit speed profile curve « of My(b) are given by
one of the followings:

(a-1)

y(0) = ce?? cosh @ and w(0) = ce? @ sinh 6,
where () = ®(60,b,1,1), 0 < b < 1 and cZ(sinh? 6 — b? cosh® ) > 1 for
some cg € R and c € Ry ;
(a-2)

y(0) = ce? @ cosh @ and w(0) = ce?? sinh 6,
where Y(0) = ©(0,b,—1,—1), b > 1 and ¢ € Ry. In this case, the surface
My (b) has negative definite metric;

(a-3)
y(0) = ce? D sinh 0 and w(6) = ce?? cosh 6,

where o(0) = Q(0,0,1,1),0<b <1 and c € Ry;

(a-4)

y(0) = ce? D sinh 0 and w() = ce?? cosh 6,
where o(0) = Q0,b,—1,-1), b > 1 and 3(b*>sinh*# — cosh® @) > 1 for
some cg € R and ¢ € Ry. In this case, the surface My(b) has negative
definite metric;

(a-5)
y(0) = rosinh @ and w(f) = rocoshd,

where rg is non—zero constant and 0 < b < 1. In this case, the surface
M, (b) lies in H3(—ry?) C Ej;

(a-6)
y(0) =rocoshf and w(f) = rgsinh 6,

where ro is non—zero constant and b > 1. In this case, the surface M (b)
has negative definite metric and is lying in S3(ry %) C ES.

M (b) is a timelike pseudo—umbilical surface in B3 if and only if the com-
ponent functions of the unit speed profile curve o of My(b) are given by
one of the followings:

(b-1)
y(0) = ce?@ cosh @ and w(0) = ce?? sinh 6,

where 1h(0) = ®(6,b,1,—1), b > 1 and (b cosh? § —sinh? §) > 1 for some
coeRandceRy;

(v-2)
y(0) = ce?@ cosh @ and w(h) = ce?® sinh 6,
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where (0) = ®(0,b,—1,1),0<b< 1 and c € Ry;

(b-3)
y(0) = ce? D sinh 0 and w(6) = ce?? cosh 6,

where o(0) = Q(0,b,1,—-1), b > 1 and c € Ry ;

(b-4)

y(0) = ce? P sinh 0 and w(f) = ce??) cosh 6,
where o(0) = Q(A,b,—1,1), 0 < b < 1 and cZ(cosh? § — b%sinh? ) > 1 for
some cp € R and c € Ry ;

(b-5)
y(0) =rosinh @ and w(f) = rocosh b,

where 1o is non-zero constant and b > 1. In this case, the surface M;(b)
lies in H3 (—ry?) C E3;
(b-6)

y(0) =rocoshf and w(f) = rgsinh 6,

where rg is non—zero constant and 0 < b < 1. In this case, the surface
M (b) lies in S3(rg?) C E4.

Proof. Let M (b) be a rotational surface in the pseudo-Euclidean space E3 given
by (3.1). From (3.7) and (3.8), it is seen that wia(e1) and ws4(e1) are functions
of u, and wyz(e2) = wsa(e2) = 0. By using these facts and (3.19), we have

—ea(wsaler)) + e wia(er)wsa(er) = hiy(ehd, — *hi,). (4.5)

Now, assume that Mj(b) is pseudo-umbilical surface, i.e., e*h3; = eh3,. Then
(4.5) implies

62(&134(61)) — E*wlg(el)w;g4(61) = 0 (46)
This equation together with the second equation in (3.2) and the first equation
in (3.7) gives

d __w(ww'(w) — by(u)y'(u)
@(UJ34(€1)) = — w2(u) — b2y2(u) UJ34(€1). (47)

It is clear that wss(e1) = 0 is a solution of (4.7). In this case, from (3.8)
we have w(u)w’(u) — y(u)y'(u) = 0 which implies that w?(u) — y?(u) = A, for
non-zero constant Ag.

For A\g = 73 > 0, we put y(u) = rosinh §(u) and w(u) = ro cosh §(u), where
0(u) is a smooth function with ¢(u) # 0. So, ¢ = sgn(r20’*(u)) = 1 and
e* = sgn(r2(cosh? O(u) — b?sinh?A(u))) = 1 for 0 < b < 1 and * = —1 for
b > 1. Therefore, for 0 < b < 1, M;(b) is a spacelike pseudo-umbilical surface
which gives (a-5), and for b > 1, M;(b) is a timelike pseudo-umbilical surface
which gives (b-5). Moreover, M (b) lies in H3(—ry~2) C Ej.

For \g = —r¢ < 0, we put y(u) = rgcoshf(u) and w(u) = rgsinhO(u),
where 6(u) is a smooth function with 6(u) # 0. So & = sgn(—r20"*(u)) = —1,
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and e* = sgn(r2(sinh? O(u) — b cosh®B(u))) = —1 for b > 1 and &* = 1 for
0 < b < 1. Then, for b > 1, M;(b) is a spacelike pseudo-umbilical surface
with negative definite metric which gives (a—6), and for 0 < b < 1, M;(b) is
a timelike pseudo-umbilical surface which gives (b—6). Moreover, M (b) lies in
S3(ro~2) C Ej.

Let w34 # 0 on M;. By combining (3.8) and (4.7) we have

e b(uw(u)w'(u) — y(u)y' ()
Ve w2 (a) — PRy ey () — w(w))

for some constant by # 0.
Now we suppose that the profile curve « is a unit speed curve, that is,
y'?(u) —w'?(u) = e. Thus equation (4.8) becomes

= by (4.8)

w(w)w'(u) — y(u)y'(u) —c
Ve ) - ) Y

for some constant ¢q # 0.
Without loss of generality, firstly we choose y(u) = r(u) cosh §(u) and w(u) =
r(u)sinh @(u). Then, from y'*(u) — w'?(u) = € and (4.9) we have, respectively,

dr
o \/5* (sinh® @ — b2 cosh® §)

edu?® = dr? — r2df? and du = —

from which we obtain that

* A2 (ol 2 _ K2 2
dr 5200'(sn;h 0—b coih 0) i, (4.10)
e*cg(sinh® 6 — b2 cosh”0) — ¢

where e*c3(sinh? @ — b2 cosh® #) > e. The integration of (4.10) gives
() = ce® @05 (4.11)

where ®(6, b, e, *) is defined by (4.3) and ¢ € R,.. From e* = sgn(r2(u)(sinh? 6(u)—
b2 cosh? A(u))), we get ¢* = 1 for 0 < b < 1, and ¢* = —1 for b > 1. Now, by
(4.11) and (4.3) we have (a—1) if e = ¢* = 1, and the integrand in (4.11) is defined
for ¢3(sinh?® @ — b? cosh® @) > 1 for some ¢y € R; (a-2) if e = e* = —1; (b-1) if
€ = —* = 1, and the integrand in (4.3) is defined for ¢Z(b® cosh®  —sinh? ) > 1
for some ¢y € R; (b-2) if e* = —e = 1..

Secondly, let y(u) = r(u)sinh8(u) and w(u) = r(u) coshf(u). By a similar
calculation we obtain that

r(0) = ceSHObesT) (4.12)
where Q(0, b, &, £*) is defined by (4.4) and ¢ € R. From £* = sgn(r?(u)(cosh? 6 (u)—

b2 sinh? O(u))) we get e* =1 for 0 < b < 1, and e* = —1 for b > 1. Now by con-
sidering (4.12) and (4.4) we have (a-3) if e =¢* =1, and (a4) if e = &* = -1
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and the integrand in (4.4) is defined for ¢(b®sinh®6@ — cosh®@) > 1 for some
co € R; (b-3)if e = —e* =1, and (b4) if e* = —e = 1 and the integrand in
(4.4) is defined for ¢3(cosh® @ — b?sinh? @) > 1 for some ¢ € R.

Conversely, we assume that y(6) and w(6) are given by y(8) = ce®(®?==") cosh @
and w(#) = ce®®?=") sinh @ for the function ® defined by (4.3). Since y(6) and
w(0) satisfy (4.6), equation (4.5) implies that either hiy, = 0 or e*h3; = chi,.
From the first equation in (3.6) we have h{, # 0 as 9% + 0, and thus e*h}; =
eh3,. In the case, the profile curve a given by y() = ce*5<") sinh @ and
w(f) = ce2@==7) cosh @ for the function Q defined by (4.4), by a similar argu-
ment it can be seen that *h3; = eh3,. Therefore M;(b) is a pseudo—umbilical
surface in the pseudo—Euclidean space [Ej. O

Similarly, we determine pseudo—umbilical rotational surface Ma(b) in E3
given by (3.9). From (3.13), the surface Ms(b) is pseudo—umbilical if and only
if the component functions x(u) and z(u) of the profile curve 8 satisfy the
differential equation

2z(u)x’ (u) — z(u)2' (u
z/(u)m”(u)—x'(u)z”(u)—(x’z(u)—z’z(u))b <x3 (u() z b22§ (3) W . (4.13)

By a simple computation, it can be shown that a non—planar rotational
surface Mz (b) in E3 defined by (3.9) for b = 1 is pseudo—umbilical if and only if
its profile curve is given by

z(u) — z(u) = Ao(2(u) + z(u))*o (4.14)

for some constants \g # 0 and pg such that (z(u) + x(u))H° is real valued.

If yo = 1 and N2 # 1, from (4.14) we have z(u) = L‘rf\‘gz(u), that is the
profile curve 3 is a part of a line passing through the origin. It can be shown
easily that M(1) is an open part of a spacelike plane in [Ej.

If yo = —1, then (4.14) implies that 22(u) — 2%(u) = Ao which gives (b-5)
and (b—6) in Theorem 4.4 for b = 1.

Because of the similar reason for the rotational surface Mj(b), we have the

following:

Proposition 4.3. Let M(1) be a rotational surface in B3 given by (3.9). Then,
M5 (1) is pseudo—umbilical if and only if Ma(1) is flat.

In [17], it was shown that the Vranceanu rotational surface is flat if f(u) =
Aet" where A and p are real numbers. For the function f(u), the component
function z(u) and z(u) satisfy the solution (4.14). Moreover, £* = sgn(—A2e?*%) =
—1 and € = sgn(A?(1 — p?)e?**) =1 for |u| < 1, and e = —1 for |u| > 1. Thus,
the Vranceanu rotational surface is timelike pseudo—umbilical for |u| < 1 and it
is spacelike pseudo—umbilical with negative definite metric for |u| > 1.

We omit the proof of the next theorem because it is similar to the proof of
Theorem 4.4.
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For ¢y # 0 and 0 > 0 let us define the following functions

sh” 1) — b2 sinh”
B(0,b, e, ) /\/ e*¢p?(cosh” n — b2 sinh” n) dn (4.15)

£*Gy2(cosh? n — b2 sinh? ) — ¢

and

h% 5 — b2 cosh?
Q(0,b,e, " / =" Go® (sinh o L. (4.16)
0 g*co?( Smh n—b2cosh®n) +¢

such that the integrands are real valued functions.

Theorem 4.4. Let Ms(b) be a non-planar rotational surface in the pseudo-
Euclidean space E3 given by (3.9). Then,

(a) Ms(b) is a spacelike pseudo—umbilical surface in B3 if and only if the com-
ponent functions of the unit speed profile curve 8 of Ma(b) are given by
one of the followings:

(a-1)

z(0) = ¥ cosh @ and z(0) = ce¥?) sinh 0,
where ¥(0) = ®(0,b,1,1), 0 < b < 1 and éo>(cosh®  — b?sinh? @) > 1 for
some ¢g € R and ¢ € Ry;
(a-2)

z(0) = ¥ ® cosh @ and z(0) = ce¥?) sinh 0,
where (0) = ®(0,b,—1,—1), b > 1 and ¢ € R,.. In this case, the surface
M5 (b) has negative definite metric;

(a-3)

z(0) = ce? @ sinh 0 and z(0) = ce??) cosh 6,
where p(0) = Q(0,b,1,1), 0 < b < 1 and ¢ € Ry;
(a-4)

z(0) = ce? @ sinh 0 and z(0) = ce?? cosh 6,

where ©(0) = Q0,b,—1,—1), b > 1 and é%(b? cosh? § — sinh? §) > 1 for
some ¢y € R and ¢ € Ry. In this case, the surface Mz(b) has negative
definite metric;

(a-5)
x(0) = rosinh 6 and z(6) = rocosh 6,

where rqg is non—zero constant and 0 < b < 1. In this case, the surface
My (b) lies in H3(—ry?) C Ej;

(a-6)
x(0) = rocosh® and z(0) = rosinh 6,

where 1o is non—zero constant and b > 1. In this case, the surface Ms(b)
is lying in S3(ry ?) C ES with negative definite metric.
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(b) My (b) is a timelike pseudo—umbilical surface in E3 if and only if the com-
ponent functions of the unit speed profile curve 5 of May(b) are given by
one of the followings:

(b-1)

z(0) = ¥ cosh @ and z(0) = ce¥?) sinh 6,

(0)
where (0) = ®(0,b,1,—1), b > 1 and &>(b*sinh?® 0 — cosh? ) > 1 for
some ¢p € R and ¢ € Ry ;

(b-2)

z(0) = ce? @ cosh§ and 2(0) = ce¥®) sinh 6,
where ¥(0) = ®(0,b,—-1,1),0<b<1 andc € Ry;

(b-3)
(0) = ce? D sinh 6 and 2(0) = ce?? cosh 6,

where p(0) = Q(0,b,1,—1),b>1 and ¢ € R, ;
(b-4)

8

z(0) = ¥ sinh 6 and 2(0) = e?? cosh 6,
where () = Q(0,b,—1,1), 0 < b < 1 and é&>(sinh* § — b% cosh? ) > 1
for some ép € R and ¢ € Ry ;

(b-5)
x(0) = rosinh @ and z(6) = rocosh6,

where 1q is non—zero constant and b > 1. In this case, the surface Ms(b)
lies in H3 (—ry?) C E3;
(b-6)

z(0) = rocosh® and z(0) = rosinh 6,

where 1o is non—zero constant and 0 < b < 1. In this case, the surface
My (b) lies in S3(ry?) C E4.

5 PsSEuDO-UMBILICAL ROTATIONAL
SURFACES WITH POINTWISE 1-TYPE
GAUSS MAP

In this section, we determine pseudo—umbilical rotational surfaces in Ej with
pointwise 1-type Gauss map of first kind and second kind.

Theorem 5.1. There exists no pseudo—umbilical rotational surface defined by
(3.1) in E3 with pointwise 1-type Gauss map of the second kind.
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Proof. Assume that M;(b) is a non—planar regular pseudo—umbilical rotational
surface in Ej defined by (3.1). From equation (2.7), the Laplacian of the Gauss
map of the rotational surface M (b) is given by

Av =||h|]*v + 2h1,(e*h3y — chiy)er Aes
+wag(e1)(eh3, +e*hidy)er Aes + (ee¥ea(hd)) + ea(hdy))ea Aeyq.  (5.1)
Since e*h3; = eh3,, equation (5.1) becomes
Av = ||h||?v + 2eh3 was(e1)er A e + 2ehiowsa(er)ea A ey. (5.2)
Suppose that M;(b) has pointwise 1-type Gauss map of second kind. Comparing
(1.2) and (5.2), we get
F(1+ec"Caa) = ||RI[%, (
fO13 = —2*h3 waa(er), (
fCoy = —2c*hiywaa(er), (
Cr2 = C14 = Ca3 = 0. (
From (5.4) and (5.5), we have
hisC13 — h3,Cay = 0. (5.7)
When we write the equation (2.9) for ¢ = 2, we obtain
h3,C15 — hi,Cay = 0. (5.8)

Since the Gauss map v is of the second kind, equations (5.7) and (5.8) must
have non-zero solution which implies (h3;)? — (h,)? = 0. Considering the first
equations in (3.5) and (3.6) we have (b2 —1)(b2y2 (w)w'? (u) —w? (u)y2(u)) = 0. If
b2y (u)w'” (u) — w2 (u)y'(u) = 0, by solving this equation and 32 (u) —w'>(u) =
eA? together, we get
2 2
Yy (u) = —55*b22—2y2(u) and w'”(u) = —se*A—wQ(u) (5.9)

where A = \/5(y’2(u) —w'?(u)) # 0 and ¢ = /e*(w2(u) — b2y%(u)) # 0. Dif-
ferentiating equations in (5.9) with respect to u, we obtain

2\’ 2
2w (w) = e (5 ) 9P0) — 26y ),
v — e (A2 S
2w (w)w" (u) = —ee <q2> w?(u) — 2ee b2?w(u)w (u). (5.10)

If we multiply these equations by —w’ 2 (u) and g/ 2(u), respectively, add them
and also consider b2y2(u)w'”(u) — w?(u)y?(u) = 0, we get

v ) (3" (0) = ')y — e=* (‘;‘) (') = w(uy' @) ) =
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If y = yg = constant or w = wy = constant on an open subinterval of I, then
M (b) is a planar rotational surface. So, there is an open subinterval J C I on
which ¢/ (u)w’(u) # 0, that is,

2
Y (ww” (u) = w'(u)y” (u) - 65*%(62y(U)W'(U) —w(u)y'(u)) = 0.

Using (3.5) in the equation given above, we get ce*h$; + h3, = 0. On the
other hand, from the equation (3.17), M;(b) has zero mean curvature vector in
E3. That is contradiction to the definition of pseudo—umbilical surface. Thus,
b2y (w)w'” (u) — w2 (u)y(u) # 0, that is, b = 1. In this case, h¥, = —ee*h3, and
wsq(e1) = —ee*wia(er). Thus, from the equation (5.7) Ci3 = —ee*Cay. Also,
(34 is zero due to equations (2.10) and (2.13) for ¢ = 2. On the other hand,
from (2.11) for i = 1 we have ws4(e;) = 0 which is a contradiction. Thus, v is
not of pointwise 1-type of second kind. O

Note that if v were pointwise 1-type of first kind, it would happen that from
(5.4) and (5.5) h$; = hiy = 0 or w3y(e1) = 0.

In the case h$; = hiy, = 0, My(b) lies in the 3-dimensional Euclidean or
pseudo—FEuclidean space. Thus, we omit this case.

For ws4(e1) = 0, we obtained some class of rotational surfaces as seen in the
proof of Theorem 4.2. Thus, we conclude the following results:

Corollary 5.2. Let My(b) be a non—planar pseudo—umbilical rotational surface
in the pseudo—Euclidean space B3 given by (3.1). Then, My has pointwise 1—
type Gauss map of the first kind if and only if the component functions of the
unit speed profile curve a of My (b) are given by one of the followings:
i.
y(0) = rosinh @ and w(f) = rocoshd,
where ro is non—zero constant and 0 < b < 1. In this case, My(b) is a
spacelike surface in Hi{’(frJQ) C E3;
y(0) = rocosh @ and w(f) = rysinh 6,
where 1o is non—zero constant and b > 1. In this case, M;(b) is a spacalike
surface with negative definite metric in S3(ry?) C Es;
y(0) = rosinh @ and w(f) = rocoshb,
where ro is non—zero constant and b > 1. In this case, M;(b) is a timelike
surface in H}(—ry?) C Ej;
0.
y(0) =rocoshf and w(f) = rgsinh 6,
where ro is non—zero constant and 0 < b < 1. In this case, M;y(b) is a
timelike surface in S3(ry?) C Ej.
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Similarly, we can give same results for the rotational surface Mz (b) given by
(3.9).

Theorem 5.3. There exists no pseudo—umbilical rotational surface defined by
(3.9) in E3 with pointwise 1-type Gauss map of the second kind.

Corollary 5.4. Let Ms(b) be a non—planar pseudo-umbilical rotational surface
in the pseudo—FEuclidean space E3 given by (3.9). Then, My has pointwise 1-

type

Gauss map of the first kind if and only if the component functions of the

unit speed profile curve B of Ma(b) are given by one of the followings:

1.

x(0) = rosinh§ and z(6) = rocosh 6,

where o is non—zero constant and 0 < b < 1. In this case, Ma(b) is a
spacelike surface lying in H?(—TO_Z) C E4;

x(0) = rocosh® and z(0) = rosinh 6,

where ro is non—zero constant and b > 1. In this case, Ma(b) is a spacelike
surface lying in S3 (raz) C E3 with negative definite metric;

x(0) = rosinh 6 and z(6) = rocosh 6,

where g is non—zero constant and b > 1. In this case, Ms(b) is a timelike
surface lying in H3(—ry?) C E4

0.
z(0) = rocosh® and z(0) = rosinh 6,
where ro is non—zero constant and 0 < b < 1. In this case, Ma(b) is a
timelike surface lying in S§(rg?) C Ej.
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with constant Gauss curvature and prove that there are no meridian surfaces
with parallel mean curvature vector field other than CMC surfaces lying in a
hyperplane. We also classify the meridian surfaces with parallel normalized
mean curvature vector field. We show that in the family of the meridian
surfaces there exist Lorentz surfaces which have parallel normalized mean
curvature vector field but not parallel mean curvature vector.
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1 INTRODUCTION

A fundamental problem of the contemporary differential geometry of surfaces
and hypersurfaces in standard model spaces such as the Euclidean space E™
and the pseudo-Euclidean space E} is the investigation of the basic invariants
characterizing the surfaces. Curvature invariants are the number one Rieman-
nian invariants and the most natural ones. The basic intrinsic curvature invari-
ant of a surface in 4-dimensional Euclidean or pseudo-Euclidean space is the
Gauss curvature and one basic extrinsic invariant is the curvature of the normal
connection. The most important normal vector field of a surface is the mean
curvature vector field. So, a fundamental question is to investigate various im-
portant classes of surfaces characterized by conditions on the Gauss curvature,
the normal curvature, or the mean curvature vector field, and to find examples
of surfaces belonging to these classes.

Rotational surfaces and hypersurfaces are basic source of examples of many
geometric classes of surfaces in Riemannian and pseudo-Riemannian geometry.
The main purpose of this paper is to provide a comprehensive survey on a
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special class of surfaces (called meridian surfaces) in 4-dimensional Euclidean
or pseudo-Euclidean spaces which are one-parameter systems of meridians of
rotational hypersurfaces. We present briefly recent results on meridian surfaces
in the Euclidean space E* and the Minkowski space Ef.

In the present paper, the new contribution to the theory of meridian surfaces
is the construction of 2-dimensional Lorentz surfaces in the pseudo-Euclidean
space E3 which are one-parameter systems of meridians of a rotational hyper-
surface with lightlike axis. They are analogous to the meridian surfaces lying on
rotational hypersurfaces with spacelike or timelike axis in |E5 which have been
studied in [3] and [4]. We show that all meridian surfaces are surfaces with flat
normal connection and classify completely the meridian surfaces with constant
Gauss curvature (Theorem 4.1 and Theorem 4.2). In Theorem 5.1 we give the
classification of the meridian surfaces with parallel mean curvature vector field
H. Theorem 6.1 describes all meridian surfaces which have parallel normalized
mean curvature vector field but not parallel H.

2 PRELIMINARIES

Let E3 be the 4-dimensional pseudo-Euclidean space with the canonical pseudo-
Euclidean metric of index 2 given in local coordinates by

g = da? + das — das — da3,

where (21,72, 23,24) is a rectangular coordinate system of E3. Denote by (.,.)
the indefinite inner scalar product associated with g. Since g is an indefinite
metric, a vector v € E5 can have one of the three casual characters: spacelike if
(v,v) > 0 or v = 0, timelike if (v,v) < 0, and lightlike if (v,v) = 0 and v # 0.
This terminology is inspired by general relativity and the Minkowski 4-space
E1.

We use the following standard denotations:

S3(1) ={V e E3: (V,V) =1};
H}(-1)={V €E} : (V,V) =—1}.

The space S3(1) is known as the de Sitter space, and the space H3(—1) is the
anti-de Sitter space [22].

A surface M in Ej is called Lorentz, if (.,.) induces a Lorentzian metric g on
M, i.e. at each point p € M we have the following decomposition

E3 = T,M © N,M

with the property that the restriction of the metric onto the tangent space T, M
is of signature (1,1), and the restriction of the metric onto the normal space
N, M is of signature (1,1).
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Denote by V and V the Levi-Civita connections of M and E4, respectively.
For any tangent vector fields X,Y and any normal vector field £, the Gauss
formula and the Weingarten formula are given by

VxY =VxY +h(X,Y),
vxf = —AgX + Dx&,

where h is the second fundamental form of M, D is the normal connection on
the normal bundle, and A¢ is the shape operator with respect to &.

1
The mean curvature vector field H of M in E} is defined as H = ~trh. A

surface M is called minimal if its mean curvature vector vanishes identically,
i.e. H =0. A natural extension of minimal surfaces are quasi-minimal surfaces.
A surface M is called quasi-minimal (or pseudo-minimal) if its mean curvature
vector is lightlike at each point, i.e. H # 0 and (H, H) = 0. In the Minkowski
space Ef the quasi-minimal surfaces are also called marginally trapped. This
notion is borrowed from general relativity. A surface M is said to have constant
mean curvature if (H, H) = const. We shall consider Lorentz surfaces in E3 for
which (H, H) = const # 0. Such surfaces we call CMC surfaces.

A normal vector field £ on M is called parallel in the normal bundle (or
simply parallel) if DE = 0 holds identically [7]. A surface M is said to have
parallel mean curvature vector field if its mean curvature vector H satisfies
DH =0.

Surfaces for which the mean curvature vector field H is non-zero, (H, H) # 0,
and there exists a unit vector field Hy in the direction of the mean curvature
vector H, such that Hj is parallel in the normal bundle, are called surfaces with
parallel normalized mean curvature vector field [6]. It is easy to see that if M is
a surface with non-zero parallel mean curvature vector field H (i.e. DH = 0),
then M is a surface with parallel normalized mean curvature vector field, but
the converse is not true in general. It is true only for surfaces with || H|| = const.

3 CONSTRUCTION OF MERIDIAN SURFACES
IN PSEUDO-EUCLIDEAN 4-SPACE

Meridian surfaces in the Euclidean 4-space E* we defined in [15] as one-parameter
systems of meridians of the standard rotational hypersurface in E*. The classifi-
cation of meridian surfaces with constant Gauss curvature, with constant mean
curvature, Chen meridian surfaces and meridian surfaces with parallel normal
bundle is given in [15] and [17]. The meridian surfaces in E* with pointwise
1-type Gauss map are classified in [1]. The idea from the Euclidean space is
used in [16], [18], and [19] for the construction of meridian spacelike surfaces
lying on rotational hypersurfaces in E] with timelike, spacelike, or lightlike axis.
The classification of marginally trapped meridian surfaces is given in [16] and
[19]. Meridian surfaces in E{ with pointwise 1-type Gauss map are classified in
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[2]. The classification of meridian surfaces with constant Gauss curvature, with
constant mean curvature, Chen meridian surfaces and meridian surfaces with
parallel normal bundle is given in [18] and [20].

Following the idea from the Euclidean and Minkowski spaces, in [3] and [4]
we constructed Lorentz meridian surfaces in the pseudo-Euclidean 4-space Ej
as one-parameter systems of meridians of rotational hypersurfaces with timelike
or spacelike axis. We gave the classification of quasi-minimal meridian surfaces
and meridian surfaces with constant mean curvature [3]. The classification of
meridian surfaces with parallel mean curvature vector field and the classification
of meridian surfaces with parallel normalized mean curvature vector is given in
[4].

In the present paper we construct Lorentz meridian surfaces in E which are
one-parameter systems of meridians of rotational hypersurfaces with lightlike
axis.

Let Oejegezey be a fixed orthonormal coordinate system in E3, i.e. (e1,e1) =

e+ ey —eg + €4
es,e9) = 1,(e3,e3) = (e4,e4) = —1. We denote & = ———, = —
(e2,€2) (es,e3) = (eq, e4) 3} NG & 7

and consider the pseudo-orthonormal base {ej,es, 1,62} of E5. Note that

(€1,61) =0, (£2,&2) = 0, (§1,&) = —1.

A rotational hypersurface with lightlike axis in E3 can be parametrized by

(w')?

M : Z(u,w', w?) = f(u)w' (coshw?e;+sinh w?es)+(f(u) 5

+g(w)&+f(w)és,

where f = f(u), g = g(u) are smooth functions, defined in an interval I C R
and f(u) >0, uel.
Let w! = w!(v), w? = w?(v), v € J, J C R and consider the surface M,, in
[E5 given by
My, 2 2(u,v) = Z(u,wl(v),wQ(v)), (3.1)

whereu € I, v € J. The surface M,,,, defined by (3.1), is a one-parameter system
of meridians of the rotational hypersurface M. So, we call M,, a meridian
surface on M.

Without loss of generality we can assume that w! = ¢(v), w? = v. Then
the meridian surface M,, is parametrized as follows:

©*(v)

M, i z(u,v) = f(u)(e(v) coshve; + ¢(v)sinhveg + 5

&+ &)+ g(u) &

(3.2)

¢*(v)
2

If we denote I(v) = ¢(v) coshve; + ¢(v) sinhves + &1 + &9, then the para-

metrization (3.2) is written as
Moy = 2(u,v) = fu) l(v) + g(u) &1

Now we shall find the coefficients of the first fundamental form of M,,,. The
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tangent vector fields z, and z, are

2
= f'pcoshve; + f'osinhves + <f,<,02 +g

/> &+ &y
(3.3)

= f(¢coshv + ¢psinhv) ey + f(¢sinhv 4+ @ coshv) es + fop &y,

where ¢ denotes the derivative of ¢ with respect to v. So, the coefficients of the
first fundamental form are

E=-2f(u)g'(u); F=0; G=f*(u)($*(v)—¢°(v)).

Since we are studying Lorentz surfaces, in the case ¢?(v) —p?(v) > 0 we assume
that f/(u)g’(u) > 0; in the case ¢?(v) —¢?(v) < 0 we assume that f'(u)g’(u) < 0.

We shall consider the tangent frame field defined by X = ﬁ’g” Y =
where ¢ = 1 in the case ¢? — p? > 0, f'¢ > 0, and ¢ = —1

2y
FVe(@? =%
in the case p? — p? < 0, f'g’ < 0. Thus we have (X, X) = —¢, (YY) =
(X,Y) =0. Let us choose the following normal frame field:

!

S <npcoshvel + @sinhves + Ni_gfl +§2)

"=y 2f
1
ng = ——— ((¢sinhv + ¢ coshv) e; + (¢ coshv + @sinhv) es + @2 &),
(@ = ¢?)
(3.4)
which satisfies (n1,n1) = €, (na,n2) = —e, (n1,n9) = 0. Taking into account

(3.3), we calculate the second partial derivatives of z(u,v):

2
zuw = f'pcoshver + f’psinhves + (f”(p2 +9”> &1+ " &
2wy = f'(¢coshv + @psinhv)e; + f/(¢sinhv + @ coshv) ez + f/op 1
zow = [ (¢4 ¢)coshv + 2¢sinhv)er + f (¢ + ) sinhv + 2 coshv) es
+f (9% + @) &1

The last equalities together with (3.4) imply

<Z . > f// /_g//f/. <Z n2> _ 0.
uwsy 01 \/W ) uUy 9
<Zuuvn1> = 07 <Zuv7n2> = O’
8 / .. _ 2 .2 + 2
@wmﬁ=—ﬁ/f(¢—¢) (Gvrma) = f LT
e(¢? — ¢?)
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Hence, we obtain
"ot el
h(X,X) = EM ni;
(2ef'g')?
hMX,Y)=0;
1 Jef’ b —2¢% + p?
rY,)Y)=—= 2—f/n1 - s% ng.
f\ 29 f(e(@® = ¢?))2
Now, we shall consider the parametric lines of the meridian surface M,,.
The parametric u-line v = vy = const is given by

62

cu : 2(u) = caf(u)er + cBf(u) es + ( 2

flu) + g(U)) &+ fu) &,

where oo = coshvg, 8 = sinhwvg, ¢ = ¢(vg). So, the unit tangent vector field ¢,
of ¢, is:

1 / ! CQ / / /
tCu:\/W(CCYf er +cBf 63+<2f +g &+ &)
We denote by s the arc-length of ¢, and calculate the derivative

dt, t/c c(f'q' — " F!
e = = ) (corravessens (

c?

2

f/—gl) §1+f/52>~

(f"g' 9" 1)
(2¢f'9')2
v = const the parametric lines ¢, are congruent in E3. These curves are the
E(f”g/ _ g//f/)
meridians of M,,,. We denote Kk, (u) = ————-—.
(2¢f'9')2
Now, we shall consider the parametric v-lines of M,,,. Let u = ug = const
and denote a = f(ug), b = g(up). The corresponding parametric v-line is given

by

Thus we obtain that the curvature of ¢, is . Finally, for each

2
¢y 1 2(v) = ap(v) coshvey + ap(v)sinhves + (a<'02(v) + b) &1+ aés.
The unit tangent vector field ¢., of ¢, is
1 . . o .
te, = ﬁ ((pcoshv 4 psinhv) ey + (psinhv + pcoshv) ez + PP &y) .
ey — ¢

Knowing the tangent vector field ¢., we calculate the curvature s, of ¢, and

.. _ 2 .2 2 . _ 2 .2 2
<pgo-2—<p+2<p§. We denote k(v) = % Then,
a(e(p? — ¢?))2 (e(@* =)z
for each u = ug = const the curvature of the corresponding parametric v-line is

obtain that s, =
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1
expressed as ., = — k(v), where a = f(ug). Actually, k(v) is the curvature of
a

the curve
¥ (v)
c:1=1(v) = p(v)coshves + p(v)sinhves + 5 &+ &o.
Consequently, formulas (3.5) take the form
h(X,X) = kmni;
h(X,Y) = 0;
L o7 ) (3.6)

MY, Y)=—=4]/==n; —e—na.

Y,Y) 7 2g/n1 sfng

It follows from (3.6) that the Gauss curvature K of the meridian surface M,,
is expressed as

Ko hm el

I\ 29

and the mean curvature vector field H is given by

€ 1 [ef! K
H2<l€m+f 2g/>n12fn2.

Without loss of generality we can assume that 2¢f’¢g’ = 1, which implies

_ I

K —. Hence,
f//
K=¢e—, 3.7
7 (3.7)
e(ff"+(f)) K
Now, using (3.4) and (3.6) we obtain that
Vxni = bm X; Y xng = 0;
— 1 Jef’ = K (3.9)
VY’I’Ll = ? 279, Y, VY'I’LQ = —5? Y.
Hence,
Dxnl = 0; DXn2 = O;
Dyn; = 0; Dyng =0, (310)

where D is the normal connection of the surface. The last equalities imply
that the curvature of the normal connection of M,, is zero. So, we obtain the
following statement.
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Proposition 3.1. The meridian surface M,,, defined by (3.2), is a surface
with flat normal connection.

In the next sections we will give the classification of the meridian surfaces
with constant Gauss curvature, with parallel mean curvature vector field and
with parallel normalized mean curvature vector field.

4 MERIDIAN SURFACES WITH CONSTANT
(GAUSS CURVATURE

The study of surfaces with constant Gauss curvature is one of the essential topics
in differential geometry. Surfaces with constant Gauss curvature in Minkowski
space have drawn the interest of many geometers, see for example [14], [21], and
the references therein.

Let M,,, be a meridian surface, defined by (3.2). Then the Gauss curvature
of M,,, depends only on the meridian curve m and is expressed by formula (3.7).
First, we shall describe the meridian surfaces with zero Gauss curvature.

Theorem 4.1. Let M,, be a meridian surface, defined by (3.2). Then M, is
flat if and only if the meridian curve m is given by

g
J) =au+bi glw) = —u+e

where a = const # 0, b = const, ¢ = const. In this case M., is a developable
ruled surface.

Proof. Tt follows from (3.7) that K = 0 if and only if f(u) = au+b, a =
const # 0, b = const. Using that 2¢f'¢’ = 1, we obtain g(u) = Qiu—l—c,
a
¢ = const. Since in this case k,, = 0, then the meridian curve m is part of a
straight line, i.e. M,, lies on a ruled surface. Moreover, it follows from (3.9)
that Vxni; = 0; Vxno = 0, which implies that the normal space is constant at
the points of a fixed straight line, and hence the tangent space is one and the
same at the points of a fixed line. Consequently, M,, is part of a developable

ruled surface.
O

The following theorem describes the meridian surfaces with constant non-
zero Gauss curvature.

Theorem 4.2. Let M,, be a meridian surface, defined by (3.2). Then M,,
has constant non-zero Gauss curvature K if and only if the meridian curve m
s given by

f(u) = acoshveKu+ BsinhveKu, if eK > 0;

f(u) = acosy/—eKu+ Bsiny/—eKu, if K <0, (4.1)
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where « and B are constants, g(u) is defined by ¢'(u) = £

2f"(u)’
Proof. Using that the Gauss curvature is expressed by (3.7), we obtain that
K = const # 0 if and only if the function f(u) satisfies the following differential
equation

£"(u) = K f(u) = 0.

The general solution of this equation is given by (4.1), where o and S are
constants. Since we assume that 2¢ f’¢g’ = 1, then the function g(u) is determined

by ¢'(u) = Qf,g(u)'

O

5) MERIDIAN SURFACES WITH PARALLEL
MEAN CURVATURE VECTOR FIELD

Another basic class of surfaces in Riemannian and pseudo-Riemannian geome-
try are surfaces with parallel mean curvature vector field, since they are critical
points of some functionals and play important role in differential geometry, the
theory of harmonic maps, as well as in physics. The classification of surfaces
with parallel mean curvature vector field in Riemannian space forms was given
by Chen [5] and Yau [23]. Recently, spacelike surfaces with parallel mean cur-
vature vector field in pseudo-Euclidean spaces with arbitrary codimension were
classified in [8] and [9]. The classification of quasi-minimal surfaces with paral-
lel mean curvature vector in Ej is given in [12]. Lorentz surfaces with parallel
mean curvature vector field in arbitrary pseudo-Euclidean space E7* are studied
in [10] and [13]. A nice survey on classical and recent results on submani-
folds with parallel mean curvature vector in Riemannian manifolds as well as in
pseudo-Riemannian manifolds is presented in [11].

In this section we shall describe the meridian surfaces with non-zero parallel
mean curvature vector field, i.e. H # 0 and DH = 0.

Under the assumption 2¢f’¢g’ = 1 the mean curvature vector field H of the
meridian surface M,, is given by formula (3.8). Using that Dxny; = Dyn; =

Dxng=Dyny =0,and X = z,, Y = —————— we get
fVE(@? —¢?)
e (LI U\ RS
DXH:*§ <ff/ n1+2f2 na;
/ (5.1)
DyH = — ~

2NEAFE )

Theorem 5.1. Let M., be a meridian surface, defined by (3.2). Then M,
has parallel mean curvature vector field if and only if the curvature of ¢ is k =0
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and the meridian curve m is determined by f' = ¢(f) where

t2+b
P(t) = ¢ 2: , a=const#0, b= const,
g(u) is defined by ¢'(u) = Qf;c—( 5 In this case M, is a non-flat CMC surface
u

lying in a hyperplane of 3.

Proof. Using formulas (5.1) we get that M., has parallel mean curvature vector
field if and only if the following conditions hold

(ff” + (f’)2>' o
I7 ’
kf = 0; (5.2)

K = 0.

I+ ()2

/

Since f' # 0, the equalities (5.2) imply that x = 0 and = a = const.

If a = 0, then H = 0, i.e. M,, is minimal. Since we consider non-minimal
surfaces, we assume that a # 0. In this case the meridian curve m is determined
by the following differential equation:

"+ (N2 =aff, a = const # 0. (5.3)

The solutions of the last differential equation can be found as follows. Setting
"= &(f) in equation (5.3), we obtain that the function ¢ = ¢(t) is a solution
of the equation

1
d+¥¢=w (5.4)
The general solution of equation (5.4) is given by
t2+b
o(t) = at” + , b= const. (5.5)
2t
In this case, the mean curvature vector field H is given by H = f% ni,

2
and thus (H,H) = % = const. Hence, the surface M,, is a CMC surface.

Moreover, since k = 0, from (3.9) it follows that Vxna = 0, Vyng = 0. Hence,
M, lies in a 3-dimensional constant hyperplane parallel to span{X,Y,n;}. The
Gauss curvature K # 0, so M., is a non-flat CMC surface lying in a hyperplane
of Ej.

Conversely, if the meridian curve m is determined by (5.5), then by direct
computation we get that Dx H = Dy H = 0, i.e. the surface has parallel mean

curvature vector field.
]
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Theorem 5.1 shows that each meridian surface with parallel mean curvature
vector field is a CMC surface and lies in a hyperplane of E3. So, we have the
following result.

Corollary 5.2. There are no Lorentz meridian surfaces with parallel mean

curvature vector field other than CMC surfaces lying in a hyperplane of Ej.

Remark. The same result holds true for meridian surfaces lying on rotational
hypersurfaces with spacelike or timelike axis [4].

§) MERIDIAN SURFACES WITH PARALLEL
NORMALIZED MEAN CURVATURE VECTOR
FIELD

The class of surfaces with parallel mean curvature vector field is naturally ex-
tended to the class of surfaces with parallel normalized mean curvature vector
field. A submanifold in a Riemannian manifold is said to have parallel nor-
malized mean curvature vector field if the mean curvature vector is non-zero
and the unit vector in the direction of the mean curvature vector is parallel in
the normal bundle [6]. It is well known that submanifolds with non-zero paral-
lel mean curvature vector field have parallel normalized mean curvature vector
field. But the condition to have parallel normalized mean curvature vector field
is much weaker than the condition to have parallel mean curvature vector field.
For example, every surface in the Euclidean 3-space has parallel normalized
mean curvature vector field but in the 4-dimensional Euclidean space, there
exist abundant examples of surfaces which lie fully in E* with parallel normal-
ized mean curvature vector field, but not with parallel mean curvature vector
field. In the pseudo-Euclidean space with neutral metric E3 the study of Lorentz
surfaces with parallel normalized mean curvature vector field, but not parallel
mean curvature vector field, is still an open problem.

In this section we give the classification of all meridian surfaces which have
parallel normalized mean curvature vector field but not parallel H.

Let M, be a meridian surface, defined by (3.2). The mean curvature vector
field H is given by formula (3.8). We assume that (H,H) # 0, i.e. (ff" +
(f/)2)2 _ K',2f12 ?é 0.

If kK = 0, then the normalized mean curvature vector field is Hy = n; and in
view of (3.10) we have DxHy = Dy Hy = 0, i.e. Hy is parallel in the normal
bundle. We consider this case as trivial, since under the assumption x = 0
the surface M,, lies in a 3-dimensional hyperplane of E5 and every surface in
3-dimensional space has parallel normalized mean curvature vector field. So,
further we assume that x # 0.

A unit normal vector field in the direction of H is

N (f’;z)z =277 (P74 () ma A+ rf o). (6.1)

Hy =
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For simplicity we denote

—(f"+ (%) _ —rf’

VI + ()22 = R22] VI + ()22 = R22]

so, the normalized mean curvature vector field is expressed as Hy = Ani+ B ns.
Then from equalities (6.1) and (3.10) we get

DxHy = X(A)n; + X(B) ne;

DyHo = Y(A) ny + Y(B) Nna. (62)
Theorem 6.1. Let M., be a meridian surface, defined by (3.2). Then M,, has
parallel normalized mean curvature vector field but not parallel mean curvature
vector if and only if one of the following cases holds:
(i) k # 0 and the meridian curve m is defined by

2 .
flu) =+vau+b, glu)= @(au +b)% +e,
where a = const # 0, b = const, ¢ = const.
(i) k = const # 0 and the meridian curve m is determined by f' =

o(f) where

t+b
¢(t)zct+ . c=const #0, ¢ # K% b= const,

€

s d d by ¢'(u) = ——.

g(u) is defined by g'(u) 27w
Proof. Let M,, be a surface with parallel normalized mean curvature vector
field, i.e. DxHp =0, Dy Hy = 0. Then from (6.2) it follows that A = const,

B = const. Hence,

SUSHUP)

I+ (TP =] |
v (6.3)

= 8 = const.

VIFI= (PP = w27

We have the following two cases.
Case (i): ff” + (f')? = 0. In this case, from (3.8) we get that the mean
curvature vector field is H = —2i no and the normalized mean curvature vector

field is Hy = ny. Since we study surfaces with (H, H) # 0, we get x # 0. The
solution of the differential equation ff” + (f')? = 0 is given by the formula

f(u) = vau + b, where a = const # 0, b = const. Using that ¢'(u) = ijs( }
u
2 :
we obtain g(u) = 3?((Jm +b)% + ¢, where ¢ = const.
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Case (i): ff”+(f')*> # 0 in an interval I € I C R. Then, from (6.3) we get

" 7\2
CHNI F AR C N ) (6.4)
B f
Since the left-hand side of equality (6.4) is a function of v, the right-hand side
of (6.4) is a function of u, we obtain that

" 7\2
ff—;,(f):c, ¢ = const # 0;
_ B
k= =c.
«
2,2
In this case we have (H,H) = €(C4f21{) Since we study surfaces with

(H,H) # 0, we get ¢ # k?. The meridian curve m is determined by the
following differential equation:

FI"+ ()2 =cf" (6.5)

Setting ' = ¢(f) in equation (6.5), we obtain that the function ¢ = ¢(t)
satisfies

1 c
/ 2.t
o+ o=1,
t+b
whose general solution is ¢(t) = ¢ :_ , b= const.

Conversely, if one of the cases (i) or (ii) stated in the theorem holds true,
then by direct computation we get that Dx Hy = Dy Hy = 0, i.e. the surface
has parallel normalized mean curvature vector field. Moreover, in case (i) we

have
! i

kf K
DxH = —ny; DyH = —
ST YEN A )
which implies that H is not parallel in the normal bundle, since x # 0, f’ # 0.
In case (ii) we get

na,

ecf’ kf!
DxH = 2f2 nl—l—ﬁng; Dy H =0,
and again we have that H is not parallel in the normal bundle. O

Remark. Theorem 6.1 gives examples of Lorentz surfaces in the pseudo-
Euclidean space E3 which have parallel normalized mean curvature vector field
but not parallel mean curvature vector field.
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1 INTRODUCTION

In [7], Chen defined biharmonic submanifold as a Riemannian submanifold with
vanishing Laplacian of mean curvature vector field AH. Curves in a Euclidean
space satisfying the condition A+H = AH were classified in [2], by Barros and
Garay, where A+ denotes the Laplacian of the curve in the normal bundle and
A is a real valued function. In the real space form, the classification of curves
satisfying AH = AH and A+H = \H were given in [1], by Arroyo, Barros and
Garay.

A curve in a contact metric manifold is said to be slant [9], if its tan-
gent vector field has a constant angle with the Reeb vector field. In partic-
ular, if the contact angle is equal to 5, then the curve is called a Legendre
curve. In [8], Cho and Lee studied slant curves in pseudo-Hermitian contact
3-manifolds. Legendre curves with pseudo-Hermitian parallel mean curvature
vector field, pseudo-Hermitian proper mean curvature vector field and pseudo-
Hermitian proper mean curvature vector field in the normal bundle in contact
pseudo-Hermitian 3-manifolds were studied by Lee in [12]. In [14], the present
author and Giiveng studied slant curves with pseudo-Hermitian parallel mean
curvature vector field, pseudo-Hermitian proper mean curvature vector field and
pseudo-Hermitian proper mean curvature vector field in the normal bundle in
contact pseudo-Hermitian 3-manifolds. The notions of C-parallel and C-proper
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curves in the tangent and normal bundles were introduced by Lee, Suh and
Lee in [13]. A curve in an almost contact metric manifold is defined to be
C-parallel it Vo H = X,, C-proper if AH = \¢, C-parallel in the normal bundle
if V&EH = M\, C-proper in the normal bundle if A*H = )\, where T is the
unit tangent vector field of the curve and X is a differentiable function along the
curve. In [13], Lee, Suh and Lee studied C-parallel and C-proper slant curves in
Sasakian 3-manifolds. C-parallel and C-proper slant curves in trans-Sasakian
manifolds were studied in [15], by Giiveng and the present author. On the other
hand, slant and Legendre curves in Bianchi-Cartan-Vranceanu geometry were
studied by Calin and Crasmareanu in [6]. Slant curves in normal almost contact
geometry were studied in [5].

Motivated by the above studies, in the present paper, we study pseudo-
Hermitian C-parallel and C-proper slant curves in contact metric 3-manifolds.
We give two examples of pseudo-Hermitian Legendre circle and pseudo-Hermitian
slant helix in Sasakian Heisenberg group.

2 PRELIMINARIES

Let M be a (2n+ 1)-dimensional manifold. M is called a contact manifold [3] if
there exists a global 1-form 7 such that n A (dn)™ # 0 everywhere on M. Given
a contact form 7, there exists a unique vector field £, the characteristic vector
field, which satisfies n(§) = 1 and dn(X, &) = 0 for any vector field X on M.
There exists an associated Riemannian metric g and a (1, 1)-type tensor field ¢
satisfying

PPX =X +0(X)§, n(X)=g(X,8), dX,Y)=g(X,eY), (21)
for all X,Y € x(M). From (2.1), it is easy to see that

eE=0, nop=0, g(eX,pY)=g(X,Y)—nX)n). (2.2)

A Riemannian manifold equipped with the structure tensors (¢, &, 7, g) satis-
fying (2.1) is called a contact metric manifold. It is denoted by M = {M, ¢,&,n, g}
The operator h is defined by h = %Lg(p, where L is the Lie differentiation op-
erator in the characteristic direction £&. From the definition of h, it is easy to
see that h is symmetric and satisfies the following equations (see [3], page 67):

h& =0, hp=—ph, Vx{=-9pX —phX, (2.3)

where V denotes the Levi-Civita connection.
For a (2n 4 1)-dimensional contact metric manifold M = {M, p,&,n, g}, the
almost complex structure J on M x R is defined by

where X is a vector field tangent to M, t is the coordinate function of R and f
is a C*° function on M x R. If J is integrable then the contact metric manifold
M is called a Sasakian manifold [3].
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For a (2n + 1)-dimensional contact metric manifold M = {M,p,&,n, g}
provides a splitting of the tangent bundle

TM = Ker(y) @ Im(p)

and the restriction J = ¢ |p defines an almost complex structure on D = Im(yp).
There is a well-known concept of almost C R-structure as follows: Let M be a
(2n + s)-dimensional smooth manifold. Let D be a smooth distribution on M
of real dimension 2n and J a (1,1)-tensor field on M such that

J’X=-X, XeD.

Then (D, J) is called almost complex distribution (or an almost C'R-structure).
Then M is an almost C R-manifold (or a contact strongly pseudo-convez pseudo-
Hermitian manifold) [3].

The Tanaka-Webster connection ¥ (or the pseudo-Hermitian connection)
([16], [18]) on a contact strongly pseudo-convex pseudo-Hermitian manifold M
is defined by

VxY = VxY +n(X)eY + (Vxn)(Y)E - n(Y)VxE
for all X,Y € x(M). By the use of (2.3), V can be rewritten as
VxY = VxY +n(X)eY +n(Y)(0X + phX) — g(pX + ohX,Y)E.  (2.5)
From (2.5), the torsion of the Tanaka-Webster connection vV is
T(X,Y) = 29(X,Y)é +n(Y)phX — n(X)phY. (2.6)

If M is a Sasakian manifold, since h = 0, then the equations (2.5) and (2.6)
turn into

VxY = VxY +n(X)eY +n(Y)pX — g(¢X, Y)E,

T(X,Y) = 2(X. gY)E, @7

respectively.

3 SLANT CURVES IN CONTACT
PSEUDO-HERMITIAN GEOMETRY

Let M = {M,p,&,n,g} be a contact metric 3-manifold and v : I — M a curve
parametrized by arc-length in M. The Frenet frame field {T, N, B} along v for
the pseudo-Hermitian connection V can be defined by

VT = RN,
VrN = —RT +7B, (3.1)
VrB = —-7N,
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where K = ’ @TTH is the pseudo-Hermitian curvature of v and T its pseudo-

Hermitian torsion [8]. Similar to the general curve theory, a curve, whose
pseudo-Hermitian curvature and pseudo-Hermitian torsion are non-zero con-
stants, is called a pseudo-Hermitian heliz. Curves with constant non-zero pseudo-
Hermitian curvature and zero pseudo-Hermitian torsion are called pseudo-Hermitian
circles. Pseudo-Hermitian geodesics are curves whose pseudo-Hermitian curva-
ture and pseudo-Hermitian torsion are zero [8].

Let v : I — M be a Frenet curve parametrized by arc-length parameter s in
a contact metric 3-manifold M. The contact angle a(s) is a function defined by
cos[a(s)] = g(T'(s),€). If the contact angle «(s) is a constant, then ~y is called
a slant curve [9]. Slant curves with contact angle 7/2 are traditionally called
Legendre curves [3].

Throughout the present paper, we assume that all curves are non-geodesic
Frenet curves, that is, K # 0.

In [8], Cho and Lee proved the following three propositions:

Proposition 3.1. [§ A curve v for V is a slant curve if and only if it satisfies
n(N) = 0.
Proposition 3.2. [8] Let v be a slant curve for V in a 3-dimensional contact

metric manifold M. Then the ratio of T and k is a constant.

Note that
= cot ay, (3.2)

— ™I

where « is the contact angle of v [14].

Proposition 3.3. [8] If a curve in a 3-dimensional contact metric manifold for
Tanaka-Webster connection V is a Legendre curve, then T = 0.

In [14], the present author and Giiveng showed that the converse statement
of the above proposition is also true. They gave the following result:

Corollary 3.4. [14] Let v be a slant curve for Tanaka-Webster connection v
with contact angle o in a 3-dimensional contact metric manifold M. Then ~
is a Legendre curve if and only if 7T =0.

4 PSEUDO-HERMITIAN MEAN CURVATURE
VECTOR FIELD

The pseudo-Hermitian mean curvature vector field H of a curve v in a 3-
dimensional contact metric manifold is defined by

H =V;T =%N, (4.1)
(see [12]). From (4.1), it is easy to see that

VrH = —R*T +#'N 4+ #7B, (4.2)
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VtH =#'N + #7B, (4.3)
where H is the pseudo-Hermitian mean curvature vector field of ~ [12].

Definition 4.1. Let H be the mean curvature vector field of a curve 7 in a
3-dimensional contact metric manifold M. The mean curvature vector field H
is said to be pseudo-Hermitian C-parallel if VyH = . The vector field H
is said to be pseudo Hermitian C-proper mean curvature vector field if AH =
A§. Similarly, H is said to be pseudo-Hermitian C-parallel vector field in the
normal bundle if V%H = X, and H is said to be pseudo-Hermitian C-proper

~1 ~
mean curvature vector field in the normal bundle if A H = )\, where A is a
differentiable function along the curve.

Lemma 4.2. [14]Let v be a curve in a 3-dimensional contact metric manifold
M. Then

VeVeVeT = —38R'T + (R — 7% — #72)N + (2R'7 4+ #7)B, (4.4)
VEVEVAT = (R — R72)N + (2R'7 + #7')B (4.5)
and R R
AH = —VVrVrT,
~ 1 ~ ~ ~ ~
AN H=-VVsVrT.

Using Lemma 4.2, we have the following theorem:

(4.6)

Theorem 4.3. A slant curve v in a 3-dimensional contact metric manifold M
has pseudo-Hermitian C-parallel mean curvature vector field if and only if it is
a pseudo-Hermitian helix satisfying

~ - A sin o
K=Fy—-Acosay and T=F——,
+ 0 qz\/—)\ COoS (g

where A\ cos ag < 0.

Proof. Assume that a slant curve v has pseudo-Hermitian C-parallel mean cur-
vature vector field. Then from (4.2), the condition Vo H = X gives

—RT + R N+ /7B = \E. (4.7)

Since v is a slant curve we can write
& = cos T + sinaB. (4.8)

So using (4.7) and (4.8) we can write
~R2T + &' N +77B = X (cos T + sinapB) . (4.9)

Taking the inner product of (4.9) with N and using n(N) = 0 we find ¥’ = 0,
which implies that % is a constant. Hence from the equation (4.9), it follows

R = F/— i g in & — g Asinag
that K = Fv/—Acosag. Since = cot ag we obtain T F o an where
Acosag < 0.

The converse statement is trivial. O
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Theorem 4.4. A slant curve v in a 3-dimensional contact metric manifold
M has pseudo-Hermitian C-parallel mean curvature vector field in the normal
bundle if and only if it is a pseudo-Hermitian Legendre circle.

Proof. Assume that a slant curve  has pseudo-Hermitian C-parallel mean
curvature vector field in the normal bundle. Then from (4.2), the condition
V+EH = X gives

®'N +"7B = X (cos apT + sinagB) . (4.10)
So we have
R =0, (4.11)
Acosag =0, (4.12)
KT = Asinayp. (4.13)

Then ¥ is a constant. From (4.12), if cosag = 0, then oy = /2. So it is
a Legendre curve. Then from Proposition 3.4, 7 = 0, which implies v is a
pseudo-Hermitian Legendre circle. Moreover, from (4.13) we have A = 0.

The converse statement is trivial. O

Theorem 4.5. There does not exist non-geodesic slant curve in a 3-dimensional
contact metric manifold M with pseudo Hermitian C-proper mean curvature.

Proof. Assume that v is a non-geodesic slant curve with contact angle ap and has
pseudo Hermitian C-proper mean curvature field. Then by definition, AH = A¢.
Using (4.6) and (4.8), we get

3RR'T — (R — R —RTY)N — (2R'T 4+ R7')B

= A(cos apT + sinagB) . (4.14)

Hence we have
3KK = Acosayg,
R —rP-RT2 =0,

2R'T + RT = —Asinag.
So using £ = cot ag, we find A = 0. Then using Theorem 4.4. in [14], we find
k = 0. Since 7 is not a geodesic, it can not have pseudo Hermitian C-proper

mean curvature.
This completes the proof. O

)

Theorem 4.6. A slant curve v in a 3-dimensional contact metric manifold
M has pseudo-Hermitian C-proper mean curvature field in the mormal bundle
if and only if either it is a Legendre curve with pseudo-Hermitian curvature
k(s) = as + b, where a and b are real constants or it is a pseudo-Hermitian
Legendre circle.
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Proof. Assume that 7y is a non-geodesic slant curve with contact angle ay and has
pseudo Hermitian C-proper mean curvature vector field in the normal bundle.

1~
Then by definition, A~ H = X{. Using (4.6) and (4.8), we get
—(R" = RT*)N — (2R'T + ®7')B = A (cos agT + sinagB) .

Then we have

R’ — 772 =0, (4.15)
—(2R'T + K7') = Asinay, (4.16)
Acosag = 0. (4.17)

From (4.17), if cosag = 0, then ag = 7/2. So it is a Legendre curve. Then
from Proposition 3.4, 7 = 0. Thus the equations (4.15) and (4.16) give us
A = 0. Then by Theorem 4.7 in [14], it follows that 7 is a Legendre curve with
pseudo-Hermitian curvature %(s) = as + b, where a and b are real constants. If
cosap # 0 and A = 0 then in view of Theorem 4.7 in [14], it follows that v is a
pseudo-Hermitian Legendre circle.

The converse statement is trivial. O
5 SLANT CURVES OF SASAKIAN HEISENBERG
GROUP WITH PSEUDO-HERMITIAN
CONNECTION

The Heisenberg group Hz can be viewed as R? equipped with Riemannian metric
g=dz’+dy* +nomn,
where (z,y, z) are standard coordinates in R? and
n =dz + ydr — xdy.

The 1-form n satisfies dn A = —Adxz A dy A dz. Hence n is a contact form.
In [10], Inoguchi obtained the Levi-Civita connection V of the metric g with
respect to the left-invariant orthonormal basis

0 0 0 0 0

el = —Y7,€6=—+Tr—,e3= .
Vo0 Ve Oy 0z 0z
He obtained
Ve,e1 =0, Veer=e3, Vee3=—e,
Vezel = —€s3, Vezeg = 0, v6263 = €1, (51)
ve3€1 = —€9, V6362 = €1, V63€3 =0.

We also have the Heisenberg brackets

[ela 62] = 2637 [627 63} = [63; 61] =0.
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Let ¢ be the (1,1)-tensor field defined by (e1) = e, ¢(e2) = —e; and
©(e3) = 0. Then using the linearity of ¢ and g we have

nles) =1, @*(X)=-X+n(X)es, g(¢X,pY)=g(X,Y)—n(X)nY).

We also have
dn(X,Y) = g(X, ¢Y)

for all X,Y € x(M). Thus for £ = e3, (¢,&,7,9) is a contact metric structure
and the Heisenberg group Hj is a Sasakian space form of constant holomorphic
sectional curvature —3 [10].

Now, let v : I — Hj be a slant curve with contact angle ag. Assume that
v is parametrized by arc length s and {T', N, B} denote the Frenet frame of ~.
Then we can write

T = sin ag cos Beq + sin ag sin Bes + cos agpes, (5.2)
where 8 = f3(s). Using (5.1) we have
VT = (—sinagsin 3 (8" — 2cosap)) e1

+ (sinag cos B (8" — 2 cos ay)) ea. (5.3)
On the other hand by the use of (5.2) it follows that

@I = —sin o sin Beq + sin ag cos Pes. (5.4)
By the use of (2.7) we find
VoT = —f sin ag sin Ber + 3’ sin ag cos Bes. (5.5)
Since VT = &N, the equation (5.5) gives us
k= |B'| sin ap. (5.6)
Hence the principal normal vector field N of v can be written as
N = sgn(8') (—sin Be; + cos fes) .
Since B =T x N, we find
B = sgn(B') (— cos ag cos Be; — cos o sin Bea + sin ages) .
Then it is easy to see that
B’ = sgn(B") (8 cos ag — cos 2ay) (sin Be; — cos Beq),

which gives us
7 = ' cos g — cos 2ag. (5.7)
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Now assume that 7 = 0. Then from Proposition 3.4, v is a Legendre curve.
Using (5.7), we obtain
cos 2y

B(s) =

where c¢ is a real constant. Hence from (5.6), % is a constant.

Let v(s) = (x(s),y(s), 2(s)). To find the explicit equations, we should inte-

dy _
grate the system 5 =T. Then

dx . cos 2ay
—— = s1n g CoS s+c),
ds COS (g

dy . . cos2ag
— = SIn (g SIn s+c),
ds COoS Qg

dz 1 . . cos 2ag cos 2ay
=, = Cos o + 5 sinap | sin s+c | z(s) — cos s+ecly(s)).
s

CoS (g Cos

+c,
COs Qg

So using the method given in [4], the integration of above system gives the
following example:

Ezxample 5.1. Let v : I — Hj be a curve with the following parametric equations.

cosaqg . . cos2ay
x(s) = ——— sin o sin( s+c)+dy,
cos 2ag €os (v
cosaqg . cos 2a
y(s) = — sin ayg cos( s+ c¢)+ da,
cos 2ay CoS
cosqg . cosqg . cos 2ay
z(s) = (cosap+ sinfag | s —dy sin ag cos(———s + ¢)
cos 2ay cos 2ay CoS
cosqyg . ., cos2ap
—ds sin avg sin( s+ c)+ds.
cos 2ay COS (g

Then 7 is a pseudo-Hermitian Legendre circle with pseudo-Hermitian curvature

~

cos 2a

cos o sin ag, where ¢, dy, ds and dz are some real constants.

Now assume that 7 # 0 and % is a constant. Then from (5.6), 5’ is a constant.
Then we can write 3(s) = as + b, where a and b are real constants. By the use
of equation (5.7), we find T = a cos ap — cos 2ag. Hence T is a constant. Similar
to the method using in previous example, let vy(s) = (x(s),y(s), 2(s)). To find
the explicit equations, we should integrate the system % = T. Then

ds
dx
-_— = i b
. = sinao cos (as+b),
dy
- = i i b
75 — Sinaosin (as+b),

d 1
d—z = cosag + 5 sin g (sin (as + b) z(s) — cos (as + b) y(s)) .
s

Similarly, using the method given in [4], the integration of above system gives
the following example:
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Example 5.2. Let v : I — Hj be a curve with the following parametric equations.

1
x(s) = o sin ag sin(as + b) + ¢y,

1
y(s) = ——sinag cos(as + b) + cq,
a

1
z(s) = (cos ag + —sin? cm) s— Zsin ap cos(as + b)
a a

C2 . .
——sinagsin(as + b) + cs.
a

Then ~ is a pseudo-Hermitian slant helix with pseudo-Hermitian curvature K =
|a] sin g and pseudo-Hermitian torsion T = a cos ag — cos 2aq , where a, b, ¢1, co
and c3 are some real constants such that a # €529

cos ap
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1 INTRODUCTION

In 1981, Nomizu introduced isoparametric hypersurfaces in Lorentzian space
forms. A hypersurface is called isoparametric if the minimal polynomial of
shape operator is constant. It is well-known that the shape operator of a Rie-
mannian submanifold is always diagonalizable, but this is not the case for the
shape operator of a Lorentzian submanifold. This makes the isoparametric the-
ory in pseudo-Riemannian space forms different from that in Riemannian space
forms. In [5], Magid classified Lorentzian isoparametric hypersurfaces and ob-
tained that the shape operator of a Lorentzian hypersurface in a Minkowski
space can have four possible canonical forms by choosing an appropriate frame
field. He obtained this result by Petrov’s consideration in [6] , i.e., a symmetric
endomorphism of a vector space with a Lorentzian inner product can be put into
one of four possible canonical forms. By considering recent results obtained by
Turgay in [7] and Deepika in [1], one can conclude that there is only two differ-
ent families of biconservative hypersurfaces in E{ by considering the canonical
forms of their shape operator (see Theorem 3.3).

Now, there arise a natural question: What will be the canonical forms of the
shape operator if we increase the dimension of the pseudo-Euclidean space as
well as index of the hypersurface? Thus, one can ask a general question which
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is still open to all, i.e., “Does there exist any specific formula from which one
can get all possible canonical forms of the shape operator of a hypersurface with
variable index of general ambient pseudo-Euclidean space E7” 7 So it is natural
to start index 2 hypersurfaces in E. During study, it is observed that if one
consider index 2 hypersurfaces in EJ then the number of canonical forms of the
shape operator increases to 9 whereas it is 4 in case of Ef.

The paper is organized as follows. In Sect. 2, we give some basic definitions
and formulas which we used in other sections of the paper. In Sect. 3, we
present a short survey about recent papers on biconservative hypersurfaces and
try to point out problems which left open in these papers. In Sect. 4, we study
existance of all possible canonical forms of the shape operator of biconservative
hypersurfaces of index 2 with an additional condition, i.e., VH is a lightlike
vector whereas H is mean curvature vector field of the hypersurface, and further,
we obtain our main result.

2 PRELIMINARIES

In this section we recall some basic definitions and formulas that we will use in
other part of the paper.

2.1 Hypersurfaces of E}

Let E5 denote the 5-dimensional real vector space R with the canonical inner
product of signature (2,3) given by

9(z,y) = (z,y) = —x1y1 — T2Y2 + T3Y3 + TaYs + T5Ys5.

We consider an oriented hypersurface M of E3 with index 2. Let N be its
unit normal vector associated with the orientation of M. We define the shape
operator S of M by the Weingarten formula

VxN = —-5X,

where X is a vector field tangent to M and V denotes the Levi-Civita connection
of E3. Let V stands for the Levi-Civita connection of M with respect to the
induced metric on M, then the Gauss formula is given by

VxY = VxY +h(X,Y)

where h is the second fundamental form of M. Note that h and S are related

with the equation
(§X,Y) = (h(X,Y),N). (2.1)

The eigenvalues of S are called principal curvatures of M. Corresponding to
every principal curvature k, we have algebraic multiplicity and geometric multi-
plicity. Algebraic multiplicity v is the exponent of (x — —k) in the characteristic
polynomial and geometric multiplicity p is the dimension of the eigenspace
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T, ={X €T,M:SX = kX}.

A principal curvature k is called diagonalizable if v = . The hypersurface M
is called biconservative if it satisfies

S(VH) = —2HVH. (BC)

Remark 2.1. If M has constant mean curvature, then (BC) is satisfied trivially.
Hence, in the remaining part of the paper, we will assume that VH does not
vanish on M, i.e., there exists a vector field X on M such that X (H) # 0.

On the other hand, since the ambient space [ is a flat space, its curvature
tensor R vanishes identically. Thus, Gauss and Codazzi equations become

(R(X, Y)Z)T —0, and (R(X, Y)Z)L —0,

respectively, for any vector fields X, Y, Z tangent to M.

2.2 Shape operator of hypersurfaces with index 2 in Ej

In this section, we consider canonical forms of the shape operator index 2
hypersurfaces in the pseudo-Euclidean space E3.

By a frame field in a hypersurface M of E3, we mean a base field {e1, 2, €3, €4}
of the tangent bundle of M. We put ¢; = {e;, ¢;) € {—1,0,1}. Furthermore, we
define the connection forms w;; corresponding to a given frame field by

wij(er) = (Ve ei,€5).

Now, it is well-known that shape operator S is symmetric because of (2.1). On
the other hand, there is a well-known theorem that a symmetric operator in
a positive definite vector space is diagonalizable over R. The situation is more
complicated if the metric is not definite, and the complete answer is given by
the following theorem of Petrov [6].

Theorem 2.2. (Principal Axis Theorem for a Tensor [6]) In a vector
space V™ with a non- degenerate metric g every symmetric operator S can be
put into the following form:

Bpl

k

02t1

m
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where By, is p; X p;, Cay; is 2t; x 2t; and Y p;+2 ) t; = n. This is with respect
to a basis for which the inner product has the form

gpl
gpk
92t,
g2tm,
L
Bl)i:
l;
LiAi
Qi Bj 1 0
6] Qi 0 1
Oé] Bj 1 0
Bj Oéj 0 1
ng:
aj B
—Bi
and
1 0
l; 0 —1
9p: = : s 92t; =
l; 1 0
0 -1

Now, with the help of Theorem 2.2 and by choosing an appropriate base
field {e1,ea,e3,e4} of the tangent bundle of M, we obtain that the possible
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canonical forms of the shape operator S of E5 can have one of the following
forms. Note that in each cases below, g denotes the induced metric tensor of
M, i.e., gij = <ei,ej>.

kk 0 0 O 1 0 O 0
_ 0 k& 0 0 o1 o0 0 )
Case L S=1 0 o 1 o |’ 9=l o0 -1 0o |’
0 0 0 ky 00 0 -1
kk 1 0 O 0O -1 0 O
B 0 kK 0 0 | -1 0 0 o0 )
CaseIl. S = 0 0 ks 0 , g= 0 0 1 o0 ;
0 0 0 ky 0 0 0 -1
kk 1 0 0 0O -1 0 0
ok o0 o0 -1 0 0o o
Case III. S = 0 0 ks 1 , g= 0 0 0o -1 |’
0 0 0 k3 0 0 1 0
ki 1 0 0 0O -1 0 O
_ 0 k O 0 | -1 0 0 0 )
CaseIV. § = 0 0 ks By , g= 0 0 1 0 :
0 0 —B ks 0 0 0 -1
kk 0 1 0 0O -1 0 O
o & o0 o0 | -1 0 0 o
Case Vo S=1 o 1 4 o | 9= o o 1 o [
0 0 0 ky 0 0 0 -1
kB 0 0 1 0 0 0
| B R 0 0 |0 -10 0 )
Case VI. § = 0 0 ks By | g= 00 1 0 :
0 0 —B2 k3 0 0 0 -1
ki B 1 0 0 0 -1 0
. | B k01 [ o 0o o 1|
Case VII. S = 0 T 9=1 10 o oI’
0 0 —B ki 0 1 0 0
ki O 0 0 1 0 0 O
0ok o0 o0 o =10 o |
Case VIII. S = 0 0 ks By , g = o 0 1 0 :
0 0 —pB1 ks 0 0 0 -1
kk 0 1 0 01 00
_ 0 kK 0 0 | 1 0 0 0 |.
Case IX. S = 0 0 k 1 , g= 000 1l
0 1 0 Kk 0 010
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for some smooth functions ki, ko, k3, k4, 81, B2-

3 RECENT RESULTS ABOUT BICONSERVATIVE
HYPERSURFACES

3.1 Shape operator of biconservative hypersurfaces in
Minkowski spaces.

The second named author obtained the following results by considering the
shape operator of biconservative hypersurfaces in a Minkowski space of arbitrary
dimension (See [7, Theorem 4.1]).

Theorem 3.1. [7] Let M be a hypersurface in the Minkowski space E$, S its
shape operator and H its mean curvature. Assume that VH is light-like and S
has the minimal polynomial

PO = [TO = BP0 = ko)A = k) -+ (A = o)

for some t. If t <5, then M is not biconservative.

On the other hand, in [1], Deepika considered hypersurface with complex
principle curvature in an arbitrary Minkowski space and obtained the following
result.

Theorem 3.2. [1] Let M} in BT be a biconservative Lorentz hypersurface
having non diagonal shape operator with complex eigenvalues and with at most
five distinct principal curvatures. Then M{* has constant mean curvature.

By combining these results, we would like to state the following result on
the shape operator of biconservative hypersurface in Ef.

Theorem 3.3. Let M be a hypersurface in B} and H its mean curvature. Then
by choosing an appropriated frame field {e1,eq,e3} the matriz representation of
the shape operator S of M can have one of the following two canonical forms
_ 376 H
Case 1. S = ko for a function ko,

3 —
52+e)H — ks (3.1)

Case 2. S = i ,

where ey is proportional to VH and € is the signature of the normal of M, i.e.,

- -1 if M 1is Riemannian
11 if Mis Lorentzian.
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At this instant, we would like to mention that the complete classification of
biconservative hypersurfaces, given in Case 1 of (3.1), is obtained by Yu Fu and
the second named author in [4] (See Sect. 3.2). However, the following problem
is still open.

Problem 1. Classify all biconservative hypersurfaces in E} with the shape oper-
ator given in the Case 2 of (3.1).

3.2 Biconservative hypersurfaces in Minkowski spaces.

In [2], Yu Fu obtained the following results.

Proposition 3.4. [2] Let M be a nondegenerate biconservative surface im-
mersed in the 3-dimensional Minkowski space E}. Then the immersed surface
M is either a CMC surface or locally given by one of the following eight surfaces.

1. A timelike surface of revolution with spacelike axis, given by
x(s,t) = (f(s), scosht, ssinht) (3.2)

where s € (27, +00) and

(3% \/s3 —9+ 9]n(s% +1/s3 —9)).

2. A spacelike surface of revolution with spacelike azis, given by

N | ©

f(s) =

x(s,t) = (f(s), ssinht, s cosht) (3.3)
where s € (0,27) and

1 1
f(s) = iarcsinfs% -

2 3

ol
@l

S 9—s

| ©

3. A spacelike surface of revolution with timelike axis, given by
x(s,t) = (scost,ssint, f(s)), (3.4)

where s € (0,+00) and

N | ©

(5% \/s3+9— 9]n(sé +1/s3 4+9)).

4. A spacelike surface of revolution with lightlike axis, given by

f(s) =

1 1 1 1 1 1
x(s,t) = (§St2 - %S% — 55 st, 53252 - %s% + 53), (3.5)

where s € (0,+00).
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5. A timelike surface of revolution with spacelike axis, given by
x(s,t) = (f(s), ssinht, scosht), (3.6)

where s € (0,400) and

f(s) = g(s% V83 +9—9In(s +1/s3 +9)).

6. A timelike surface of revolution with timelike axis, given by
x(s,t) = (scost,ssint, f(s)), (3.7
where s € (0,27) and

81 1
f(s) = 7arcsin§s% -

Wi

1
$314/9 — s3.

N | ©

7. A timelike surface of revolution with lightlike azis, given by

1 1 1 1 1 1

x(s,t) = (gst2 + %s% — 3% st, 53152 + %3% + 55), (3.8)
where s € (0,+00).

8. A null sroll with non-constant mean curvature.

In [3], Yu Fu give a complete explicit classification of biconservative surfaces
in de Sitter 3-spaces and anti-de Sitter 3-spaces. He obtained the following
results.

Proposition 3.5. [3] Let M be a nondegenerate bi-conservative surface im-
mersed in the 3-dimensional de Sitter space S3(1) € Ef. Then the immersed
surface M is either a CMC surface or locally given by one of the following nine
surfaces.

1. A timelike rotational surface, given by
x(s,t) = (ssinht, scosht, v/1 — s2cos f, /1 — s2sin f), (3.9)
where s € (0,1) and
3573
f(s) = i/ = ds.
(1-82)V1—9s"5 — g2
2. A spacelike rotational surface, given by

x(s,t) = (scosht,ssinht,v/1+ s2cosf, 1+ ssinf), (3.10)

where s € (0,400) and

1

fls) = j:/ 3872 ds.
(14+8?)vV9s73 —s2—1
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8. A spacelike rotational surface, given by
x(s,t) = (MSinh /s MCosh f, scost, ssint),
where s € (0,1) and
f(s)= i/ 378 ds.
(1—s2)V14953 — 2
4. A spacelike rotational surface, given by

x(s,t) = (V82 — Lcosh f,\/s? — 1sinh f, scost, ssint),

where s € (1,400) and

1
3573

f(S):i/(SQ—l)\/md&

5. A spacelike rotational surface, given by

1 1 1 1
x(s,t) = (5(3152 +sf? — 5 +s),§(st2 +sf?— e s), sf,st)

where s € (0,3%) and

3
f(s) = /mds
6. A timelike rotational surface, given by
x(s,t) = (scosht, ssinht, mcosf, msinf),
where s € (0,400) and

f(s) = i/ 38_1 ds.
(14+s2)V9s73 +s2+1

7. A timelike rotational surface, given by

z(s,t) = (V1 — s?sinh f, /1 — s2 cosh f, scost, ssint),

where s € (0,1) and

f(s) = i/ 38_2 ds.
(1—s2)V9s73 +s2—1
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8. A timelike rotational surface, given by
z(s,t) = (\/327—1cosh 7 \/527—1sinh [, scost, ssint), (3.16)
where s € (1,+00) and
3573

=4 ds.
1) /(52—1) 9573 + 52— 1 ’

9. A timelike rotational surface, given by

x(s,t) = (%(st2 +sf? — é + s), %(st2 +sf? — % —3),sf,st)  (3.17)

where s € (0,400) and

3
0)= [ gt

Proposition 3.6. [3] Let M be a nondegenerate bi-conservative surface im-
mersed in the 3-dimensional anti-de Sitter space H3(—1) € E3. Then the im-
mersed surface M is either a CMC surface or locally given by one of the following
eleven surfaces.

1. A timelike rotational surface, given by

x(s,t) = (ssinht, /14 s2cosh f, scosht, /1 + s?sinh f), (3.18)

where s € (0,4+00) and

1

f(s) = :‘:/ 350 = ds.
(14 s2)V1—9s73 + s2

2. A spacelike rotational surface, given by

x(s,t) = (scosht,\/1 — s?cosh f,ssinht, /1 — s2sinh f), (3.19)

where s € (0,1) and

1

3573

f(s):i/u_sz)md&

3. A spacelike rotational surface, given by

x(s,t) = (scosht,/s? — 1sinh f, ssinht, v/ s2 — 1cosh f), (3.20)

where s € (1,+00) and

1

3573

f(S):t/(S2_1)\/mds.
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4. A spacelike rotational surface, given by

x(s,t) = (\/1 + s2cosf, \/1 + s2sinf, scost, ssint), (3.21)
where s € (0,+00) and
3573

f(S)Zi/(1+82)\/mds.

5. A spacelike rotational surface, given by

x(s,t) = (scost, ssint, /s — lcosf,\/s? — lsinf), (3.22)
where s € (1,400) and
3573

J)= i/ (52 —1)Vs2 — 9573 — 1d3~

6. A spacelike rotational surface, given by

x(s,t) = (%(3152 —sf?+ % +s),sf, %(st2 —sf?+ % —s),st)  (3.23)

where s € (0,400) and

3
= — = s
f(s) P

7. A timelike rotational surface, given by
1 5 5 1 1, , 5 1
x(s,t) = (5(31? +sf°+ 3 +s),sf, E(st +sf°+ S s),sf), (3.24)
where s € (3%, +00) and

3
= — = s
f(s) PR/

8. A timelike rotational surface, given by
x(s,t) = (scosht, /1 — s?cosh f, ssinht, /1 — s2sinh f), (3.25)
where s € (0,1) and

3g—1
£(s) :j:/ ° ds.
(1-52)V9s 3 —s2+1
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9. A timelike rotational surface, given by

x(s,t) = (scosht, v/ s? — 1sinh f, ssinht,/s2 — 1cosh f), (3.26)

where s € (1,+00) and

1
F(s) ==+ / 55 ¢ ds.
(s2—=1)V9s7 3 —s2+1

10. A timelike rotational surface, given by

x(s,t) = (\/1 + s2cosf, V1+ s2sinf, scost, ssint), (3.27)
where s € (0,400) and
3573

f(s)zi/(lﬂz)\/mds.

11. A timelike rotational surface, given by

1 1 1 1
x(s,t) = (§(St2 —sf?+ 5 +3),sf, §(St2 —sf? 4+ 5 s),st)  (3.28)
where s € (0,3%) and

3
= | ————ds.
1) = | s

Further, in [4], the author and Yu Fu considered biconservative hypersurfaces
in the Minkowski 4-space with diagonalizable shape operator. They obtained
the following results.

Proposition 3.7. [4] Let M be a hypersurface in E given by

x(s,t,u) = (;S(tQ +u?) + au® + s+ ¢(s), st, (s + 2a)u,
) (3.29)
55(152 +u?) + au’® + ¢(s)) , a#0.

Then, M 1is biconservative if and only if either M is Riemannian and

o(s) = c1 (ln(s—i-?a) s % sf2a> s

or it is Lorentzian and

S

o(s) = [ (66 + 20 d - 5,

S0

where ¢; # 0 and sy are some constants.
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Theorem 3.8. [4] Let M be a hypersurface in B} with diagonalizable shape
operator and three distinct principal curvatures. Then M is biconservative if
and only if it is congruent to one of hypersurfaces

1.

3.3

A generalized cylinder ME x E} where M is a biconservative surface in

E3;

. A generalized cylinder Mg x E' where M is a biconservative Riemannian

surface in E3;

. A generalized cylinder M? x E*, where M is a biconservative Lorentzian

surface in E3;

. A Rimannian surface given by

x(s,t,u) = (s cosht, s sinht, fi(s) cosu, f1(s)sinu) (3.30)
for a function fi satisfying

" hfi+s
{2 -1 Sfl ’

. A Lorentzian surface with the parametrization given in (3.30) for a func-

tion f1 satisfying
-3/ _ Nhfits.
-1 sfi

. A Rimannian surface given by

x(s,t,u) = (s sinht, s cosht, fa(s)cosu, fa(s)sinu) (3.31)

for a function fo satisfying

Y fits.
é2 + 1 ng ’

. A surface given in Proposition 3.7.

Biconservative Hypersurfaces in E]

In [8], we study biconservative hypersurfaces of index 2 in Ej and obtain the
complete classification of biconservative hypersurfaces with diagonalizable shape
operator at exactly three distinct principal curvatures. The results are following.

Theorem 3.9. [8] Let M be an oriented biconservative hypersurface of index 2
in the pseudo-Euclidean space E3. Assume that its shape operator has the form

S = dia’g(kh 07 07 k4)7 k4 # 0.

Then, it is congruent to one of the following eight type of generalized cylinders
over surfaces for some smooth functions ¢ = ¢(s) and p = 1(s).
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s, t,u,v) = (t,u, pcosv, psinv, ), @2+ =1;

¢sinhv, t,u, pcoshv,vp), ¢%+y2=1

Y, t,u, pcosv, psinv),  ¢? — % = —1;
coshw, t,u, psinhv,vp), ¢%—y? =1

(iii). x

(
(ii). x(s,t,u,v
(
(v). x(

)= (1,
)= (
)= (
)= (¢

2
(v). z(s,t,u,v) (2+1/)+stuvs S+¢>71—21//<0;

(vi). z(s,t,u,v) = (pcosv, gpsinv, t,u,v), ¢ —?=1
(vii). x(s,t,u,v) = (psinhv, 1, t,u,pcoshv), @2 — 2= —1;

2

(viii). x(s,t,u,v) (2 + 1, sv,t, u, 32

+w+s>, 1+ 2y <0.

Theorem 3.10. [8] Let M be an oriented hypersurface of index 2 in the pseudo-
Euclidean space ES. Assume that its shape operator has the form

S = diag(k1, ka2, k2,0), ko # 0.

Then, it is congruent to one of the following eight type of cylinders for some
smooth functions ¢ = ¢(s) and ¥ = P(s).

(iii). ©
(v).
(v). x
(vi). x

x(s,t,u,v) = (v, pcosht, psinhtcosu, psinhtsinu, ), ¢?%—y?=1

v,1, pcost, psintcosu, psintsinu), @2 —p? = —

¢ coshtsinu,¢coshtcosu, psinht,p,v), ¢? -2 =1
,¢sinht, ¢ coshtcosu, pcoshtsinu,v), @2 —9?=—1;

(
(
(
(
( v, ¢sinht, ¢ coshtcosu, g coshtsinu, ), ¢2+¢? =1
(

(
= (
= (
=¥
= (
= (

¢ sinhtcosu, ¢ sinhtsinu, ¢ coshu, 1, v), ¢2+¢? =1

2 t
(UZ’L) x(s,t,u,@) = <S(2—’_U) +¢,U7St,8u,w +¢—S> ) 1- 21/1’ <
0;
$2 2 2 — 2
(viti). z(s,t,u,v) = (S(QU)+¢7St’su’v’S(2u>+w+s>’ 14+2¢" <
0.

Theorem 3.11. [8] Let M be an oriented hypersurface of index 2 in the pseudo-
Euclidean space E3. Assume that its shape operator has the form

S = diag(kl, kg, k’g, ]C4)7 ]{54 7é kg

for some non-vanishing smooth functions k1, ko, k4. Then, it is congruent to one
of the following eight type of hypersurfaces for some smooth functions ¢1 = ¢1(s)
and ¢y = Po(s).
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(i). x(s,t,u,v) = (¢p2 sinhv, g1 cosht, ¢y sinht cosu, ¢y sinhtsinu, g coshv), @P2—

o5 = 1;
(i1). 35(257 t,u,v) = (¢hg cOSV, Pa sinv, ¢y cost, gy sint cosu, g1 sintsinu), @2 —
¢y = —1;
(111). x(zs7 t,u,v) = (¢ coshtsinu, ¢; coshtcosu, ¢y sinht, o cosv, pasinv), ¢PZ—
21,

2

(iv). x(s,t,u,v) = (¢pasinh v, ¢ sinht, ¢y cosht cosu, ¢1 coshtsinu, go coshv), ¢+
/2
=1
2 )

(v). 2(s,t,u,v) = (¢ coshv, ¢y sinht, 1 cosht cosu, g1 coshtsinu, gy sinhv), @P2—

97 =—1;
(vi). xz(s,t,u,v) = (¢ sinh tcosu, ¢1 sinht sinu, ¢y cosh u, po cosv, pasinv), ¢P+
o5 =1;

(vii). A hypersurface given by

x(s,t,u,v) = (g (t2 +u?— U2) — av® + 1, v(2a + s), st, su, ( ;
3.32
% (t2—|—u2 —112) —av2—|—¢—s>

for a non-zero constants a and a smooth function 1 = 1(s) such that
1—-2¢' <0;

(viii). A hypersurface given by

2 2 — 2
x(s,t,u,v) = (s(uv) + av? + 1, st, su, v(s — 2a),
(3.33)

2 2 2
i ( Z ) +av? + o+ s)
for a non-zero constants a and a smooth function ¥ = ¥(3) such that
1+2¢' <0.
4 SHAPE OPERATOR OF BICONSERVATIVE

HYPERSURFACES OF INDEX 2 IN [Ej

In this section, we only consider hypersurfaces with non-constant mean curva-
ture. Before we proceed, we would like to mention that in [8], authors considered
hypersurfaces of index 2 in E3. It is proved that if VH is assumed not to be a
light-like vector, then the shape operator of a biconservative hypersurface has
one of the four possible canonical forms given below.
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Lemma 4.1. [8] Let M be a hypersurface of index 2 in E3 with H as its (first)
mean curvature. Assume that VH is not light-like. If M is biconservative, then
with respect to a suitable frame field {e; = %,62,63,64}, its shape operator
S has one of the following forms:

—-2H 0 0 O
_ 0 ke 0 O
Case I. S = 0 0 ks 0 ,
0 0 0 kg
—-2H 0 0 O
_ 0 ke 1 0
Case II. S = 0 0 ke 0 ,
0 0 0 kg
(4.1)
—-2H 0 0 O
_ 0 kz -V 0
Case III. S = 0 vk 0 ,
0 0 0 k4
—2H 0 0 0
0 2H O 0
Case IV. S = 0 0o 2H -1 |’
0 1 0 2H

for some smooth functions ko, ks, k4,v. In Cases I and III, the induced metric
gij = g(ei, e5) = (ei,e;) of M is g;j = €;0;5 € {—1,0,1}, while in Cases II and
1V, it is given by

e 0 0 0
o o -1 o0
9=1 0o -1 0o o
0 0 0 —g

4.1 Main Results

In this subsection, we consider the shape operator of a biconservative hyper-
surface in Ej with an additional hypothesis of being light-like of gradient of its
mean curvature. Our aim is to investigate possible canonical forms of the shape
operator S of M under the following assumption.

Assumption. VH is light-like, where H is the mean curvature of the bicon-
servative hypersurface M with index 2.

By the above assumption, (BC) implies that VH is an eigenvector of S
with corresponding eigenvalue —2H. It is very easy to observe that the matrix
representation of S with respect to a suitable frame field {e1, es, €3, €4} can not
be one of Case VI, Case VII or Case IX given in Sect. 2.2.

First, we obtain the following result.

Proposition 4.2. The subspace ker(S — 2HI) is degenerate, where I is the
identity operator acting on the space of tangent vector fields of M.
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Proof. Let us consider, the subspace ker(S — 2HI) is non-degenerate. Since
VH € Q = ker(S — 2H) and it is light-like then the index of €2 should be at
least 1. Thus, there exists two unit vector fields X,Y such that SX = —2HX,
SY = —2HY,VH = 7(X-Y) for a smooth function 7 and (X, X) = — (YY) =
1. Furthermore, we have X (H) # 0 and Y (H) # 0. However, this contradicts

~ 1
with the Codazzi equation (R(X, Y)X) = 0 which yields X (H) = 0. O

By using this result, we conclude that the matrix representation of S with
respect to a suitable frame field {ej, es,e3,e4} can not be one of Case I, Case
VIII or Case II with k3 = k4 = —2H. Hence, we have the following result.

Lemma 4.3. The matriz representation of S with respect to a suitable frame
field {e1,e2,e3,e4} is one of the following four forms, where we assume ey to
be proportional to VH and g denotes the induced metric tensor of M, i.e.,

gij = (ei,€j)-

—2H 1 0 0 0O -1 0 O
0 —2H 0 0 -1 0 0 0
Case I 5 = 0 0 ks 0 : 971 0 o0 1 0
0 0 0 8H — k3 0 0O 0 -1
for a smooth function ks;
—2H 1 0 0 0O -1 0 0
0 —2H 0 0 -1 0 0 0
Case II. 5 = 0 0 4H 1 |’ 9= o o o -1
0 0 0 4H 0 0 -1 0
—2H 1 0 0 0O -1 0 O
0 —-2H 0 0 -1 0 0 0
Case III. S = 0 0 sH B , g= 0 0 1 0
0 0 —p1 4H 0 0 0 -1
for a smooth function [By;
—2H 0 1 0 0O -1 0 0
0 —2H 0 0 -1 0 0 O
Case IV. 5 = 0o -1 -2H o |’ 9= o o 1 o0
0 0 0 10H 0 0 0 -1
Now, since e; is proportional to VH, we have
e1(H)=e3(H)=e4s(H)=0. (4.2)

Proposition 4.4. There exists no hypersurfaces of index 2 in E3 with shape
operator given by Case II of Lemma 4.3.

Proof. Assume that the shape operator of M is as given in Case II of Lemma
4.3. Then, the second fundamental form of M satisfies

h(ei,e2) =2HN, h(ez,e2) = —N, h(es,eq) = —4HN, h(es,es) = —N
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and for all other cases, we have h(e;, e;) = 0.
Note that we have

Ve.e1 = —wiz(er)er —wialer)es — wiz(ey)ea,
Ve, €2 —w12(ek)e2 — waa(ex)es — waz(ex)eu, (4.3)
Ve, e3 =waz(er)er +wis(er)er — waaer)es,
Veke4 =wa4(er)er + wialer)ea + wsa(er)es.
Moreover, because of (4.2), we have [e1,e3](H) = [e1,e4](H) = [es,eq](H) =0
which give
wis(er) = wialer) =0, wia(es) = wiz(ey). (4.4)

~ i
(es, ej)ek) = 0 for each triplet (i, j, k)
47 ) (174’3)7 (17374)7 (3’2’3)7 (47374)}

We apply the Codazzi equation
in the set {(3,1,2), (3,2,1), (4,1,2),

A/_\

and combine equations obtained with (4. 4) and (4.3) to get
waz(e1) = wiz(ez) = waa(er) = wia(ez) =0,
waa(ez) = wiz(es) = wiz(es) = waz(ez) =0.
Therefore, from (4.3) we have
wiz =0, Ve,e1 = —wia(ea)er —wialea)es,  Ve,e1 = —wia(ez)er,

4.5
Ve, €3 = waz(e2)er — wsalez)es. (4.5)

- T
However, the Gauss equation (R(eg, 64)61) = 0 implies H = 0 on M which
yields a contradiction. O
Similarly, we have

Proposition 4.5. There exists no hypersurfaces of index 2 in E3 with shape
operator given by Case IV of Lemma 4.3.

Proof. Assume that the shape operator of M is as given in Case III of Lemma
4.3. Then, the second fundamental form of M satisfies

h(el,eg) = 21{]\77 h(62,€3) = —N, h(€3,€3) = —QHN, h(e4,e4) =—10HN

and for all other cases, we have h(e;,e;) = 0. Similar to proof of Proposition
4.4 we have (4.4).
Note that we have

Ve.e1 = —wiz(er)er +wiz(er)es — wialey)ea,
Ve, €2 wlz(ek)ez + wos(ex)es — waa(ex)eq,
Ve, €3 =was(ex)er + wis(er)es — waaley)ea,
) ) )

Vepea =was(er)er + wialer)es — wsaler)es.

(4.6)
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We apply the Codazzi equation (R ei,ej)e ) = 0 for each triplet (i, j, k)
in the set {(3,4,3), (4,1,4), (4,3,4), (1,2,3), (1,3,2), (1,2,4), (1,4,2), (1,3,4),
(1,4,3)} and combine equations obtained with (4.4) and (4.6) to get
wiz(e1) = wiz(es) = waa(e1) = wiz(es) = waales) =0,

wia(es) = waa(eq) = wialea) = waa(er) = 0.
By combining these equations with (4.6), we obtain

Vee1 =0, Veer =wislez)es —wia(ea)er, Veer = —wia(e;)er,

Ve, €3 = wag(er)er, Ve,e3 = wag(ea)er +wiz(ez)es — wsales)eq,

(e2)
Ve, €2 = waz(er)es, Ve ea =wia(ej)ea +waz(ej)es — waalej)eq,
(ex)
Ve ea =0,Ve,eq = was(ez)er —wsa(ez)es, Ve,eq = waule;)er.

fori=3,4,7=2,3,4and k=1,3,4.
However, the Gauss equations R(es,eq, eq,€3) = 20H?2 implies H =0 on M
which yields a contradiction. O

Thus, by combining Lemma 4.1, Lemma 4.3, Proposition 4.4 and Proposition
4.5, we obtain the following result.

Theorem 4.6. Let M be a hypersurface of index 2 in E3 with H as its (first)
mean curvature. If M is biconservative and VH is a lightlike vector, then with
respect to a suitable frame field {e1, ea,e3,e4}, its shape operator S has one of
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the following sixz forms, where ey is proportional to VH

—-2H 0 0 O

_ 0 ke 0 O
Case I. S = 0 0 ks 0 ,
0 0 0 kg
—-2H 0 0 O
_ 0 ke 1 0
Case II. S = 0 0 k 0 ,
0 0 0 kg
—-2H 0 0 0
_ 0 kg -V O
Case III. S = 0 vk 0 ,
0 0 0 k4
(4.7
—2H 0 0 0
0 2H 0 0
Case IV. S = 0 0 2H -1 |
0 1 0 2H
—2H 1 0 0
0 —2H 0 0
Case V. S = 0 0 s 0 ,
0 0 0 8H —k3
—2H 1 0 0
0 —2H 0 0
Case VI. S = 0 0 AH B

0 0 B 4AH

for some smooth functions ko, ks, kq,v. In Cases I and III, the induced metric

gij = g(ei,e;) = (e;, e5) of M is given by gi; = €;0;5 € {—1,1}, in Cases II and
1V, it is given by

€1 0 0 0
o 0o -1 o0
9= 0o =1 0o o

0O -1 0 O

| -1 0o 0 o

9=1 0 0 1 0

0 0O 0 -1
ACKNOWLEDGEMENTS

The author is supported by post doctoral scholarship of “Harish Chandra Research Institute”,
Department of Atomic Energy, Government of India.

185



REFERENCES

Deepika, On Biconservative Lorentz Hypersurface with non diagonal shape
operator, Mediterr. J. Math. 14 (2017), 127.

Fu, Y., On bi-conservative surfaces in Minkowski 3-space, J. Geom. Phys.
66 (2013), 71-79.

Fu, Y., Explicit classification of biconservative surfaces in Lorentz 3-space
forms, Annali di Matematica 194 (2015), 805-822.

Fu, Y., Turgay, N. C., Complete classification of biconservative hypersur-
faces with diagonalizable shape operator in the Minkowski 4-space, Int. J.

Math. 27 (2016), Article Number:1650041.

Magid, M. A.; Lorentzian isoparametric hypersurfaces, Pacific J. Math. 118
(1985), 165-197.

Petrov, A. Z., Finstein spaces, Pergamon Press, Oxford, 1969.

Turgay, N. C., A classification of biharmonic hypersurfaces in the
Minkowski spaces of arbitrary dimension, Hacet J. Math. Stat. 45 (2016),
1125-1134.

Upadhyay, A., Turgay, N. C., A Classification of Biconservative Hyper-
surfaces in a Pseudo-Euclidean Space, J. Math. Anal. Appl. 444 (2016),
1703-1720.

186



Section 3: RELATED TOPICS

Section Editor: Elif Ozkara Canfes

On Some Geometric Structures on the Cotangent Bundle of a Manifold

by Cornelia-Livia Bejan 188-194
Quarter Symmetric Connections On Complex Weyl Manifolds

4 i . 195-204
space E5 by Ilhan Giil
Hyper-Generalized Quasi Einstein Manifolds Satisfying Certain Ricci 205-215

Conditions by Sinem Giiler, Sezgin Altay Demirbag



Proceedings Book of International Work-
shop on Theory of Submanifolds (Vol-
ume: 1 (2016)) June 2-4, 2016, Istanbul,
Turkey. Editors: Nurettin Cenk Turgay,
Elif Ozkara Canfes, Joeri Van der Veken
and Cornelia-Livia Bejan

Recieved: February 03, 2017

Accepted: March 02, 2017

DOI: 10.24064 /iwts2016.2017.3

On Some Geometric
Structures on the

Cotangent Bundle of a
Manifold

Cornelia-Livia Bejan

Cornelia-Livia Bejan:  Technical University ”Gh. Asachi” lasi, Postal address: Seminar
Matematic, Universitatea ”Al.l. Cuza” lasi, Bd. Carol I, no. 11, Iasi, 700506, Romania,
e-mail:bejanliv@yahoo.com
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1 INTRODUCTION

The affine geometry of a manifold (M, V), endowed with a symmetric linear con-
nection, induces a (semi-)Riemannian geometry on the total space of the cotan-
gent bundle T*M, given by the Riemann extension g introduced by Patterson-
Walker [8].

Osserman problem, Walker manifolds, almost para-Hermitian manifolds,
non-Lorentzian geometry and so on, are related to the Riemann extension. For
some other applications, see [5].

The Riemann extension is a metric of signature (n,n) on T*M which was
generalized by Kowalski and Sekizawa to the natural Riemann extension (see
[7], [9] and for the notion of naturality see [6]). Another generalization is the
deformed Riemann extension (see [4]).

In [2], the harmonic functions were characterized with respect to both natural
Riemann extension and (classical) Riemann extension on the phase space T*M.

A special class of harmonic maps is given by harmonic morphisms, see [1].
A harmonic morphism between (semi-)Riemannian manifolds is defined as a
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smooth map between (semi-)Riemannian manifolds which pulls back (local)
harmonic functions from the target manifold to (local) harmonic functions on
the domain manifold.

The present paper gives some applications of the deformed and natural Rie-
mann extensions on T*M. Our main goal is to provide some harmonic mor-
phisms with respect to natural Riemann extension on 7" M.

Note: This paper is an announcement of the forthcoming paper [3]. The
geometric structures, induced from the base manifold M to the total space of its
cotangent bundle T* M, can also be seen as some extensions of several geometric
objects from a submanifold to the whole space.

2 PRELIMINARIES

The technique of lifting several geometric objects from a base n-dimensional
manifold M to its cotangent bundle T*M goes back to the last century, for
which we cite [10]. The natural projection p : T*M — M, p(xz,w) = x associates
to each local chart (U,x!,... 2") around € M the corresponding local chart
(p~YU),xt, ..., a™ 2™, ..., 2™) around (z,w) € T*M. On the cotangent space
(T*M) (2w at (z,w) of T*M one has a canonical basis:

{(al)(x,w)a ceey (an)(w,w)a (al*)(ac,w)a B (an*)(:c,w)}a

where 9; = 0/0x" and 0;. = 0/0w;, i = 1,n. In local coordinates, the global
defined vertical vector field:

i=1

is of Liouville type.

The vertical lift f¥ € F(T*M) of any function f € F(M) is defined by
f¥ = f op. Then the vertical lift XV is a function on T*M associated to the
vector field X € X (M) and defined by:

XY (z,w) = w(Xy)

at any point (z,w) € T*M. When X is written in local coordinates as X =
S, €0, then X can be written in local coordinates as X (z, w) = Y, w;&'(x)
at any point (x,w) € T*M.

We note that X" is not a vector field on 7*M but X7 is a function preserved
by the action of the canonical vector field W, that is:

W(XY) = X", VX € X(M). (2.1)

Proposition 2.1. ([11]) If X andY are vector fields on T* M such that X (ZV) =
Y (2°),YZ € X(M) then X =Y.
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We recall from [10] that the vertical lift o’ is a vector field tangent to
T*M, associated to any 1-form a € Q'(M) and defined by a?(Z?) = (a(Z))",
VZ € X(M). When « is written in local coordinates as o = Y .- | a;dz; then
oV can be written in local coordinates as a¥ = >_"" | o;0;, where we identify
f'=fope F(T*M) for any f € F(M). Hence o”(f¥) =0, Vf € F(M). The
complete lift of a vector field X € X' (M) is a vector field X¢ € X (T*M) defined
by:

X(ZY) = [X, Z]°, VZ € X(M).

When X is written in local coordinates by X = """ | £'9; then X can be
written in local coordinates as:

n

X(Cx,w) = Zgi(x)(ai)(x,w) - Z wh(aigh)(x)(ai*)(m,w)v
=1

hyi=1
at each point (z,w) € T*M.
Then X°(f?) = (X f)", Vf € F(M) and on T*M the Lie bracket satisfies:
(X4, Y =[X,Y] [X¢a']=(Lxa)",
[a”, 8] =0=[X° W], [a", W] =a" VXY € X(M), o, € Q' (M),

where Lx denotes the Lie derivative with respect to X.

3 DEFORMED RIEMANN EXTENSION

If (M, V) is an n-dimensional manifold endowed with a symmetric linear con-
nection, then the deformed Riemann extension is a semi-Riemannian metric g
of signature (n,n) on the total space of T*M defined at any (z,w) € T*M by

Tiwy (X V) = —aw(VxY + VyX) + ®(X,Y) (3.1)
9(X* a?) = aa(X), g(a”, 5°) =0, (3:2)

for any vector fields X, Y and any differential 1-forms «, 8 on M, where a € R*
and the real function ®(X,Y) on T*M is symmetric in X and Y. We assume
a > 0.

Remark that the deformed Riemann extension generalizes both the Rie-
mann extension introduced by Patterson, Walker in [8] (when ® = 0) and also
the natural Riemann extension (see [7] and [9]) when ®(X,Y) = bw(X)w(Y),
VX,Y € X(M), where b € R.

Proposition 3.1. Let (M,V) be a manifold endowed with a symmetric lin-
ear connection. Then the total space of its cotangent bundle carries a para-
Hermitian structure (G, P) where Gy is the deformed Riemann extension with
®,(X,Y) =a(VxY + VyX)" and P is defined by:

PX¢=X¢ Pa'=—a" VX € X(M),a € Q' (M). (3.3)
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Proof. One can see that P? = I and P # +1 where I is the identity. We note
that:

Go (X4, YY) =Ga(a’,8Y) =0, Go (X a’) = an(X),
VXY € X(M),a, B € QY (M). (3.4)

Moreover, P is skew-symmetric with respect to Gly:

Go(PU,PV) = —G,(U,V), YU,V € X(T*M). (3.5)

Hence (Ga,_P) is an almost para-Hermitian structure. Since the Nijenhuis
tensor field of P vanishes identically it follows that P is integrable and therefore
(Gq, P) is a para-Hermitian structure which complete the proof. O

By using a similar but longer computation, we generalize Theorem 5.1 ob-
tained in [2]:

Theorem 3.2. If XV, ZV € F(T*M) are the vertical lifts of the vector field
X,Z € X(M) then:

1 1
((gmd ZU)XU)(w,w) = a{(VXZ + VZ-Xv)v - E(I)(ZvX)}(x,w), (36)
where we used the characterization for grad Z° given by:

g(gradZ®,U) =UZ", YU € X(T*M).

4 HARMONIC MAPS AND MORPHISMS

We recall that a map ¢ : (N, h) — (N, h) between (semi-)Riemannian manifolds
is a harmonic map if the Euler-Lagrange operator 7() defined as the trace (with
respect to h) of the second fundamental form Vdyp of ¢ vanishes identically, that
is

7(p) = tracep Vdp = 0.

Definition 4.1. A map ¢ : (N,h) — (N, h) between (semi-)Riemannian man-
ifolds is:

(1) a harmonic morphism if for any harmonic function f defined (locally) on
N, its pull-back f oy is a (locally) harmonic function on N.

(74) horizontally weakly conformal if there exists a function A : N — R
(called square dilatation) such that in any local coordinates (y!, ... ,y%) on N
one has:

h(gradgoo‘,gradcpﬁ) - A%aﬂa aaﬁ = ]-aﬁv

see [1].

191



Theorem 4.2. Let (M,g) be a Riemannian manifold and let (T*M,g) be the
total space of its cotangent bundle endowed with the natural Riemannian ez-
tension constructed with the Levi-Civita connection V of g. For any map
0 = (p'...,0%) : (M,g) — RF, its associated map is defined at any point
(x,w) € T*M by:

CO/(.Q?, UJ) = ((gradgpl)(w,w)a cey (grad(pk)(w7w)) (41)

Then @ is a harmonic morphism if and only if ¢ is an eigenmap of the vertical
lift of the Laplacian, i.e.

b(n+1) .
Ap)' = ——=
(Ap) 5

and (gradp')e, ..., (grado*)¢ are mutually orthogonal and of the name length.

(4.2)

Proof. Let V be the Levi-Civita connection of g. We take a € Q'(M) such
that a, = w, (but the proof is independent of the choice of a that satisfies this
condition). From the relation

1 — b
(grad Zv)(%w) = ;{ZC — QVQUZC + gw(Z)Otv}(Lw)

and (2.1) at any (z,w) € T*M, we obtain for any set of vector fields {Z;},_17:

g (grad Z}, grad Z7) Z{ =2V Z§ + cZ) o’ Z§ — 2V o0 Z§

(@w) %g (
+eZja") @w)
= %{g (28,25) —2g (2, Vv Z5)
+¢Z)§ (2, 0") — 25 (Var 27, Z5)
+45 (Var Z§,Var Z5) — 2¢Z]§ (Var ZF, ")
+cZ7g (a¥, Z5) — 2¢27g (o’ Vv Z5)
+PZY 275 (0", 0")} ) (4.3)

Using local coordinates, we can easily check:

G(W,5%) = g(W,W) =0, V3ecQ'(M). (4.4)

By using the definition of natural Riemann extension, the definition relation
of V and (4.4), we express some of the terms involved in (4.3):

g (?a“ Zlc, vav ZJC) = g (a”, ?a“ ZJC)

(z,w)
(z,w) - 07
g (ZZC, ch) (@w) = —aw (inZ]‘ + VZJZZ)T + bw (Zz)x w (ZJ)

(z,w) (z,w)

=7 (VarZ{,a")
=g(a"a”)

z°
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Using the definition formula of V, we obtain

g (Zf,?auZ;) = —a0y, (szZj)x + bw (Zl)xw(ZJ)I

(z,w)

and g (Z7, %), ) = a0 (Z;), where i = 1,k.
By substituting the previous relations (and also the above relations in which
i and j replace each other) into (4.3), we obtain:

J (grad Z7, grad Z;-J)(x’w)
1
= a—Q{*CL’LU (VZ%ZJ' + ijZi)I =+ bw (Z7)w w (Zj)x

+ 2aw (VZLZ])x — 2bw (Zz)g; w (Zj)x + 2aw (VZJZZ)I}

1
= a—Z {aw (inZj + VZJZi)a: — bw (Zl)z w (Zj)af}

1 = (6] C
= =392 7)) oy

i,j=1,k (4.5)

Now, Z{, ..., Z§ are mutually orthogonal and of the same length on (T M, g)
if and only if there exists a real function A : T*M — R such that g (Z,;C, ZJC) =
Abij, 0,5 =1,k.

From (4.5), by taking Z; = grad¢’, i = 1,k, we obtain that % is hori-
zontally weakly conformal if and only if (grad ©')¢, ..., (grad ©*)¢ are mutually
orthogonal and of the same length.

We recall from ([2], Corollary 4.2) that the vertical lift YV of a vector field
Y € X(M) is a harmonic function (with respect to a natural Riemann extension
g) on T*M if and only if

b(n+1)

LY
(divY) 5

Y©.

Hence @ is a harmonic map with respect to g if and only if @ is an eigenmap
of the vertical lift of the Laplacian

(Ap)” = ((Aph)?,..., (Ag™)"),
i.e. (4.2) is satisfied.
We complete the proof since any map between (semi-)Riemannian manifolds

is a harmonic morphism if and only if it is harmonic and horizontally weakly
conformal see [1]. O
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1 INTRODUCTION

A gauge invariant theory which unifies the gravity and the electromagnetic fields
was first introduced by Weyl in 1918 [13]. For physical reasons, his theory was
not accepted but it remained both as a part of physics and mathematics. Weyl
manifold is a differentiable manifold with a torsion free connection which is
non-metric.

In 1924, Friedmann and Schouten introduced a semi-symmetric linear con-
nection in a differentiable manifold [4]. After that, in 1932, Hayden introduced
the notion of metric connection with torsion in a Riemannian manifold [6].
Moreover, Yano studied semi-symmetric metric connection in a Riemannian
manifold and obtained a result about conformally flatness [14].

The notion of semi symmetric connection was generalized to quarter sym-
metric connection by Golab in 1975 [5]. There are many papers about quarter
symmetric connection not only in Riemannian manifolds but also in Hermitian,
Kéhler, Kenmotsu manifolds (see Mishra and Pandey [9], Dwivedi [3], Pusic
[12], Yano and Imai [15]).

In this work, we consider a quarter symmetric connection on Kéahler Weyl
manifolds and almost contact Weyl manifolds and examine the properties of
this connection.

2 PRELIMINARIES

A Weyl manifold is a differentiable manifold M of dimension n with a confor-
mal metric tensor g and a symmetric connection D which satisfies, called the

195



compatibility condition,

Dygij = 2wigij, (2.1)
where w is a 1-form. Such a Weyl manifold is denoted by M, (g,w). If w is a
closed form, M, (g,w) is conformal to a Riemannian manifold.

Under the conformal change of the metric tensor g,
Gij = Ngij, A>0, (2.2)
the 1-form w changes by the law
W = wg + Di In . (2.3)

A quantity S is called a satellite of g with weight r if it admits a transfor-
mation of the form
S =A"S, (2.4)

under the change (2.2) of the metric tensor g.

The prolonged (extended) covariant derivative of a satellite S of weight r is
defined by .
DS = DS — rwgS, (2.5)

from which it follows that Dyg;; = 0 (see [16], [7], [10]).
It is easy to see from (2.1) that

k= { ki } — 9™ (Gmk Wi + Gtk — Grim), (2.6)

where I‘;k are the coefficients of the Weyl connection D and { k’l} are the con-
nection coefficients of the Levi-Civita connection.

The mixed curvature tensor, the covariant curvature tensor, the Ricci tensor
and the scalar curvature for M,,(g,w) are respectively given by [11]:

VWi, = (DpDy — DiDy)o?, (2.7)
Whikt = 9npWi (2.8)
Wi = WE =g" Wi, (2.9)

s = gIyWi. (2.10)

By considering (2.7), the explicit form of the mixed curvature tensor W, for
M, (gv w) is
Wh, = oIh — oI, + T, T —Th I (2.11)

The mixed curvature tensor, the covariant curvature tensor and the Ricci
tensor of M, (g,w) satisfy the following properties [11]:

Wikt + Wi = 0, Wiy = n(Dwyi — Dywy) = 20Dy, (2.12)
Wikt + Wi = 4gijD[lwk], W[ij] = nD[iwj]. (2.13)
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Let N be an n-dimensional Riemannian manifold endowed with a linear
connection V. Then V is said to be quarter symmetric if the torsion tensor 77
of V satisfies

T} = pj Al — prAj, (2.14)
where py is a 1-form and Al is any (1,1) tensor field. If Ajj is defined as
A;-gjk = Ajk-, then

Ajr = Uk + Vi, (2.15)

where Uj, and Vj;, are respectively symmetric and anti symmetric part of Ay
[15].

3 KAHLER WEYL MANIFOLDS

A Weyl manifold of dimension 2n is called Kéhler Weyl if

[ nl h
FiFr = s, (3.1)
F{F} gis = gjis (3.2)
and '
D;FF =0, Vijk, (3.3)

where sz is a (1,1) tensor field of weight zero and called an almost com-
plex structure, g;; is Hermitian metric. Such a manifold will be denoted by
K Ms,(g,w) [2]. -

The (0,2) tensor field F;; of weight 2 and (2,0) tensor field F*/ of weight
—2 are, respectively, given by

Fij = Ffgi; = —Fj; (3.4)
F = Flg* = —FJi, (3.5)

The contraction of (3.4) on the indices k and i gives F} = 0.

Suppose that a Kéhler Weyl manifold admits a quarter symmetric linear
connection D with the torsion tensor T' and satisfies the following compatibility
condition

Drgij = 2wigij. (3.6)
If we take Uji, = g;r and Vi = Fji in (2.15), then we find that Af = 6f + Fik.
Therefore, the torsion tensor T takes the form
Th. = p; (6, + F) —pi (65 + F)) . (3.7)
We note that the 1-form py is of zero weight.

Theorem 3.1. On every Kdahler Weyl manifold there exists a unique quarter
symmetric linear connection associated to every 1-form p and (1,1) tensor field
F.

197



Proof. Assume that the relation between fink and Fan is given by
Lo = Dot + Une (3.8)

where f‘fnk and ank are respectively the coefficients of D and D, and ngk is
any (1,2) tensor field. Then from (2.1), (3.6) and (3.8), we find that

Uligns + Ujigni = 0. (3.9)

After permuting the indices 4, j and k in the above equation cyclicly and using
some algebraic operations, we obtain

= Tl gnk + T gni- (3.10)
From (3.7) and after some simplifications, we have
Uik + Uks = pi (0 = Fx) + i (67 = FY) = 20" gi, (3.11)

where pt = pygt*. Since TY, = U}, — U}, by considering the above equation, we
obtain

Ul = pi6i — i F} — p' g (3.12)
Hence, we find that T/ . = T7 .+ p,,0, — pxFJ, — p’ gy which completes the
proof. O

The mixed curvature tensor W;kl for D is given by
W;kl == ak:f‘;‘l _ alf;k + f‘;-rlliink - f%iink. (313)

Hence, by considering the definition of f§z and after a long straightforward
calculations, we obtain

Whi = Wi+ 6l — hag+ ging™ on — gjg" o — 2F Doy
+ p' (Fjepi — Fjpr) + pj (Fipe — Fipr) (3.14)

1
§gjkpmpm-

Therefore, the covariant curvature tensor W;;y, the Ricci tensor Wy, and
the scalar curvature § are respectively given by

where o, = kaj = pipk + F"Dmpr +

Wikt = Wijki + gujr — gkt + gjpil — gjiik + 2FijD[kpl]
+  pi (Fjepr — Fyipe) + pj (Fupe — Faepr) (3.15)
Wi = Wi+ (n—2)aj,+ gjkg" au — gjicir + QQilFijD[lcpl]
+  Fupp' — Fup'pr — Fup'pj, (3.16)
and _ )
§=s+2(n—1)g%a; +2F%Dypy. (3.17)
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Proposition 3.2. The mized curvature tensor V_[/iikl and the covariant curva-
ture tensor Wijr of a Kdahler Weyl manifold with a quarter symmetric linear
connection satisfy the following relations:

(i) Wijk + Wijie = 0

(1) Wijii + Wi = 4gi; Dywy

(iti) Wiy = Wi, = 2nDywy.
Proof. (i) The covariant curvature tensor Wij of a Kéhler Weyl manifold
endowed with a quarter symmetric linear connection D is given by (3.15). By
changing the indices k and [ and then taking the sum of the equations obtained
gives Wijrr + Wik = Wijr + Wijie = 0.

(43) Similarly, if we change the indices k£ and [ in (3.15) and sum up the

obtained equations, then we get Wik + Wit = Wi + Wik = 4gi; Dywy)-
(ii7) Since F! = 0, the result follows easily from (3.14). O

Theorem 3.3. If the curvature tensor of a Kihler Weyl manifold with a quarter
symmetric linear connection vanishes and the 1-form py is locally a gradient,
then the connection reduces to the Weyl connection.

Proof. If W;jr = 0 and the 1-form py is locally a gradient, then (3.15) takes
the form

Wikt = —guQjk + gik0i — gjkQi + GjiQik
- pi (Fjrpr — Fypr) — pi (Fupk — Faepr) - (3.18)

If we permute the indices j, k and [ in (3.18) cyclicly, then we obtain two
more equations. Now, by taking the sum of the three equations and taking into
account of the 1% Bianchi Identity for Weyl manifolds, we obtain

0 = guapr + gijapy + giwopy) + Fijepipr + Frupipj + Fijpipk. (3.19)

By contracting the above equation with F7g"* we get for n # 2

Fjloz[jl] = —pkpk. (320)
. 1 m m
Since apj;) = 3 (Fjmp"p1 — Fimp™'py),
k 1 5l m m
—P Pk = §F (F]mp b — E7rbp pj)
1 m ) m
= 5 (PP + 500"p))
= Prpr, (3.21)

from which we find that p; = 0 for positive definite metric tensors belonging
to the conformal class. Now since py =0, IV, =T7 . + p 6l — piF2, — p/ gk
takes the form IV , =T which completes the proof. O
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4 ALMOST CoNTACT WEYL MANIFOLDS

Let Ms,41 be a differentiable manifold of dimension 2n + 1. An almost contact
structure (¢,&,n) on Ma, 1 is a triple satisfying the following relations

glof = —oF +mich, (4.1)
pl¢ = 0, (4.3)
me; = 0, (4.4)

where d){ is a tensor field of type (1,1), £ is a vector field and 7; is a 1-form.
Moreover, if there is given a Riemannian metric g;; such that

gijfi)iéﬁi = Gts — NtNs, (4.5)
gijﬁj = N (4-6)

then (¢,&,1n,g) is called an almost contact metric structure on M. A differen-
tiable manifold Ms,,11 with almost contact metric structure (¢, &, 7, g) is called
almost contact metric manifold [1].

It is easy to see that the tensor ¢;;, which is defined by qbfgjk = ¢yj, is anti
symmetric and contraction of gbg gives ¢! = 0.

It follows immediately from the equations (4.1), (4.2) and (4.5) that the
(1,1) tensor field ¢ , the 1-form 7; and the vector field ¢¢ are weight of 0, 1
and —1, respectively.

Let Ms,11(g, w) be a Weyl manifold with the connection D. Then Ma,,+1(g,w)
has an almost contact structure if the following conditions are satisfied in addi-
tion to the conditions (4.1)-(4.6) [8]:

Drgij =0, Dy¢l =0, Din; =0, Dy&' =0. (4.7)

Such a manifold is called almost contact Weyl manifold and will be denoted by
ACMazp41(9,w).

Now, we consider the manifold ACMs,+1(g,w) with a quarter symmetric
linear connection D and the torsion tensor T is of the form

Tie = 40} — 19} (4.8)

where the (1,1) tensor field Ag = ¢g and the 1-form ¢; = fn;, where f is any
function of weight —1. Here, we also have

Ekgij = 2wk Gij- (4.9)

Theorem 4.1. On every almost contact Weyl manifold there exists a unique
quarter symmetric linear connection associated to every 1-form q and (1,1)
tensor field ¢.
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Proof. Suppose that the relation between l:ink and Fan be
v, =1, +U,, (4.10)

where ffn i and an . are the coefficients of the connections D and D, respectively

and U}, is any tensor field of type (1,2).
From (2.1), (4.9) and (4.10) we have

Ub.gnj + Ujpgni = 0. (4.11)
Permuting cyclicly the indices i, j, k and after some modifications, we obtain

Uik +Uidgn = (U5 = Ui)gne + (U — Uji)gns
= Tg‘ghk + T]?jghi (412)

Using the definition of i’; and after straightforward calculations, we find that
(U, + Ul ghs = —@iPrj — ardbis- (4.13)

Multiplying the last equation by g7*, we have
Ulp + Upi = =i}, — qidi- (4.14)

We conclude from the above equation that

Tl = Ul — Uly = 4:6h, — a9} (4.15)
Hence, we obtain
Ul = @195, (4.16)
and therefore - ‘ .
Lok = Thok — - (4.17)
O

The mixed curvature tensor for an almost contact Weyl manifold endowed
with a quarter symmetric linear connection D is of the form

W;kl = 3kf§z - alfg'k + fﬁffnk - f?}cfink' (4.18)

By using (4.17) and (4.18) we have

O (T% — @) — O (Tl — andi)

+ (T3 = @87") Tk = i) = (Tt = 660") (Tt = @1
W;kl — Ok (CH¢§-) + 0 (Qk¢§-) - qkfﬁ¢% - eri,@k¢;"

+ Q@] Ol + Al + Gl — e b, (4.19)

i
gkl
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After some simplifications we obtain

;kl = W;kl + ¢§' (O1qr — Okaqt) + Qi (8@; - F}?Qﬁn + Finz(?}ﬁ)
@ (Okds — Tidn, + Thp @) - (4.20)

If we use the definition of prolonged covariant derivative for (bé» and 7y, then
we get

WN/;M = Wjikl + ¢§‘ (Dle - Dle) + Qle¢§ - Qle¢§‘- (4.21)

Since Duj)é- = 0, we find that
W;kl = W;kl + ¢§* (Dle - Dle) . (4.22)

From (4.22), the covariant curvature tensor Wijkl is given by

Wikt = Wij + 265D 4, (4.23)
where D[l q,, is anti symmetﬂr{ic part of Dl q,-
Contracting the tensor W}kl with respect to i and [ and using the fact that
niqb; =0, gives us
ij = ij + (ZS;DZ(]]Q (424)

Theorem 4.2. For an almost contact Weyl manifold with a quarter symmetric
linear connection, we have

s=s, (4.25)

where s and s are scalar curvature of the manifold with respect to the connections
D and D, respectively.

Proof. Multiplying (4.24) by ¢’* and using the identity &/ qS; =0 gives

5 = s+D;(arg’"e})
s+ D; (foeg’ ¢!)
s+ D; (f&6))

= S.

O

Theorem 4.3. On an almost contact Weyl manifold with a quarter symmetric
linear connection, if the 1-form q is locally a gradient, then

i i
gkt = Wikt
Wj = ij.
Proof. The proof is immediate from (4.22). O
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Proposition 4.4. On an almost contact Weyl manifold with a quarter sym-
metric connection, the following relations hold:

(1) Wijkl + Wijlk =0
(i1) Wijit + Wi = %gijW[zkz]
(iii) Wiy = 2nDjwy
(iv) Wiaij + Wiji + Wi = 2 ((bkzD[iqj] + D, q, + driD, qi])
Proof. (i). Changing the indices k and [ in (4.23) yields
Wijie = Wijie — 207V, q,,- (4.26)
By adding (4.23) to (4.26) we obtain the result.

(¢4). Similar to proof (7).
(#41). Contracting (4.22) with respect to ¢ and j yields

Wiy = Wiy + ¢ (Dsz - Dle) : (4.27)
Since ¢! = 0, we find that

(iv). Using the 1" Bianchi Identity

Whiiij + Whiiji + Wi = 0, (4.29)
and after the straightforward calculations, we get the result. O
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1 INTRODUCTION

The notion of hyper-generalized quasi Einstein manifold has been first intro-
duced by A. A. Shaikh, C. Ozgiir and A. Patra, in 2011 [18]. An n-dimensional
Riemannian manifold (M™, g), (n > 2) is called a hyper-generalized quasi Ein-
stein manifold if its Ricci tensor of type (0,2) is non-zero and satisfies the
following condition [2]

S(X,Y) =ag(X,Y) + bA(X)A(Y) + c[A(X)B(Y) + AY)B(X)]  (1.1)
+d[A(X)D(Y) + A(Y)D(X)]

for all X,Y € x(M), where a, b, ¢ and d are real valued, non-zero scalar
functions on (M™,g), A, B and D are non-zero 1-forms such that

9(X,p1) = A(X), g(X,p2) = B(X), g(X,p3)=D(X), (1.2)

where pi1,p2 and ps are three unit vector fields mutually orthogonal to each
other at every point on M. The scalars a, b, ¢ and d are called associated
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scalars of the manifold, A, B and D are called associated 1-forms and py, p2 and
ps are called the generators of the manifold. Throughout this work, such an
n-dimensional manifold will be denoted by (HGQE),.

The name "hyper” is used as in the case of hyper-real numbers. Especially, if
p2 and ps are linearly dependent or if d = 0, then the notion of hyper-generalized
quasi Einstein manifold turns into the notion of generalized quasi Einstein man-
ifold introduced by M.C. Chaki in 2001, [2]. In [2, 6, 10], many authors studied
this kind of manifolds. Recently, in [11], the authors obtained some properties
of the generalized quasi Einstein manifolds satisfying some curvature conditions
on the conformal, concircular, projective and the quasi-conformal curvature ten-
sors. Furthermore, in [12], the authors investigated some geometric and physical
properties of the generalized quasi Einstein manifolds with applications in gen-
eral relativity. In addition to these studies, in [17] a non-trivial example of
(HGQE)2,41 was given by Shaikh and Matsuyama which can be briefly sum-
marized as follows:

Ezample 1.1. Let M*"*! be an almost contact metric manifold [1] admitting
an (1,1) tensor field ¢, a vector field &, a 1-form n and a Riemannian metric g
satisfying

(bé-:()a 77°¢:0a ¢2:—I+77®§7 (13)
9(dX,Y) = —g(X,9Y), n(X)=g(X,8), n(§)=1, (1.4)
9(¢X,9Y) = g(X,Y) — n(X)n(Y) (1.5)

for all vector fields X,Y € M?"*! and such kind of manifold is denoted by

Mg, 6,1, ).
An almost contact metric manifold M?2"*1(¢4,€,n,g) is said to be a trans-

Sasakian manifold [13] if the following condition holds:
(Vxo)(Y) = alg(X,Y)E —n(Y)X] + Blg(¢ X, YV)§ — n(Y)oX], (1.6)

where «, # are smooth functions on M and such a structure is called trans-
Sasakian structure of type (o, ). In [17], it was shown that in a conformally
flat trans-Sasakian manifold M?"*1(¢, €, 7, g) of type (a, ), the Ricci tensor is
of the form:

S(X,Y) =ag(X,Y) + bn(X)n(Y) + c[n(X)w(Y) +n(Y)w(X)] (1.7)
+d[n(X)mw(Y) + n(Y)m(X)],
where a, b, c and d are non-zero scalars given by
a= 5=

and 71, w and 7 are non-zero 1-forms such that n(X) = g(X, &) so,
w(X) = —((¢X)a) = (X, ¢(grada)), =(X) = (Xp)=g(X,gradB) (1.9)

for all X. Here, £ is always orthogonal to gradf and ¢(grada) so we may
only consider gradf and ¢(grada) are orthogonal to each other. Then, such
a trans-Sasakian manifold is a (HGQFE)2n+1, which is neither (QF)a,41 nor
G(QE)2n+1, [17].

(a2—52), b:—%+(2n+l)(a2—ﬂ2)7 c=1, d=—(2n—1) (1.8)
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Let {e;: i=1,2,---,n} be an orthonormal frame field at any point of the
manifold. Then, setting X =Y = ¢; in (1.1) and taking summation over i;
(1 <4< n), we obtain

r=an+b, (1.10)

where r is the curvature of the manifold. In view of the equations (1.1) and
(1.2), in a hyper-generalized quasi Einstein manifold, we have

S(X,p1) = (a+b)A(X) 4+ ¢B(X) 4+ dD(X), (1.11)

S(X,p2) = aB(X) + cA(X), S(X,p3) = aD(X) + dA(X), (1.12)
S(p1,p1) = (a+b), S(p2,p2) = S(p3,p3) =a, S(p1,p2) =c, S(p1,p3) =d.
(1.13)

If d = ¢ = 0 in the fundamental equation (1.1) of (HGQE),, then the
manifold reduces to a quasi Einstein manifold. Quasi Einstein manifolds have
been studied by several authors, such as M.C. Chaki [3], U.C. De and G. C.
Ghosh [5] and S. Guha [10]. Also, in [14]; A.A. Shaikh, Y.H. Kim and S.K. Hui
and in [4]; A. De, C. Ozgiir and U.C. De studied on Lorentzian quasi Einstein
spacetimes.

Similarly, if d = ¢ = b =0 in (1.1), then the manifold reduces to an Einstein
manifold which is characterized by the proportionality of the Ricci tensor to the
metric tensor.

Let R denote the Riemannian curvature tensor of M. The k-nullity distri-
bution N (k) [19] of a Riemannian manifold M is defined by the set of all vector
fields Z € T,,(M) satisfying the condition R(X,Y)Z = k[g(Y, Z2)X — g9(X, 2)Y],
for all X, Y € T,,(M) where k is some smooth function on M. In a quasi Einstein
manifold M, if the generator U belongs to some k-nullity distribution, then M
said to be an N (k)-quasi Einstein manifold [20]. C. Ozgiir and M. M. Tripathi
[15] proved that in an n-dimensional N (k)-quasi Einstein manifold, k = Zfl

The importance of these manifolds is in fact due to the existence of certain
spacetimes endowed with semi-Riemannian metrics. In general relativity and
cosmology, the purpose of studying various types of semi-Riemannian manifolds
is to represent the different phases in the evolution of the universe. Quasi Ein-
stein spacetimes arose during the study of exact solutions of Einstein’s field
equations. For instance, the Robertson-Walker spacetimes are quasi Einstein
spacetimes. While (QF)4 can be taken as a model of perfect fluid spacetime,
the importance of G(QE)4 lies in the fact that such a 4-dimensional semi-
Riemannian manifold is related to the study of general relativistic fluid space-
time admitting heat flux [16, 5]. Thus, the investigations on these manifolds
with Riemannian or semi-Riemannian metric are very important in differential
geometry as well as in general relativity and cosmology.

In this direction, this paper is organized as follows: First, in Section 2 we
investigate geometric properties of (HGQFE), with respect to its generators.
Then, some pseudo-symmetry types of such manifolds are considered and some
necessary conditions for hyper-generalized quasi Einstein manifold to be a gen-
eralized quasi Einstein or a quasi Einstein manifold are obtained.
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2 SOME GEOMETRIC PROPERTIES OF
(HGQE),

In this section, we investigate some geometric properties of (HGQFE),. First,
we consider a (HGQE),, whose generator p; is a parallel vector field, that is

Vxp1 =0, (2.1)

where V is the Levi-Civita connection. Then for all X and Y clearly we have,
(VxA)(Y) = g(Vxp1,Y) = 0 and so R(X,Y)p; = 0. Contracting the last
equation we get, S(X,p1) = 0. Combining the last equation with (1.11), we
obtain

(a+b)A(X) 4+ c¢B(X)+dD(X)=0. (2.2)
Putting X = p; in (2.2), we get a + b = 0, putting X = ps in (2.2), we get
¢ = 0 and putting X = ps in (2.2), we get d = 0 which means that such a
manifold reduces to a quasi Einstein manifold and the sum of its associated
scalar functions is zero.

On the other hand, if we assume that the generator ps is parallel vector field,
then similarly we have Vxps = 0 and so S(X, p2) = 0. Thus, in view of (1.11),
we get

aB(X) 4+ cA(X) =0. (2.3)
Putting X = py in (2.3), we have a = 0 which is a contradiction. In a similar
manner, if we assume that the generator ps is parallel vector field, then we have
Vxps =0 and so S(X, p3) =0 so, in view of (1.12), we get

aD(X) + dA(X) =0. (2.4)
Putting X = p3 in (2.3), again we have a = 0. Hence we can state that:

Theorem 2.1. In a (HGQE),, if the generator py is a parallel vector field,
then this manifold reduces to a quasi Einstein manifold in which the sum of its
associated scalar functions is zero. But, the generators ps and ps can not be
parallel vector fields.

From Theorem (2.1), the Ricci tensor of the (HGQE),,, whose generator p;
is a parallel vector field, can be expressed as follows:

S(X,Y) = alg(X,Y) — A(X)A(Y)]. (2.5)

Taking the covariant derivative of the Ricci tensor and using the fact that p; is
a parallel vector field, we obtain

(Vz9)(X,Y) = Z(a)[g(X,Y) — A(X)A(Y)]. (2.6)

Contracting (2.6) over X and Z and using contracted second Bianchi Identity,
we get

SV () =Y (a) ~ (@) A(Y). (2.7)
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Since r = (n — 1)a, from (2.7) we obtain
n—3

( 2

Putting Y = p; in (2.8), we obtain p;(a) = 0. In this case, when n > 3, we get

Y(a) =0, for all Y. That is, a is a constant. Then, from (2.6), we get V.S =0,
which leads us the following result:

Theorem 2.2. If the generator p; of (HGQE),, (n > 3) is a parallel vector
field, then the associated scalars of the manifold are constants and this manifold
is Ricci symmetric.

Moreover, since S(X,Y) = g(QX,Y), for all X,Y where @ is a Ricci oper-
ator, from (1.11)-(1.13) and as a # 0, we can easily state that:

Corollary 2.3. In a (HGQE),, the following statements hold:
(1) Qp1 is orthogonal to py if and only if a+ b= 0.

)Y (@) = —p1(a)A(Y). (2.8)

(2) Qps is orthogonal to p1, then ¢ = 0. That is, the manifold becomes a
generalized quasi Einstein manifold.

(3) Qps is orthogonal to p1, then d = 0. That is, the manifold becomes a
generalized quasi Einstein manifold.

(4) Qpa can not be orthogonal to ps and ps.
(5) Qp2 is always orthogonal to ps.

3 SOME PSEUDO-SYMMETRY TYPES OF
(HGQE),
Definition 3.1. [8] An n-dimensional Riemannian manifold (M™, g) is called

Ricci-pseudosymmetric, if the tensor R-S and the Tachibana tensor Q(g, S) are
linearly dependent, where for all X, Y, Z, W € x(M);

Q9,9 Z,W; X, Y)=-S(X N Y)Z, W)= 5(Z,(X Ng Y)WV) (3.2)

and
(XN Y)Z=g(Y,2)X — g(X,Z)Y. (3.3)

That is, the necessary and sufficient condition for (M™, g) to be a Ricci-pseudo
symmetric manifold is that the following equation is satisfied

on the set Us = {x € M : S # =g at x} and Lg is a certain function on Ug.
Then, by using (3.1)-(3.4), we can write

S(R(X,Y)Z,W)+8(Z, R(X,Y)W) = Ls[g(Y, Z)S(X, W) (3.5)
—9(X, Z2)S(Y, W) +g(Y,W)S(Z, X) — g(X, W)S(Y, Z)].
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Now, we consider Ricci-pseudosymmetric (HGQE),,. Using the fundamental
equation (1.1) of (HGQE), in (3.5) and in the resulting equation, putting
Z =p1, W = ps and Z = py, W = p3 respectively, we obtain the following
expressions:

bR(X,Y, p1, p2)+dR(X,Y, p3, p2) (3.6)
=Ls [b[A(Y)B(X) — A(X)B(Y)] - dB(Y)D(X)] ;

DR(X,Y, p1, po)+cR(X, Y, p2, ps) = Ls [PIAQV)B(X) = AC)B(Y)]  (3.7)
+¢[B(Y)D(X) - B(X)D(Y)] — D(X)D(Y)]

Contracting (3.7) over X and Y and remembering that the generators pi, p2
and ps are orthonormal, we obtain d = 0. Thus, the manifold under consid-
eration reduces to a G(QF),. In [11], the authors proved that every Ricci-
pseudosymmetric G(QE),, is an N(k)-quasi Einstein manifold. Hence, we can
summarize above results by the following theorem:

Theorem 3.2. Every Ricci-pseudosymmetric (HGQE),, is an N(k)-quasi Ein-

stein manifold with Lg = 4+b.

If the function Lg in (3.4) vanishes, the Ricci-pseudosymmetric manifold
turns into a Ricci semi-symmetric manifold. Thus, the next result is obtained
directly:

Corollary 3.3. Fuvery Ricci semi-symmetric (HGQE), is a quasi Einstein
manifold whose Ricci tensor is of the form S(X,Y) = a[g(X,Y) — A(X)A(Y)].

As a generalization of Ricci-pseudosymmetric manifolds, R.Deszcz intro-
duced the following notion:

Definition 3.4. [8] A semi-Riemannian manifold (M™",g), (n > 3) is said to
be Ricci-generalized pseudosymmetric if at every point of (M™,g), R- R and
Q(S, R) are linearly dependent.

That is, the necessary and sufficient condition for (M™,g) to be a Ricci-
generalized pseudosymmetric manifold is that the following equation is satisfied

R-R=LgrQ(S,R) (3.8)
at every point of the manifold, where Ly is some function on M.

Very important subclasses of Ricci-generalized pseudosymmetric manifolds
form manifolds fulfilling the following condition

R-R=Q(S,R). (3.9)

Such manifolds are said to be special Ricci-generalized pseudosymmetric man-
ifolds, [7].
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The condition (3.9) arises during the study of the Riemannian manifolds
satisfying the condition

w(X)R(Y, Z) + w(Y)R(Z,X) + w(Z)R(X,Y) =0, (3.10)

where w is a non-zero 1-form and X,Y,Z € x(M). R. Deszcz and W. Grycak
obtained the following characterization theorem for this kind of manifold:

Theorem 3.5. [9] (see Theorem 1) If at a point © € M, the non-zero 1-form
w satisfies the condition (3.10), then the relation (3.9) holds at x € M.

Motivated by the previous theorem, we will investigate the (HGQE),, sat-
isfying the condition
> wX)R(Y,Z) =0, (3.11)
XY, Z

where " denotes the cyclic sum over X,Y,Z. In this case, the following as-
sumptions can be examined:

Case 1: First, we choose the 1-form w as the associated 1-form A of
(HGQE),. Then, we have

AX)RY,Z)W + A(Y)R(Z, X)W + A(Z)R(X, Y)W = 0. (3.12)
Contracting (3.12) over Z and W, we get
AX)S(Y,Z)+ R(p1,Y, X, Z) — A(Z)S(Y,X) = 0. (3.13)
Again, contracting (3.13) over X and Y, we obtain
2S(p1, Z) — rA(Z) = 0. (3.14)
By virtue of (1.11) and (1.10), (3.14) yields
[(2—=n)a+bA(Z)+ 2¢B(Z) + 2dB(Z) = 0. (3.15)
Putting Z = p; in (3.15), we get b = (n — 2)a, putting Z = py in (3.15), we get
¢ =0 and putting Z = ps in (3.15), we get d = 0 . Hence the Ricci tensor can
be expressed in the following form:
S(X,Y) =a[g(X,Y) + (n —2)A(X)A(Y)]. (3.16)

Since n > 2, the manifold reduces to a (QFE),. Also, in view of (3.16), (3.13)
yields

R(X,Y)p1 = a]A(Y)X — A(X)Y] (3.17)

which implies that the generator p; belongs to a-nullity distribution. Hence,

such a manifold becomes an N (k)-quasi Einstein manifold with k = 42 = q.
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Case 2-3: If we choose the 1-form w as the associated 1-form B or D of
(HGQE),, then from similar calculations with the Case 1, we get ¢ = 0 and
b =a(2 —n). Thus, the Ricci tensor can be expressed as

S(X,Y)=a9(X,Y)+ a2 —n)AX)AY) + d[AX)w(Y) + A(Y)w(X()] |
3.18

which means that the manifold reduces to a G(QE),.
As a result of these examinations, we can state the following theorem:

Theorem 3.6. Let M be a (HGQE),, (n > 2) satisfying the condition
S WX)R(Y, Z) =0,
X,Y,Z

where w is a certain I-form and " denotes the cyclic sum over X,Y,Z € x(M).
Then, the following conditions hold:

(1) If w= A, then M reduces to an N(a)-quasi Einstein manifold, where a is
an associated scalar function of M.

(2) If w= B or D, then M reduces to a G(QE),.
Also, as a result of the last two theorems, the following corollary is obtained:
Corollary 3.7. Every (HGQE), (n > 2) satisfying the condition
> w(X)R(Y, 2) =0,
X,Y,Z

where w is one of the associated 1-forms of the manifold, is a special Ricci-
generalized pseudosymmetric manifold.

Analogously, we can examine the (HGQE),, satisfying the condition
Y wX)C(Y,Z) =0, (3.19)
X,Y,Z
where w is a non-zero 1-form, > denotes the cyclic sum over X,Y,Z and C
denotes the conformal curvature tensor defined by
1
C(X,Y)Z =R(X.Y)Z - ﬁ[S(Y, 2)X - 8(X,2)Y +g(Y, Z)QX — g(X, Z)QY|
(3.20)
r

+m[g(y7 2)X —y(X,2)Y],

where @) is Ricci operator, r is scalar curvature tensor. Similarly, the following
cases can be investigated:
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Case 1: We can choose the 1-form w as the associated 1-form A of the
(HGQE),. Then, we have

AX)C(Y, Z)W + A(Y)C(Z, X)W + A(Z)C(X, Y)W = 0. (3.21)

Then, contracting (3.21), first we obtain C'(X,Y)Z = 0 for all X,Y, Z. That is,
the manifold is conformally flat. Thus from (3.20), we get

R(X,¥)Z =[SV, 2)X — S(X, 2)Y + (Y, 2)QX — g(X, 2)QY] (3.22)

ST X g, 2)Y)
Putting Z = p; in (3.22), we get
R(X,Y)py = Zf ?[A(Y)X —AX)Y] -~ f 5[DONX —DX)Y]  (3.23)
and contracting (3.23) over X, we get
S(X,p1) = (a+b)A(X) + %D(X). (3.24)

Comparing the equations (1.11) and (3.24) and putting X = p2 and X = p3 in
the resulting equation, we get ¢ = 0 and d = 0, respectively. Similarly, putting
Z = ps2 in (3.22), we get

R(X,Y)ps :(nQiLZ e 1;(n 5 ) [B(Y)X — B(X)Y] (3.25)
+;: g [A(Y)X — A(X)Y]

and contracting (3.25) over X, we get

2a(n—1)—r
(n—2)

(c—d)(n—1)

S(X, p2) = p—

B(X) + A(X). (3.26)
Comparing the equations (1.12) and (3.26) and putting X = po in the resulting
equation, we also have b = 0. In summary, we have b = ¢ = d = 0. This implies
that the manifold under consideration reduces to an Einstein manifold, which
is a contradiction.

Case 2-3: If we choose the 1-form w as the associated 1-form B or D of the
(HGQE),, then by direct calculations, we obtain a contradiction similar with
the Case 1. Hence, we obtain the following result:

Theorem 3.8. There does not exist any (HGQE),, satisfying the condition

> w(X)C(Y,Z) =0,

X,Y,Z

where w is one of the associated 1-forms of the manifold, Y denotes the cyclic
sum over X,Y,Z and C' denotes the conformal curvature tensor.
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