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Abstract. We construct a special class of Lorentz surfaces in the pseudo-
Euclidean 4-space with neutral metric which are one-parameter systems of
meridians of rotational hypersurfaces with lightlike axis and call them merid-
ian surfaces. We give the complete classification of the meridian surfaces
with constant Gauss curvature and prove that there are no meridian surfaces
with parallel mean curvature vector field other than CMC surfaces lying in a
hyperplane. We also classify the meridian surfaces with parallel normalized
mean curvature vector field. We show that in the family of the meridian
surfaces there exist Lorentz surfaces which have parallel normalized mean
curvature vector field but not parallel mean curvature vector.
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1 INTRODUCTION

A fundamental problem of the contemporary differential geometry of surfaces
and hypersurfaces in standard model spaces such as the Euclidean space E™
and the pseudo-Euclidean space E} is the investigation of the basic invariants
characterizing the surfaces. Curvature invariants are the number one Rieman-
nian invariants and the most natural ones. The basic intrinsic curvature invari-
ant of a surface in 4-dimensional Euclidean or pseudo-Euclidean space is the
Gauss curvature and one basic extrinsic invariant is the curvature of the normal
connection. The most important normal vector field of a surface is the mean
curvature vector field. So, a fundamental question is to investigate various im-
portant classes of surfaces characterized by conditions on the Gauss curvature,
the normal curvature, or the mean curvature vector field, and to find examples
of surfaces belonging to these classes.

Rotational surfaces and hypersurfaces are basic source of examples of many
geometric classes of surfaces in Riemannian and pseudo-Riemannian geometry.
The main purpose of this paper is to provide a comprehensive survey on a
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special class of surfaces (called meridian surfaces) in 4-dimensional Euclidean
or pseudo-Euclidean spaces which are one-parameter systems of meridians of
rotational hypersurfaces. We present briefly recent results on meridian surfaces
in the Euclidean space E* and the Minkowski space Ef.

In the present paper, the new contribution to the theory of meridian surfaces
is the construction of 2-dimensional Lorentz surfaces in the pseudo-Euclidean
space E3 which are one-parameter systems of meridians of a rotational hyper-
surface with lightlike axis. They are analogous to the meridian surfaces lying on
rotational hypersurfaces with spacelike or timelike axis in |E5 which have been
studied in [3] and [4]. We show that all meridian surfaces are surfaces with flat
normal connection and classify completely the meridian surfaces with constant
Gauss curvature (Theorem 4.1 and Theorem 4.2). In Theorem 5.1 we give the
classification of the meridian surfaces with parallel mean curvature vector field
H. Theorem 6.1 describes all meridian surfaces which have parallel normalized
mean curvature vector field but not parallel H.

2 PRELIMINARIES

Let E3 be the 4-dimensional pseudo-Euclidean space with the canonical pseudo-
Euclidean metric of index 2 given in local coordinates by

g = da? + das — das — da3,

where (21,72, 23,24) is a rectangular coordinate system of E3. Denote by (.,.)
the indefinite inner scalar product associated with g. Since g is an indefinite
metric, a vector v € E5 can have one of the three casual characters: spacelike if
(v,v) > 0 or v = 0, timelike if (v,v) < 0, and lightlike if (v,v) = 0 and v # 0.
This terminology is inspired by general relativity and the Minkowski 4-space
E1.

We use the following standard denotations:

S3(1) ={V e E3: (V,V) =1};
H}(-1)={V €E} : (V,V) =—1}.

The space S3(1) is known as the de Sitter space, and the space H3(—1) is the
anti-de Sitter space [22].

A surface M in Ej is called Lorentz, if (.,.) induces a Lorentzian metric g on
M, i.e. at each point p € M we have the following decomposition

E3 = T,M © N,M

with the property that the restriction of the metric onto the tangent space T, M
is of signature (1,1), and the restriction of the metric onto the normal space
N, M is of signature (1,1).
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Denote by V and V the Levi-Civita connections of M and E4, respectively.
For any tangent vector fields X,Y and any normal vector field £, the Gauss
formula and the Weingarten formula are given by

VxY =VxY +h(X,Y),
vxf = —AgX + Dx&,

where h is the second fundamental form of M, D is the normal connection on
the normal bundle, and A¢ is the shape operator with respect to &.

1
The mean curvature vector field H of M in E} is defined as H = ~trh. A

surface M is called minimal if its mean curvature vector vanishes identically,
i.e. H =0. A natural extension of minimal surfaces are quasi-minimal surfaces.
A surface M is called quasi-minimal (or pseudo-minimal) if its mean curvature
vector is lightlike at each point, i.e. H # 0 and (H, H) = 0. In the Minkowski
space Ef the quasi-minimal surfaces are also called marginally trapped. This
notion is borrowed from general relativity. A surface M is said to have constant
mean curvature if (H, H) = const. We shall consider Lorentz surfaces in E3 for
which (H, H) = const # 0. Such surfaces we call CMC surfaces.

A normal vector field £ on M is called parallel in the normal bundle (or
simply parallel) if DE = 0 holds identically [7]. A surface M is said to have
parallel mean curvature vector field if its mean curvature vector H satisfies
DH =0.

Surfaces for which the mean curvature vector field H is non-zero, (H, H) # 0,
and there exists a unit vector field Hy in the direction of the mean curvature
vector H, such that Hj is parallel in the normal bundle, are called surfaces with
parallel normalized mean curvature vector field [6]. It is easy to see that if M is
a surface with non-zero parallel mean curvature vector field H (i.e. DH = 0),
then M is a surface with parallel normalized mean curvature vector field, but
the converse is not true in general. It is true only for surfaces with || H|| = const.

3 CONSTRUCTION OF MERIDIAN SURFACES
IN PSEUDO-EUCLIDEAN 4-SPACE

Meridian surfaces in the Euclidean 4-space E* we defined in [15] as one-parameter
systems of meridians of the standard rotational hypersurface in E*. The classifi-
cation of meridian surfaces with constant Gauss curvature, with constant mean
curvature, Chen meridian surfaces and meridian surfaces with parallel normal
bundle is given in [15] and [17]. The meridian surfaces in E* with pointwise
1-type Gauss map are classified in [1]. The idea from the Euclidean space is
used in [16], [18], and [19] for the construction of meridian spacelike surfaces
lying on rotational hypersurfaces in E] with timelike, spacelike, or lightlike axis.
The classification of marginally trapped meridian surfaces is given in [16] and
[19]. Meridian surfaces in E{ with pointwise 1-type Gauss map are classified in
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[2]. The classification of meridian surfaces with constant Gauss curvature, with
constant mean curvature, Chen meridian surfaces and meridian surfaces with
parallel normal bundle is given in [18] and [20].

Following the idea from the Euclidean and Minkowski spaces, in [3] and [4]
we constructed Lorentz meridian surfaces in the pseudo-Euclidean 4-space Ej
as one-parameter systems of meridians of rotational hypersurfaces with timelike
or spacelike axis. We gave the classification of quasi-minimal meridian surfaces
and meridian surfaces with constant mean curvature [3]. The classification of
meridian surfaces with parallel mean curvature vector field and the classification
of meridian surfaces with parallel normalized mean curvature vector is given in
[4].

In the present paper we construct Lorentz meridian surfaces in E which are
one-parameter systems of meridians of rotational hypersurfaces with lightlike
axis.

Let Oejegezey be a fixed orthonormal coordinate system in E3, i.e. (e1,e1) =

e+ ey —eg + €4
es,e9) = 1,(e3,e3) = (e4,e4) = —1. We denote & = ———, = —
(e2,€2) (es,e3) = (eq, e4) 3} NG & 7

and consider the pseudo-orthonormal base {ej,es, 1,62} of E5. Note that

(€1,61) =0, (£2,&2) = 0, (§1,&) = —1.

A rotational hypersurface with lightlike axis in E3 can be parametrized by

(w')?

M : Z(u,w', w?) = f(u)w' (coshw?e;+sinh w?es)+(f(u) 5

+g(w)&+f(w)és,

where f = f(u), g = g(u) are smooth functions, defined in an interval I C R
and f(u) >0, uel.
Let w! = w!(v), w? = w?(v), v € J, J C R and consider the surface M,, in
[E5 given by
My, 2 2(u,v) = Z(u,wl(v),wQ(v)), (3.1)

whereu € I, v € J. The surface M,,,, defined by (3.1), is a one-parameter system
of meridians of the rotational hypersurface M. So, we call M,, a meridian
surface on M.

Without loss of generality we can assume that w! = ¢(v), w? = v. Then
the meridian surface M,, is parametrized as follows:

©*(v)

M, i z(u,v) = f(u)(e(v) coshve; + ¢(v)sinhveg + 5

&+ &)+ g(u) &

(3.2)

¢*(v)
2

If we denote I(v) = ¢(v) coshve; + ¢(v) sinhves + &1 + &9, then the para-

metrization (3.2) is written as
Moy = 2(u,v) = fu) l(v) + g(u) &1

Now we shall find the coefficients of the first fundamental form of M,,,. The
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tangent vector fields z, and z, are

2
= f'pcoshve; + f'osinhves + <f,<,02 +g

/> &+ &y
(3.3)

= f(¢coshv + ¢psinhv) ey + f(¢sinhv 4+ @ coshv) es + fop &y,

where ¢ denotes the derivative of ¢ with respect to v. So, the coefficients of the
first fundamental form are

E=-2f(u)g'(u); F=0; G=f*(u)($*(v)—¢°(v)).

Since we are studying Lorentz surfaces, in the case ¢?(v) —p?(v) > 0 we assume
that f/(u)g’(u) > 0; in the case ¢?(v) —¢?(v) < 0 we assume that f'(u)g’(u) < 0.

We shall consider the tangent frame field defined by X = ﬁ’g” Y =
where ¢ = 1 in the case ¢? — p? > 0, f'¢ > 0, and ¢ = —1

2y
FVe(@? =%
in the case p? — p? < 0, f'g’ < 0. Thus we have (X, X) = —¢, (YY) =
(X,Y) =0. Let us choose the following normal frame field:

!

S <npcoshvel + @sinhves + Ni_gfl +§2)

"=y 2f
1
ng = ——— ((¢sinhv + ¢ coshv) e; + (¢ coshv + @sinhv) es + @2 &),
(@ = ¢?)
(3.4)
which satisfies (n1,n1) = €, (na,n2) = —e, (n1,n9) = 0. Taking into account

(3.3), we calculate the second partial derivatives of z(u,v):

2
zuw = f'pcoshver + f’psinhves + (f”(p2 +9”> &1+ " &
2wy = f'(¢coshv + @psinhv)e; + f/(¢sinhv + @ coshv) ez + f/op 1
zow = [ (¢4 ¢)coshv + 2¢sinhv)er + f (¢ + ) sinhv + 2 coshv) es
+f (9% + @) &1

The last equalities together with (3.4) imply

<Z . > f// /_g//f/. <Z n2> _ 0.
uwsy 01 \/W ) uUy 9
<Zuuvn1> = 07 <Zuv7n2> = O’
8 / .. _ 2 .2 + 2
@wmﬁ=—ﬁ/f(¢—¢) (Gvrma) = f LT
e(¢? — ¢?)
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Hence, we obtain
"ot el
h(X,X) = EM ni;
(2ef'g')?
hMX,Y)=0;
1 Jef’ b —2¢% + p?
rY,)Y)=—= 2—f/n1 - s% ng.
f\ 29 f(e(@® = ¢?))2
Now, we shall consider the parametric lines of the meridian surface M,,.
The parametric u-line v = vy = const is given by

62

cu : 2(u) = caf(u)er + cBf(u) es + ( 2

flu) + g(U)) &+ fu) &,

where oo = coshvg, 8 = sinhwvg, ¢ = ¢(vg). So, the unit tangent vector field ¢,
of ¢, is:

1 / ! CQ / / /
tCu:\/W(CCYf er +cBf 63+<2f +g &+ &)
We denote by s the arc-length of ¢, and calculate the derivative

dt, t/c c(f'q' — " F!
e = = ) (corravessens (

c?

2

f/—gl) §1+f/52>~

(f"g' 9" 1)
(2¢f'9')2
v = const the parametric lines ¢, are congruent in E3. These curves are the
E(f”g/ _ g//f/)
meridians of M,,,. We denote Kk, (u) = ————-—.
(2¢f'9')2
Now, we shall consider the parametric v-lines of M,,,. Let u = ug = const
and denote a = f(ug), b = g(up). The corresponding parametric v-line is given

by

Thus we obtain that the curvature of ¢, is . Finally, for each

2
¢y 1 2(v) = ap(v) coshvey + ap(v)sinhves + (a<'02(v) + b) &1+ aés.
The unit tangent vector field ¢., of ¢, is
1 . . o .
te, = ﬁ ((pcoshv 4 psinhv) ey + (psinhv + pcoshv) ez + PP &y) .
ey — ¢

Knowing the tangent vector field ¢., we calculate the curvature s, of ¢, and

.. _ 2 .2 2 . _ 2 .2 2
<pgo-2—<p+2<p§. We denote k(v) = % Then,
a(e(p? — ¢?))2 (e(@* =)z
for each u = ug = const the curvature of the corresponding parametric v-line is

obtain that s, =
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1
expressed as ., = — k(v), where a = f(ug). Actually, k(v) is the curvature of
a

the curve
¥ (v)
c:1=1(v) = p(v)coshves + p(v)sinhves + 5 &+ &o.
Consequently, formulas (3.5) take the form
h(X,X) = kmni;
h(X,Y) = 0;
L o7 ) (3.6)

MY, Y)=—=4]/==n; —e—na.

Y,Y) 7 2g/n1 sfng

It follows from (3.6) that the Gauss curvature K of the meridian surface M,,
is expressed as

Ko hm el

I\ 29

and the mean curvature vector field H is given by

€ 1 [ef! K
H2<l€m+f 2g/>n12fn2.

Without loss of generality we can assume that 2¢f’¢g’ = 1, which implies

_ I

K —. Hence,
f//
K=¢e—, 3.7
7 (3.7)
e(ff"+(f)) K
Now, using (3.4) and (3.6) we obtain that
Vxni = bm X; Y xng = 0;
— 1 Jef’ = K (3.9)
VY’I’Ll = ? 279, Y, VY'I’LQ = —5? Y.
Hence,
Dxnl = 0; DXn2 = O;
Dyn; = 0; Dyng =0, (310)

where D is the normal connection of the surface. The last equalities imply
that the curvature of the normal connection of M,, is zero. So, we obtain the
following statement.
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Proposition 3.1. The meridian surface M,,, defined by (3.2), is a surface
with flat normal connection.

In the next sections we will give the classification of the meridian surfaces
with constant Gauss curvature, with parallel mean curvature vector field and
with parallel normalized mean curvature vector field.

4 MERIDIAN SURFACES WITH CONSTANT
(GAUSS CURVATURE

The study of surfaces with constant Gauss curvature is one of the essential topics
in differential geometry. Surfaces with constant Gauss curvature in Minkowski
space have drawn the interest of many geometers, see for example [14], [21], and
the references therein.

Let M,,, be a meridian surface, defined by (3.2). Then the Gauss curvature
of M,,, depends only on the meridian curve m and is expressed by formula (3.7).
First, we shall describe the meridian surfaces with zero Gauss curvature.

Theorem 4.1. Let M,, be a meridian surface, defined by (3.2). Then M, is
flat if and only if the meridian curve m is given by

g
J) =au+bi glw) = —u+e

where a = const # 0, b = const, ¢ = const. In this case M., is a developable
ruled surface.

Proof. Tt follows from (3.7) that K = 0 if and only if f(u) = au+b, a =
const # 0, b = const. Using that 2¢f'¢’ = 1, we obtain g(u) = Qiu—l—c,
a
¢ = const. Since in this case k,, = 0, then the meridian curve m is part of a
straight line, i.e. M,, lies on a ruled surface. Moreover, it follows from (3.9)
that Vxni; = 0; Vxno = 0, which implies that the normal space is constant at
the points of a fixed straight line, and hence the tangent space is one and the
same at the points of a fixed line. Consequently, M,, is part of a developable

ruled surface.
O

The following theorem describes the meridian surfaces with constant non-
zero Gauss curvature.

Theorem 4.2. Let M,, be a meridian surface, defined by (3.2). Then M,,
has constant non-zero Gauss curvature K if and only if the meridian curve m
s given by

f(u) = acoshveKu+ BsinhveKu, if eK > 0;

f(u) = acosy/—eKu+ Bsiny/—eKu, if K <0, (4.1)
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where « and B are constants, g(u) is defined by ¢'(u) = £

2f"(u)’
Proof. Using that the Gauss curvature is expressed by (3.7), we obtain that
K = const # 0 if and only if the function f(u) satisfies the following differential
equation

£"(u) = K f(u) = 0.

The general solution of this equation is given by (4.1), where o and S are
constants. Since we assume that 2¢ f’¢g’ = 1, then the function g(u) is determined

by ¢'(u) = Qf,g(u)'

O

5) MERIDIAN SURFACES WITH PARALLEL
MEAN CURVATURE VECTOR FIELD

Another basic class of surfaces in Riemannian and pseudo-Riemannian geome-
try are surfaces with parallel mean curvature vector field, since they are critical
points of some functionals and play important role in differential geometry, the
theory of harmonic maps, as well as in physics. The classification of surfaces
with parallel mean curvature vector field in Riemannian space forms was given
by Chen [5] and Yau [23]. Recently, spacelike surfaces with parallel mean cur-
vature vector field in pseudo-Euclidean spaces with arbitrary codimension were
classified in [8] and [9]. The classification of quasi-minimal surfaces with paral-
lel mean curvature vector in Ej is given in [12]. Lorentz surfaces with parallel
mean curvature vector field in arbitrary pseudo-Euclidean space E7* are studied
in [10] and [13]. A nice survey on classical and recent results on submani-
folds with parallel mean curvature vector in Riemannian manifolds as well as in
pseudo-Riemannian manifolds is presented in [11].

In this section we shall describe the meridian surfaces with non-zero parallel
mean curvature vector field, i.e. H # 0 and DH = 0.

Under the assumption 2¢f’¢g’ = 1 the mean curvature vector field H of the
meridian surface M,, is given by formula (3.8). Using that Dxny; = Dyn; =

Dxng=Dyny =0,and X = z,, Y = —————— we get
fVE(@? —¢?)
e (LI U\ RS
DXH:*§ <ff/ n1+2f2 na;
/ (5.1)
DyH = — ~

2NEAFE )

Theorem 5.1. Let M., be a meridian surface, defined by (3.2). Then M,
has parallel mean curvature vector field if and only if the curvature of ¢ is k =0
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and the meridian curve m is determined by f' = ¢(f) where

t2+b
P(t) = ¢ 2: , a=const#0, b= const,
g(u) is defined by ¢'(u) = Qf;c—( 5 In this case M, is a non-flat CMC surface
u

lying in a hyperplane of 3.

Proof. Using formulas (5.1) we get that M., has parallel mean curvature vector
field if and only if the following conditions hold

(ff” + (f’)2>' o
I7 ’
kf = 0; (5.2)

K = 0.

I+ ()2

/

Since f' # 0, the equalities (5.2) imply that x = 0 and = a = const.

If a = 0, then H = 0, i.e. M,, is minimal. Since we consider non-minimal
surfaces, we assume that a # 0. In this case the meridian curve m is determined
by the following differential equation:

"+ (N2 =aff, a = const # 0. (5.3)

The solutions of the last differential equation can be found as follows. Setting
"= &(f) in equation (5.3), we obtain that the function ¢ = ¢(t) is a solution
of the equation

1
d+¥¢=w (5.4)
The general solution of equation (5.4) is given by
t2+b
o(t) = at” + , b= const. (5.5)
2t
In this case, the mean curvature vector field H is given by H = f% ni,

2
and thus (H,H) = % = const. Hence, the surface M,, is a CMC surface.

Moreover, since k = 0, from (3.9) it follows that Vxna = 0, Vyng = 0. Hence,
M, lies in a 3-dimensional constant hyperplane parallel to span{X,Y,n;}. The
Gauss curvature K # 0, so M., is a non-flat CMC surface lying in a hyperplane
of Ej.

Conversely, if the meridian curve m is determined by (5.5), then by direct
computation we get that Dx H = Dy H = 0, i.e. the surface has parallel mean

curvature vector field.
]
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Theorem 5.1 shows that each meridian surface with parallel mean curvature
vector field is a CMC surface and lies in a hyperplane of E3. So, we have the
following result.

Corollary 5.2. There are no Lorentz meridian surfaces with parallel mean

curvature vector field other than CMC surfaces lying in a hyperplane of Ej.

Remark. The same result holds true for meridian surfaces lying on rotational
hypersurfaces with spacelike or timelike axis [4].

§) MERIDIAN SURFACES WITH PARALLEL
NORMALIZED MEAN CURVATURE VECTOR
FIELD

The class of surfaces with parallel mean curvature vector field is naturally ex-
tended to the class of surfaces with parallel normalized mean curvature vector
field. A submanifold in a Riemannian manifold is said to have parallel nor-
malized mean curvature vector field if the mean curvature vector is non-zero
and the unit vector in the direction of the mean curvature vector is parallel in
the normal bundle [6]. It is well known that submanifolds with non-zero paral-
lel mean curvature vector field have parallel normalized mean curvature vector
field. But the condition to have parallel normalized mean curvature vector field
is much weaker than the condition to have parallel mean curvature vector field.
For example, every surface in the Euclidean 3-space has parallel normalized
mean curvature vector field but in the 4-dimensional Euclidean space, there
exist abundant examples of surfaces which lie fully in E* with parallel normal-
ized mean curvature vector field, but not with parallel mean curvature vector
field. In the pseudo-Euclidean space with neutral metric E3 the study of Lorentz
surfaces with parallel normalized mean curvature vector field, but not parallel
mean curvature vector field, is still an open problem.

In this section we give the classification of all meridian surfaces which have
parallel normalized mean curvature vector field but not parallel H.

Let M, be a meridian surface, defined by (3.2). The mean curvature vector
field H is given by formula (3.8). We assume that (H,H) # 0, i.e. (ff" +
(f/)2)2 _ K',2f12 ?é 0.

If kK = 0, then the normalized mean curvature vector field is Hy = n; and in
view of (3.10) we have DxHy = Dy Hy = 0, i.e. Hy is parallel in the normal
bundle. We consider this case as trivial, since under the assumption x = 0
the surface M,, lies in a 3-dimensional hyperplane of E5 and every surface in
3-dimensional space has parallel normalized mean curvature vector field. So,
further we assume that x # 0.

A unit normal vector field in the direction of H is

N (f’;z)z =277 (P74 () ma A+ rf o). (6.1)

Hy =
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For simplicity we denote

—(f"+ (%) _ —rf’

VI + ()22 = R22] VI + ()22 = R22]

so, the normalized mean curvature vector field is expressed as Hy = Ani+ B ns.
Then from equalities (6.1) and (3.10) we get

DxHy = X(A)n; + X(B) ne;

DyHo = Y(A) ny + Y(B) Nna. (62)
Theorem 6.1. Let M., be a meridian surface, defined by (3.2). Then M,, has
parallel normalized mean curvature vector field but not parallel mean curvature
vector if and only if one of the following cases holds:
(i) k # 0 and the meridian curve m is defined by

2 .
flu) =+vau+b, glu)= @(au +b)% +e,
where a = const # 0, b = const, ¢ = const.
(i) k = const # 0 and the meridian curve m is determined by f' =

o(f) where

t+b
¢(t)zct+ . c=const #0, ¢ # K% b= const,

€

s d d by ¢'(u) = ——.

g(u) is defined by g'(u) 27w
Proof. Let M,, be a surface with parallel normalized mean curvature vector
field, i.e. DxHp =0, Dy Hy = 0. Then from (6.2) it follows that A = const,

B = const. Hence,

SUSHUP)

I+ (TP =] |
v (6.3)

= 8 = const.

VIFI= (PP = w27

We have the following two cases.
Case (i): ff” + (f')? = 0. In this case, from (3.8) we get that the mean
curvature vector field is H = —2i no and the normalized mean curvature vector

field is Hy = ny. Since we study surfaces with (H, H) # 0, we get x # 0. The
solution of the differential equation ff” + (f')? = 0 is given by the formula

f(u) = vau + b, where a = const # 0, b = const. Using that ¢'(u) = ijs( }
u
2 :
we obtain g(u) = 3?((Jm +b)% + ¢, where ¢ = const.
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Case (i): ff”+(f')*> # 0 in an interval I € I C R. Then, from (6.3) we get

" 7\2
CHNI F AR C N ) (6.4)
B f
Since the left-hand side of equality (6.4) is a function of v, the right-hand side
of (6.4) is a function of u, we obtain that

" 7\2
ff—;,(f):c, ¢ = const # 0;
_ B
k= =c.
«
2,2
In this case we have (H,H) = €(C4f21{) Since we study surfaces with

(H,H) # 0, we get ¢ # k?. The meridian curve m is determined by the
following differential equation:

FI"+ ()2 =cf" (6.5)

Setting ' = ¢(f) in equation (6.5), we obtain that the function ¢ = ¢(t)
satisfies

1 c
/ 2.t
o+ o=1,
t+b
whose general solution is ¢(t) = ¢ :_ , b= const.

Conversely, if one of the cases (i) or (ii) stated in the theorem holds true,
then by direct computation we get that Dx Hy = Dy Hy = 0, i.e. the surface
has parallel normalized mean curvature vector field. Moreover, in case (i) we

have
! i

kf K
DxH = —ny; DyH = —
ST YEN A )
which implies that H is not parallel in the normal bundle, since x # 0, f’ # 0.
In case (ii) we get

na,

ecf’ kf!
DxH = 2f2 nl—l—ﬁng; Dy H =0,
and again we have that H is not parallel in the normal bundle. O

Remark. Theorem 6.1 gives examples of Lorentz surfaces in the pseudo-
Euclidean space E3 which have parallel normalized mean curvature vector field
but not parallel mean curvature vector field.
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