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1 INTRODUCTION

In 1981, Nomizu introduced isoparametric hypersurfaces in Lorentzian space
forms. A hypersurface is called isoparametric if the minimal polynomial of
shape operator is constant. It is well-known that the shape operator of a Rie-
mannian submanifold is always diagonalizable, but this is not the case for the
shape operator of a Lorentzian submanifold. This makes the isoparametric the-
ory in pseudo-Riemannian space forms different from that in Riemannian space
forms. In [5], Magid classified Lorentzian isoparametric hypersurfaces and ob-
tained that the shape operator of a Lorentzian hypersurface in a Minkowski
space can have four possible canonical forms by choosing an appropriate frame
field. He obtained this result by Petrov’s consideration in [6] , i.e., a symmetric
endomorphism of a vector space with a Lorentzian inner product can be put into
one of four possible canonical forms. By considering recent results obtained by
Turgay in [7] and Deepika in [1], one can conclude that there is only two differ-
ent families of biconservative hypersurfaces in E{ by considering the canonical
forms of their shape operator (see Theorem 3.3).

Now, there arise a natural question: What will be the canonical forms of the
shape operator if we increase the dimension of the pseudo-Euclidean space as
well as index of the hypersurface? Thus, one can ask a general question which
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is still open to all, i.e., “Does there exist any specific formula from which one
can get all possible canonical forms of the shape operator of a hypersurface with
variable index of general ambient pseudo-Euclidean space E7” 7 So it is natural
to start index 2 hypersurfaces in E. During study, it is observed that if one
consider index 2 hypersurfaces in EJ then the number of canonical forms of the
shape operator increases to 9 whereas it is 4 in case of Ef.

The paper is organized as follows. In Sect. 2, we give some basic definitions
and formulas which we used in other sections of the paper. In Sect. 3, we
present a short survey about recent papers on biconservative hypersurfaces and
try to point out problems which left open in these papers. In Sect. 4, we study
existance of all possible canonical forms of the shape operator of biconservative
hypersurfaces of index 2 with an additional condition, i.e., VH is a lightlike
vector whereas H is mean curvature vector field of the hypersurface, and further,
we obtain our main result.

2 PRELIMINARIES

In this section we recall some basic definitions and formulas that we will use in
other part of the paper.

2.1 Hypersurfaces of E}

Let E5 denote the 5-dimensional real vector space R with the canonical inner
product of signature (2,3) given by

9(z,y) = (z,y) = —x1y1 — T2Y2 + T3Y3 + TaYs + T5Ys5.

We consider an oriented hypersurface M of E3 with index 2. Let N be its
unit normal vector associated with the orientation of M. We define the shape
operator S of M by the Weingarten formula

VxN = —-5X,

where X is a vector field tangent to M and V denotes the Levi-Civita connection
of E3. Let V stands for the Levi-Civita connection of M with respect to the
induced metric on M, then the Gauss formula is given by

VxY = VxY +h(X,Y)

where h is the second fundamental form of M. Note that h and S are related

with the equation
(§X,Y) = (h(X,Y),N). (2.1)

The eigenvalues of S are called principal curvatures of M. Corresponding to
every principal curvature k, we have algebraic multiplicity and geometric multi-
plicity. Algebraic multiplicity v is the exponent of (x — —k) in the characteristic
polynomial and geometric multiplicity p is the dimension of the eigenspace
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T, ={X €T,M:SX = kX}.

A principal curvature k is called diagonalizable if v = . The hypersurface M
is called biconservative if it satisfies

S(VH) = —2HVH. (BC)

Remark 2.1. If M has constant mean curvature, then (BC) is satisfied trivially.
Hence, in the remaining part of the paper, we will assume that VH does not
vanish on M, i.e., there exists a vector field X on M such that X (H) # 0.

On the other hand, since the ambient space [ is a flat space, its curvature
tensor R vanishes identically. Thus, Gauss and Codazzi equations become

(R(X, Y)Z)T —0, and (R(X, Y)Z)L —0,

respectively, for any vector fields X, Y, Z tangent to M.

2.2 Shape operator of hypersurfaces with index 2 in Ej

In this section, we consider canonical forms of the shape operator index 2
hypersurfaces in the pseudo-Euclidean space E3.

By a frame field in a hypersurface M of E3, we mean a base field {e1, 2, €3, €4}
of the tangent bundle of M. We put ¢; = {e;, ¢;) € {—1,0,1}. Furthermore, we
define the connection forms w;; corresponding to a given frame field by

wij(er) = (Ve ei,€5).

Now, it is well-known that shape operator S is symmetric because of (2.1). On
the other hand, there is a well-known theorem that a symmetric operator in
a positive definite vector space is diagonalizable over R. The situation is more
complicated if the metric is not definite, and the complete answer is given by
the following theorem of Petrov [6].

Theorem 2.2. (Principal Axis Theorem for a Tensor [6]) In a vector
space V™ with a non- degenerate metric g every symmetric operator S can be
put into the following form:

Bpl

k

02t1

m
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where By, is p; X p;, Cay; is 2t; x 2t; and Y p;+2 ) t; = n. This is with respect
to a basis for which the inner product has the form

gpl
gpk
92t,
g2tm,
L
Bl)i:
l;
LiAi
Qi Bj 1 0
6] Qi 0 1
Oé] Bj 1 0
Bj Oéj 0 1
ng:
aj B
—Bi
and
1 0
l; 0 —1
9p: = : s 92t; =
l; 1 0
0 -1

Now, with the help of Theorem 2.2 and by choosing an appropriate base
field {e1,ea,e3,e4} of the tangent bundle of M, we obtain that the possible
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canonical forms of the shape operator S of E5 can have one of the following
forms. Note that in each cases below, g denotes the induced metric tensor of
M, i.e., gij = <ei,ej>.

kk 0 0 O 1 0 O 0
_ 0 k& 0 0 o1 o0 0 )
Case L S=1 0 o 1 o |’ 9=l o0 -1 0o |’
0 0 0 ky 00 0 -1
kk 1 0 O 0O -1 0 O
B 0 kK 0 0 | -1 0 0 o0 )
CaseIl. S = 0 0 ks 0 , g= 0 0 1 o0 ;
0 0 0 ky 0 0 0 -1
kk 1 0 0 0O -1 0 0
ok o0 o0 -1 0 0o o
Case III. S = 0 0 ks 1 , g= 0 0 0o -1 |’
0 0 0 k3 0 0 1 0
ki 1 0 0 0O -1 0 O
_ 0 k O 0 | -1 0 0 0 )
CaseIV. § = 0 0 ks By , g= 0 0 1 0 :
0 0 —B ks 0 0 0 -1
kk 0 1 0 0O -1 0 O
o & o0 o0 | -1 0 0 o
Case Vo S=1 o 1 4 o | 9= o o 1 o [
0 0 0 ky 0 0 0 -1
kB 0 0 1 0 0 0
| B R 0 0 |0 -10 0 )
Case VI. § = 0 0 ks By | g= 00 1 0 :
0 0 —B2 k3 0 0 0 -1
ki B 1 0 0 0 -1 0
. | B k01 [ o 0o o 1|
Case VII. S = 0 T 9=1 10 o oI’
0 0 —B ki 0 1 0 0
ki O 0 0 1 0 0 O
0ok o0 o0 o =10 o |
Case VIII. S = 0 0 ks By , g = o 0 1 0 :
0 0 —pB1 ks 0 0 0 -1
kk 0 1 0 01 00
_ 0 kK 0 0 | 1 0 0 0 |.
Case IX. S = 0 0 k 1 , g= 000 1l
0 1 0 Kk 0 010
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for some smooth functions ki, ko, k3, k4, 81, B2-

3 RECENT RESULTS ABOUT BICONSERVATIVE
HYPERSURFACES

3.1 Shape operator of biconservative hypersurfaces in
Minkowski spaces.

The second named author obtained the following results by considering the
shape operator of biconservative hypersurfaces in a Minkowski space of arbitrary
dimension (See [7, Theorem 4.1]).

Theorem 3.1. [7] Let M be a hypersurface in the Minkowski space E$, S its
shape operator and H its mean curvature. Assume that VH is light-like and S
has the minimal polynomial

PO = [TO = BP0 = ko)A = k) -+ (A = o)

for some t. If t <5, then M is not biconservative.

On the other hand, in [1], Deepika considered hypersurface with complex
principle curvature in an arbitrary Minkowski space and obtained the following
result.

Theorem 3.2. [1] Let M} in BT be a biconservative Lorentz hypersurface
having non diagonal shape operator with complex eigenvalues and with at most
five distinct principal curvatures. Then M{* has constant mean curvature.

By combining these results, we would like to state the following result on
the shape operator of biconservative hypersurface in Ef.

Theorem 3.3. Let M be a hypersurface in B} and H its mean curvature. Then
by choosing an appropriated frame field {e1,eq,e3} the matriz representation of
the shape operator S of M can have one of the following two canonical forms
_ 376 H
Case 1. S = ko for a function ko,

3 —
52+e)H — ks (3.1)

Case 2. S = i ,

where ey is proportional to VH and € is the signature of the normal of M, i.e.,

- -1 if M 1is Riemannian
11 if Mis Lorentzian.
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At this instant, we would like to mention that the complete classification of
biconservative hypersurfaces, given in Case 1 of (3.1), is obtained by Yu Fu and
the second named author in [4] (See Sect. 3.2). However, the following problem
is still open.

Problem 1. Classify all biconservative hypersurfaces in E} with the shape oper-
ator given in the Case 2 of (3.1).

3.2 Biconservative hypersurfaces in Minkowski spaces.

In [2], Yu Fu obtained the following results.

Proposition 3.4. [2] Let M be a nondegenerate biconservative surface im-
mersed in the 3-dimensional Minkowski space E}. Then the immersed surface
M is either a CMC surface or locally given by one of the following eight surfaces.

1. A timelike surface of revolution with spacelike axis, given by
x(s,t) = (f(s), scosht, ssinht) (3.2)

where s € (27, +00) and

(3% \/s3 —9+ 9]n(s% +1/s3 —9)).

2. A spacelike surface of revolution with spacelike azis, given by

N | ©

f(s) =

x(s,t) = (f(s), ssinht, s cosht) (3.3)
where s € (0,27) and

1 1
f(s) = iarcsinfs% -

2 3

ol
@l

S 9—s

| ©

3. A spacelike surface of revolution with timelike axis, given by
x(s,t) = (scost,ssint, f(s)), (3.4)

where s € (0,+00) and

N | ©

(5% \/s3+9— 9]n(sé +1/s3 4+9)).

4. A spacelike surface of revolution with lightlike axis, given by

f(s) =

1 1 1 1 1 1
x(s,t) = (§St2 - %S% — 55 st, 53252 - %s% + 53), (3.5)

where s € (0,+00).
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5. A timelike surface of revolution with spacelike axis, given by
x(s,t) = (f(s), ssinht, scosht), (3.6)

where s € (0,400) and

f(s) = g(s% V83 +9—9In(s +1/s3 +9)).

6. A timelike surface of revolution with timelike axis, given by
x(s,t) = (scost,ssint, f(s)), (3.7
where s € (0,27) and

81 1
f(s) = 7arcsin§s% -

Wi

1
$314/9 — s3.

N | ©

7. A timelike surface of revolution with lightlike azis, given by

1 1 1 1 1 1

x(s,t) = (gst2 + %s% — 3% st, 53152 + %3% + 55), (3.8)
where s € (0,+00).

8. A null sroll with non-constant mean curvature.

In [3], Yu Fu give a complete explicit classification of biconservative surfaces
in de Sitter 3-spaces and anti-de Sitter 3-spaces. He obtained the following
results.

Proposition 3.5. [3] Let M be a nondegenerate bi-conservative surface im-
mersed in the 3-dimensional de Sitter space S3(1) € Ef. Then the immersed
surface M is either a CMC surface or locally given by one of the following nine
surfaces.

1. A timelike rotational surface, given by
x(s,t) = (ssinht, scosht, v/1 — s2cos f, /1 — s2sin f), (3.9)
where s € (0,1) and
3573
f(s) = i/ = ds.
(1-82)V1—9s"5 — g2
2. A spacelike rotational surface, given by

x(s,t) = (scosht,ssinht,v/1+ s2cosf, 1+ ssinf), (3.10)

where s € (0,400) and

1

fls) = j:/ 3872 ds.
(14+8?)vV9s73 —s2—1
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8. A spacelike rotational surface, given by
x(s,t) = (MSinh /s MCosh f, scost, ssint),
where s € (0,1) and
f(s)= i/ 378 ds.
(1—s2)V14953 — 2
4. A spacelike rotational surface, given by

x(s,t) = (V82 — Lcosh f,\/s? — 1sinh f, scost, ssint),

where s € (1,400) and

1
3573

f(S):i/(SQ—l)\/md&

5. A spacelike rotational surface, given by

1 1 1 1
x(s,t) = (5(3152 +sf? — 5 +s),§(st2 +sf?— e s), sf,st)

where s € (0,3%) and

3
f(s) = /mds
6. A timelike rotational surface, given by
x(s,t) = (scosht, ssinht, mcosf, msinf),
where s € (0,400) and

f(s) = i/ 38_1 ds.
(14+s2)V9s73 +s2+1

7. A timelike rotational surface, given by

z(s,t) = (V1 — s?sinh f, /1 — s2 cosh f, scost, ssint),

where s € (0,1) and

f(s) = i/ 38_2 ds.
(1—s2)V9s73 +s2—1
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8. A timelike rotational surface, given by
z(s,t) = (\/327—1cosh 7 \/527—1sinh [, scost, ssint), (3.16)
where s € (1,+00) and
3573

=4 ds.
1) /(52—1) 9573 + 52— 1 ’

9. A timelike rotational surface, given by

x(s,t) = (%(st2 +sf? — é + s), %(st2 +sf? — % —3),sf,st)  (3.17)

where s € (0,400) and

3
0)= [ gt

Proposition 3.6. [3] Let M be a nondegenerate bi-conservative surface im-
mersed in the 3-dimensional anti-de Sitter space H3(—1) € E3. Then the im-
mersed surface M is either a CMC surface or locally given by one of the following
eleven surfaces.

1. A timelike rotational surface, given by

x(s,t) = (ssinht, /14 s2cosh f, scosht, /1 + s?sinh f), (3.18)

where s € (0,4+00) and

1

f(s) = :‘:/ 350 = ds.
(14 s2)V1—9s73 + s2

2. A spacelike rotational surface, given by

x(s,t) = (scosht,\/1 — s?cosh f,ssinht, /1 — s2sinh f), (3.19)

where s € (0,1) and

1

3573

f(s):i/u_sz)md&

3. A spacelike rotational surface, given by

x(s,t) = (scosht,/s? — 1sinh f, ssinht, v/ s2 — 1cosh f), (3.20)

where s € (1,+00) and

1

3573

f(S):t/(S2_1)\/mds.
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4. A spacelike rotational surface, given by

x(s,t) = (\/1 + s2cosf, \/1 + s2sinf, scost, ssint), (3.21)
where s € (0,+00) and
3573

f(S)Zi/(1+82)\/mds.

5. A spacelike rotational surface, given by

x(s,t) = (scost, ssint, /s — lcosf,\/s? — lsinf), (3.22)
where s € (1,400) and
3573

J)= i/ (52 —1)Vs2 — 9573 — 1d3~

6. A spacelike rotational surface, given by

x(s,t) = (%(3152 —sf?+ % +s),sf, %(st2 —sf?+ % —s),st)  (3.23)

where s € (0,400) and

3
= — = s
f(s) P

7. A timelike rotational surface, given by
1 5 5 1 1, , 5 1
x(s,t) = (5(31? +sf°+ 3 +s),sf, E(st +sf°+ S s),sf), (3.24)
where s € (3%, +00) and

3
= — = s
f(s) PR/

8. A timelike rotational surface, given by
x(s,t) = (scosht, /1 — s?cosh f, ssinht, /1 — s2sinh f), (3.25)
where s € (0,1) and

3g—1
£(s) :j:/ ° ds.
(1-52)V9s 3 —s2+1
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9. A timelike rotational surface, given by

x(s,t) = (scosht, v/ s? — 1sinh f, ssinht,/s2 — 1cosh f), (3.26)

where s € (1,+00) and

1
F(s) ==+ / 55 ¢ ds.
(s2—=1)V9s7 3 —s2+1

10. A timelike rotational surface, given by

x(s,t) = (\/1 + s2cosf, V1+ s2sinf, scost, ssint), (3.27)
where s € (0,400) and
3573

f(s)zi/(lﬂz)\/mds.

11. A timelike rotational surface, given by

1 1 1 1
x(s,t) = (§(St2 —sf?+ 5 +3),sf, §(St2 —sf? 4+ 5 s),st)  (3.28)
where s € (0,3%) and

3
= | ————ds.
1) = | s

Further, in [4], the author and Yu Fu considered biconservative hypersurfaces
in the Minkowski 4-space with diagonalizable shape operator. They obtained
the following results.

Proposition 3.7. [4] Let M be a hypersurface in E given by

x(s,t,u) = (;S(tQ +u?) + au® + s+ ¢(s), st, (s + 2a)u,
) (3.29)
55(152 +u?) + au’® + ¢(s)) , a#0.

Then, M 1is biconservative if and only if either M is Riemannian and

o(s) = c1 (ln(s—i-?a) s % sf2a> s

or it is Lorentzian and

S

o(s) = [ (66 + 20 d - 5,

S0

where ¢; # 0 and sy are some constants.
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Theorem 3.8. [4] Let M be a hypersurface in B} with diagonalizable shape
operator and three distinct principal curvatures. Then M is biconservative if
and only if it is congruent to one of hypersurfaces

1.

3.3

A generalized cylinder ME x E} where M is a biconservative surface in

E3;

. A generalized cylinder Mg x E' where M is a biconservative Riemannian

surface in E3;

. A generalized cylinder M? x E*, where M is a biconservative Lorentzian

surface in E3;

. A Rimannian surface given by

x(s,t,u) = (s cosht, s sinht, fi(s) cosu, f1(s)sinu) (3.30)
for a function fi satisfying

" hfi+s
{2 -1 Sfl ’

. A Lorentzian surface with the parametrization given in (3.30) for a func-

tion f1 satisfying
-3/ _ Nhfits.
-1 sfi

. A Rimannian surface given by

x(s,t,u) = (s sinht, s cosht, fa(s)cosu, fa(s)sinu) (3.31)

for a function fo satisfying

Y fits.
é2 + 1 ng ’

. A surface given in Proposition 3.7.

Biconservative Hypersurfaces in E]

In [8], we study biconservative hypersurfaces of index 2 in Ej and obtain the
complete classification of biconservative hypersurfaces with diagonalizable shape
operator at exactly three distinct principal curvatures. The results are following.

Theorem 3.9. [8] Let M be an oriented biconservative hypersurface of index 2
in the pseudo-Euclidean space E3. Assume that its shape operator has the form

S = dia’g(kh 07 07 k4)7 k4 # 0.

Then, it is congruent to one of the following eight type of generalized cylinders
over surfaces for some smooth functions ¢ = ¢(s) and p = 1(s).
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s, t,u,v) = (t,u, pcosv, psinv, ), @2+ =1;

¢sinhv, t,u, pcoshv,vp), ¢%+y2=1

Y, t,u, pcosv, psinv),  ¢? — % = —1;
coshw, t,u, psinhv,vp), ¢%—y? =1

(iii). x

(
(ii). x(s,t,u,v
(
(v). x(

)= (1,
)= (
)= (
)= (¢

2
(v). z(s,t,u,v) (2+1/)+stuvs S+¢>71—21//<0;

(vi). z(s,t,u,v) = (pcosv, gpsinv, t,u,v), ¢ —?=1
(vii). x(s,t,u,v) = (psinhv, 1, t,u,pcoshv), @2 — 2= —1;

2

(viii). x(s,t,u,v) (2 + 1, sv,t, u, 32

+w+s>, 1+ 2y <0.

Theorem 3.10. [8] Let M be an oriented hypersurface of index 2 in the pseudo-
Euclidean space ES. Assume that its shape operator has the form

S = diag(k1, ka2, k2,0), ko # 0.

Then, it is congruent to one of the following eight type of cylinders for some
smooth functions ¢ = ¢(s) and ¥ = P(s).

(iii). ©
(v).
(v). x
(vi). x

x(s,t,u,v) = (v, pcosht, psinhtcosu, psinhtsinu, ), ¢?%—y?=1

v,1, pcost, psintcosu, psintsinu), @2 —p? = —

¢ coshtsinu,¢coshtcosu, psinht,p,v), ¢? -2 =1
,¢sinht, ¢ coshtcosu, pcoshtsinu,v), @2 —9?=—1;

(
(
(
(
( v, ¢sinht, ¢ coshtcosu, g coshtsinu, ), ¢2+¢? =1
(

(
= (
= (
=¥
= (
= (

¢ sinhtcosu, ¢ sinhtsinu, ¢ coshu, 1, v), ¢2+¢? =1

2 t
(UZ’L) x(s,t,u,@) = <S(2—’_U) +¢,U7St,8u,w +¢—S> ) 1- 21/1’ <
0;
$2 2 2 — 2
(viti). z(s,t,u,v) = (S(QU)+¢7St’su’v’S(2u>+w+s>’ 14+2¢" <
0.

Theorem 3.11. [8] Let M be an oriented hypersurface of index 2 in the pseudo-
Euclidean space E3. Assume that its shape operator has the form

S = diag(kl, kg, k’g, ]C4)7 ]{54 7é kg

for some non-vanishing smooth functions k1, ko, k4. Then, it is congruent to one
of the following eight type of hypersurfaces for some smooth functions ¢1 = ¢1(s)
and ¢y = Po(s).
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(i). x(s,t,u,v) = (¢p2 sinhv, g1 cosht, ¢y sinht cosu, ¢y sinhtsinu, g coshv), @P2—

o5 = 1;
(i1). 35(257 t,u,v) = (¢hg cOSV, Pa sinv, ¢y cost, gy sint cosu, g1 sintsinu), @2 —
¢y = —1;
(111). x(zs7 t,u,v) = (¢ coshtsinu, ¢; coshtcosu, ¢y sinht, o cosv, pasinv), ¢PZ—
21,

2

(iv). x(s,t,u,v) = (¢pasinh v, ¢ sinht, ¢y cosht cosu, ¢1 coshtsinu, go coshv), ¢+
/2
=1
2 )

(v). 2(s,t,u,v) = (¢ coshv, ¢y sinht, 1 cosht cosu, g1 coshtsinu, gy sinhv), @P2—

97 =—1;
(vi). xz(s,t,u,v) = (¢ sinh tcosu, ¢1 sinht sinu, ¢y cosh u, po cosv, pasinv), ¢P+
o5 =1;

(vii). A hypersurface given by

x(s,t,u,v) = (g (t2 +u?— U2) — av® + 1, v(2a + s), st, su, ( ;
3.32
% (t2—|—u2 —112) —av2—|—¢—s>

for a non-zero constants a and a smooth function 1 = 1(s) such that
1—-2¢' <0;

(viii). A hypersurface given by

2 2 — 2
x(s,t,u,v) = (s(uv) + av? + 1, st, su, v(s — 2a),
(3.33)

2 2 2
i ( Z ) +av? + o+ s)
for a non-zero constants a and a smooth function ¥ = ¥(3) such that
1+2¢' <0.
4 SHAPE OPERATOR OF BICONSERVATIVE

HYPERSURFACES OF INDEX 2 IN [Ej

In this section, we only consider hypersurfaces with non-constant mean curva-
ture. Before we proceed, we would like to mention that in [8], authors considered
hypersurfaces of index 2 in E3. It is proved that if VH is assumed not to be a
light-like vector, then the shape operator of a biconservative hypersurface has
one of the four possible canonical forms given below.

180



Lemma 4.1. [8] Let M be a hypersurface of index 2 in E3 with H as its (first)
mean curvature. Assume that VH is not light-like. If M is biconservative, then
with respect to a suitable frame field {e; = %,62,63,64}, its shape operator
S has one of the following forms:

—-2H 0 0 O
_ 0 ke 0 O
Case I. S = 0 0 ks 0 ,
0 0 0 kg
—-2H 0 0 O
_ 0 ke 1 0
Case II. S = 0 0 ke 0 ,
0 0 0 kg
(4.1)
—-2H 0 0 O
_ 0 kz -V 0
Case III. S = 0 vk 0 ,
0 0 0 k4
—2H 0 0 0
0 2H O 0
Case IV. S = 0 0o 2H -1 |’
0 1 0 2H

for some smooth functions ko, ks, k4,v. In Cases I and III, the induced metric
gij = g(ei, e5) = (ei,e;) of M is g;j = €;0;5 € {—1,0,1}, while in Cases II and
1V, it is given by

e 0 0 0
o o -1 o0
9=1 0o -1 0o o
0 0 0 —g

4.1 Main Results

In this subsection, we consider the shape operator of a biconservative hyper-
surface in Ej with an additional hypothesis of being light-like of gradient of its
mean curvature. Our aim is to investigate possible canonical forms of the shape
operator S of M under the following assumption.

Assumption. VH is light-like, where H is the mean curvature of the bicon-
servative hypersurface M with index 2.

By the above assumption, (BC) implies that VH is an eigenvector of S
with corresponding eigenvalue —2H. It is very easy to observe that the matrix
representation of S with respect to a suitable frame field {e1, es, €3, €4} can not
be one of Case VI, Case VII or Case IX given in Sect. 2.2.

First, we obtain the following result.

Proposition 4.2. The subspace ker(S — 2HI) is degenerate, where I is the
identity operator acting on the space of tangent vector fields of M.
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Proof. Let us consider, the subspace ker(S — 2HI) is non-degenerate. Since
VH € Q = ker(S — 2H) and it is light-like then the index of €2 should be at
least 1. Thus, there exists two unit vector fields X,Y such that SX = —2HX,
SY = —2HY,VH = 7(X-Y) for a smooth function 7 and (X, X) = — (YY) =
1. Furthermore, we have X (H) # 0 and Y (H) # 0. However, this contradicts

~ 1
with the Codazzi equation (R(X, Y)X) = 0 which yields X (H) = 0. O

By using this result, we conclude that the matrix representation of S with
respect to a suitable frame field {ej, es,e3,e4} can not be one of Case I, Case
VIII or Case II with k3 = k4 = —2H. Hence, we have the following result.

Lemma 4.3. The matriz representation of S with respect to a suitable frame
field {e1,e2,e3,e4} is one of the following four forms, where we assume ey to
be proportional to VH and g denotes the induced metric tensor of M, i.e.,

gij = (ei,€j)-

—2H 1 0 0 0O -1 0 O
0 —2H 0 0 -1 0 0 0
Case I 5 = 0 0 ks 0 : 971 0 o0 1 0
0 0 0 8H — k3 0 0O 0 -1
for a smooth function ks;
—2H 1 0 0 0O -1 0 0
0 —2H 0 0 -1 0 0 0
Case II. 5 = 0 0 4H 1 |’ 9= o o o -1
0 0 0 4H 0 0 -1 0
—2H 1 0 0 0O -1 0 O
0 —-2H 0 0 -1 0 0 0
Case III. S = 0 0 sH B , g= 0 0 1 0
0 0 —p1 4H 0 0 0 -1
for a smooth function [By;
—2H 0 1 0 0O -1 0 0
0 —2H 0 0 -1 0 0 O
Case IV. 5 = 0o -1 -2H o |’ 9= o o 1 o0
0 0 0 10H 0 0 0 -1
Now, since e; is proportional to VH, we have
e1(H)=e3(H)=e4s(H)=0. (4.2)

Proposition 4.4. There exists no hypersurfaces of index 2 in E3 with shape
operator given by Case II of Lemma 4.3.

Proof. Assume that the shape operator of M is as given in Case II of Lemma
4.3. Then, the second fundamental form of M satisfies

h(ei,e2) =2HN, h(ez,e2) = —N, h(es,eq) = —4HN, h(es,es) = —N
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and for all other cases, we have h(e;, e;) = 0.
Note that we have

Ve.e1 = —wiz(er)er —wialer)es — wiz(ey)ea,
Ve, €2 —w12(ek)e2 — waa(ex)es — waz(ex)eu, (4.3)
Ve, e3 =waz(er)er +wis(er)er — waaer)es,
Veke4 =wa4(er)er + wialer)ea + wsa(er)es.
Moreover, because of (4.2), we have [e1,e3](H) = [e1,e4](H) = [es,eq](H) =0
which give
wis(er) = wialer) =0, wia(es) = wiz(ey). (4.4)

~ i
(es, ej)ek) = 0 for each triplet (i, j, k)
47 ) (174’3)7 (17374)7 (3’2’3)7 (47374)}

We apply the Codazzi equation
in the set {(3,1,2), (3,2,1), (4,1,2),

A/_\

and combine equations obtained with (4. 4) and (4.3) to get
waz(e1) = wiz(ez) = waa(er) = wia(ez) =0,
waa(ez) = wiz(es) = wiz(es) = waz(ez) =0.
Therefore, from (4.3) we have
wiz =0, Ve,e1 = —wia(ea)er —wialea)es,  Ve,e1 = —wia(ez)er,

4.5
Ve, €3 = waz(e2)er — wsalez)es. (4.5)

- T
However, the Gauss equation (R(eg, 64)61) = 0 implies H = 0 on M which
yields a contradiction. O
Similarly, we have

Proposition 4.5. There exists no hypersurfaces of index 2 in E3 with shape
operator given by Case IV of Lemma 4.3.

Proof. Assume that the shape operator of M is as given in Case III of Lemma
4.3. Then, the second fundamental form of M satisfies

h(el,eg) = 21{]\77 h(62,€3) = —N, h(€3,€3) = —QHN, h(e4,e4) =—10HN

and for all other cases, we have h(e;,e;) = 0. Similar to proof of Proposition
4.4 we have (4.4).
Note that we have

Ve.e1 = —wiz(er)er +wiz(er)es — wialey)ea,
Ve, €2 wlz(ek)ez + wos(ex)es — waa(ex)eq,
Ve, €3 =was(ex)er + wis(er)es — waaley)ea,
) ) )

Vepea =was(er)er + wialer)es — wsaler)es.

(4.6)
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We apply the Codazzi equation (R ei,ej)e ) = 0 for each triplet (i, j, k)
in the set {(3,4,3), (4,1,4), (4,3,4), (1,2,3), (1,3,2), (1,2,4), (1,4,2), (1,3,4),
(1,4,3)} and combine equations obtained with (4.4) and (4.6) to get
wiz(e1) = wiz(es) = waa(e1) = wiz(es) = waales) =0,

wia(es) = waa(eq) = wialea) = waa(er) = 0.
By combining these equations with (4.6), we obtain

Vee1 =0, Veer =wislez)es —wia(ea)er, Veer = —wia(e;)er,

Ve, €3 = wag(er)er, Ve,e3 = wag(ea)er +wiz(ez)es — wsales)eq,

(e2)
Ve, €2 = waz(er)es, Ve ea =wia(ej)ea +waz(ej)es — waalej)eq,
(ex)
Ve ea =0,Ve,eq = was(ez)er —wsa(ez)es, Ve,eq = waule;)er.

fori=3,4,7=2,3,4and k=1,3,4.
However, the Gauss equations R(es,eq, eq,€3) = 20H?2 implies H =0 on M
which yields a contradiction. O

Thus, by combining Lemma 4.1, Lemma 4.3, Proposition 4.4 and Proposition
4.5, we obtain the following result.

Theorem 4.6. Let M be a hypersurface of index 2 in E3 with H as its (first)
mean curvature. If M is biconservative and VH is a lightlike vector, then with
respect to a suitable frame field {e1, ea,e3,e4}, its shape operator S has one of
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the following sixz forms, where ey is proportional to VH

—-2H 0 0 O

_ 0 ke 0 O
Case I. S = 0 0 ks 0 ,
0 0 0 kg
—-2H 0 0 O
_ 0 ke 1 0
Case II. S = 0 0 k 0 ,
0 0 0 kg
—-2H 0 0 0
_ 0 kg -V O
Case III. S = 0 vk 0 ,
0 0 0 k4
(4.7
—2H 0 0 0
0 2H 0 0
Case IV. S = 0 0 2H -1 |
0 1 0 2H
—2H 1 0 0
0 —2H 0 0
Case V. S = 0 0 s 0 ,
0 0 0 8H —k3
—2H 1 0 0
0 —2H 0 0
Case VI. S = 0 0 AH B

0 0 B 4AH

for some smooth functions ko, ks, kq,v. In Cases I and III, the induced metric

gij = g(ei,e;) = (e;, e5) of M is given by gi; = €;0;5 € {—1,1}, in Cases II and
1V, it is given by

€1 0 0 0
o 0o -1 o0
9= 0o =1 0o o

0O -1 0 O

| -1 0o 0 o

9=1 0 0 1 0

0 0O 0 -1
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