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1 Introduction

A gauge invariant theory which unifies the gravity and the electromagnetic fields
was first introduced by Weyl in 1918 [13]. For physical reasons, his theory was
not accepted but it remained both as a part of physics and mathematics. Weyl
manifold is a differentiable manifold with a torsion free connection which is
non-metric.

In 1924, Friedmann and Schouten introduced a semi-symmetric linear con-
nection in a differentiable manifold [4]. After that, in 1932, Hayden introduced
the notion of metric connection with torsion in a Riemannian manifold [6].
Moreover, Yano studied semi-symmetric metric connection in a Riemannian
manifold and obtained a result about conformally flatness [14].

The notion of semi symmetric connection was generalized to quarter sym-
metric connection by Golab in 1975 [5]. There are many papers about quarter
symmetric connection not only in Riemannian manifolds but also in Hermitian,
Kähler, Kenmotsu manifolds (see Mishra and Pandey [9], Dwivedi [3], Pusic
[12], Yano and Imai [15]).

In this work, we consider a quarter symmetric connection on Kähler Weyl
manifolds and almost contact Weyl manifolds and examine the properties of
this connection.

2 Preliminaries

A Weyl manifold is a differentiable manifold M of dimension n with a confor-
mal metric tensor g and a symmetric connection D which satisfies, called the
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compatibility condition,
Dkgij = 2ωkgij , (2.1)

where ω is a 1-form. Such a Weyl manifold is denoted by Mn(g, ω). If ω is a
closed form, Mn(g, ω) is conformal to a Riemannian manifold.

Under the conformal change of the metric tensor g,

ğij = λ2gij , λ > 0, (2.2)

the 1-form ω changes by the law

ω̆k = ωk +Dk lnλ. (2.3)

A quantity S is called a satellite of g with weight r if it admits a transfor-
mation of the form

S̆ = λrS, (2.4)

under the change (2.2) of the metric tensor g.
The prolonged (extended) covariant derivative of a satellite S of weight r is

defined by
ḊkS = DkS − rwkS, (2.5)

from which it follows that Ḋkgij = 0 (see [16], [7], [10]).
It is easy to see from (2.1) that

Γi
kl =

{
i

kl

}
− gim(gmkωl + gmlωk − gklωm), (2.6)

where Γi
jk are the coefficients of the Weyl connection D and

{
i
kl

}
are the con-

nection coefficients of the Levi-Civita connection.
The mixed curvature tensor, the covariant curvature tensor, the Ricci tensor

and the scalar curvature for Mn(g, ω) are respectively given by [11]:

vjW p
jkl = (DkDl −DlDk)vp, (2.7)

Whjkl = ghpW
p
jkl, (2.8)

Wij = W p
ijp = ghkWhijk, (2.9)

s = gijWij . (2.10)

By considering (2.7), the explicit form of the mixed curvature tensor W p
jkl for

Mn(g, ω) is
W p

jkl = ∂kΓp
jl − ∂lΓ

p
jk + Γp

hkΓh
jl − Γp

hlΓ
h
jk. (2.11)

The mixed curvature tensor, the covariant curvature tensor and the Ricci
tensor of Mn(g, ω) satisfy the following properties [11]:

Wijkl +Wijlk = 0, W i
ikl = n(Dlωk −Dkωl) = 2nD[lωk], (2.12)

Wijkl +Wjikl = 4gijD[lωk], W[ij] = nD[iωj]. (2.13)
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Let N be an n-dimensional Riemannian manifold endowed with a linear
connection ∇. Then ∇ is said to be quarter symmetric if the torsion tensor T i

jk

of ∇ satisfies
T i
jk = pjA

i
k − pkAi

j , (2.14)

where pk is a 1-form and Aj
i is any (1, 1) tensor field. If Ajk is defined as

Ai
jgjk = Ajk, then

Ajk = Ujk + Vjk, (2.15)

where Ujk and Vjk are respectively symmetric and anti symmetric part of Ajk

[15].

3 Kähler Weyl Manifolds

A Weyl manifold of dimension 2n is called Kähler Weyl if

F i
jF

h
i = −δhj , (3.1)

F t
jF

s
i gts = gji, (3.2)

and
ḊjF

k
i = 0, ∀i, j, k, (3.3)

where F j
i is a (1, 1) tensor field of weight zero and called an almost com-

plex structure, gij is Hermitian metric. Such a manifold will be denoted by
KM2n(g, ω) [2].

The (0, 2) tensor field Fij of weight 2 and (2, 0) tensor field F ij of weight
−2 are, respectively, given by

Fij = F k
i gkj = −Fji (3.4)

and
F ij = F j

kg
ik = −F ji. (3.5)

The contraction of (3.4) on the indices k and i gives F i
i = 0.

Suppose that a Kähler Weyl manifold admits a quarter symmetric linear
connection D̄ with the torsion tensor T̄ and satisfies the following compatibility
condition

D̄kgij = 2ωkgij . (3.6)

If we take Ujk = gjk and Vjk = Fjk in (2.15), then we find that Ak
i = δki + F k

i .
Therefore, the torsion tensor T̄ takes the form

T̄ i
jk = pj

(
δik + F i

k

)
− pk

(
δij + F i

j

)
. (3.7)

We note that the 1-form pk is of zero weight.

Theorem 3.1. On every Kähler Weyl manifold there exists a unique quarter
symmetric linear connection associated to every 1-form p and (1, 1) tensor field
F .
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Proof. Assume that the relation between Γ̄j
mk and Γj

mk is given by

Γ̄j
mk = Γj

mk + U j
mk, (3.8)

where Γ̄j
mk and Γj

mk are respectively the coefficients of D̄ and D, and U j
mk is

any (1, 2) tensor field. Then from (2.1), (3.6) and (3.8), we find that

Uh
ikghj + Uh

jkghi = 0. (3.9)

After permuting the indices i, j and k in the above equation cyclicly and using
some algebraic operations, we obtain

(Uh
ik + Uh

ki)ghj = (Uh
ij − Uh

ji)ghk + (Uh
kj − Uh

jk)ghi

= T̄h
ijghk + T̄h

kjghi. (3.10)

From (3.7) and after some simplifications, we have

U t
ik + U t

ki = pi
(
δtk − F t

k

)
+ pk

(
δti − F t

i

)
− 2ptgik, (3.11)

where pt = pkg
tk. Since T̄ t

ik = U t
ik −U t

ki, by considering the above equation, we
obtain

U t
ik = piδ

t
k − pkF t

i − ptgik. (3.12)

Hence, we find that Γ̄j
mk = Γj

mk + pmδ
j
k − pkF j

m − pjgmk which completes the
proof.

The mixed curvature tensor W̄ i
jkl for D̄ is given by

W̄ i
jkl = ∂kΓ̄i

jl − ∂lΓ̄i
jk + Γ̄m

jl Γ̄
i
mk − Γ̄m

jkΓ̄i
mk. (3.13)

Hence, by considering the definition of Γ̄i
jl and after a long straightforward

calculations, we obtain

W̄ i
jkl = W i

jkl + δilαjk − δikαjl + gjkg
itαtl − gjlgitαtk − 2F i

j Ḋ[kpl]

+ pi (Fjkpl − Fjlpk) + pj
(
F i
kpl − F i

l pk
)
, (3.14)

where αjk = Ḋkpj − pjpk + Fm
j pmpk +

1

2
gjkp

mpm.

Therefore, the covariant curvature tensor W̄ijkl, the Ricci tensor W̄jk and
the scalar curvature s̄ are respectively given by

W̄ijkl = Wijkl + gilαjk − gikαjl + gjkαil − gjlαik + 2FijḊ[kpl]

+ pi (Fjkpl − Fjlpk) + pj (Filpk − Fikpl) , (3.15)

W̄jk = Wjk + (n− 2)αjk + gjkg
ilαil − gjlαik + 2gilFijḊ[kpl]

+ Fjkplp
l − Fjlp

lpk − Flkp
lpj , (3.16)

and
s̄ = s+ 2(n− 1)gjkαjk + 2F lkḊ[kpl]. (3.17)
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Proposition 3.2. The mixed curvature tensor W̄ i
ikl and the covariant curva-

ture tensor W̄ijkl of a Kähler Weyl manifold with a quarter symmetric linear
connection satisfy the following relations:

(i) W̄ijkl + W̄ijlk = 0

(ii) W̄ijkl + W̄jikl = 4gijD[lωk]

(iii) W̄ i
ikl = W i

ikl = 2nD[lωk].

Proof. (i) The covariant curvature tensor W̄ijkl of a Kähler Weyl manifold
endowed with a quarter symmetric linear connection D̄ is given by (3.15). By
changing the indices k and l and then taking the sum of the equations obtained
gives W̄ijkl + W̄ijlk = Wijkl +Wijlk = 0.

(ii) Similarly, if we change the indices k and l in (3.15) and sum up the
obtained equations, then we get W̄ijkl + W̄jikl = Wijkl +Wjikl = 4gijD[lωk].

(iii) Since F i
i = 0, the result follows easily from (3.14).

Theorem 3.3. If the curvature tensor of a Kähler Weyl manifold with a quarter
symmetric linear connection vanishes and the 1-form pk is locally a gradient,
then the connection reduces to the Weyl connection.

Proof. If W̄ijkl = 0 and the 1-form pk is locally a gradient, then (3.15) takes
the form

Wijkl = −gilαjk + gikαjl − gjkαil + gjlαik

− pi (Fjkpl − Fjlpk)− pj (Filpk − Fikpl) . (3.18)

If we permute the indices j, k and l in (3.18) cyclicly, then we obtain two
more equations. Now, by taking the sum of the three equations and taking into
account of the 1st Bianchi Identity for Weyl manifolds, we obtain

0 = gilα[jk] + gijα[kl] + gikα[lj] + Fjkpipl + Fklpipj + Fljpipk. (3.19)

By contracting the above equation with F jlgik, we get for n 6= 2

F jlα[jl] = −pkpk. (3.20)

Since α[jl] =
1

2
(Fjmp

mpl − Flmp
mpj),

−pkpk =
1

2
F jl (Fjmp

mpl − Flmp
mpj)

=
1

2

(
δlmp

mpl + δjmp
mpj

)
= pkpk, (3.21)

from which we find that pk = 0 for positive definite metric tensors belonging
to the conformal class. Now since pk = 0, Γ̄j

mk = Γj
mk + pmδ

j
k − pkF j

m − pjgmk

takes the form Γ̄j
mk = Γj

mk which completes the proof.
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4 Almost Contact Weyl Manifolds

Let M2n+1 be a differentiable manifold of dimension 2n+ 1. An almost contact
structure (φ, ξ, η) on M2n+1 is a triple satisfying the following relations

φjiφ
k
j = −δki + ηiξ

k, (4.1)

ηiξ
i = 1, (4.2)

φji ξ
i = 0, (4.3)

ηiφ
i
j = 0, (4.4)

where φji is a tensor field of type (1, 1), ξi is a vector field and ηi is a 1-form.
Moreover, if there is given a Riemannian metric gij such that

gijφ
i
tφ

j
s = gts − ηtηs, (4.5)

gijξ
j = ηi, (4.6)

then (φ, ξ, η, g) is called an almost contact metric structure on M . A differen-
tiable manifold M2n+1 with almost contact metric structure (φ, ξ, η, g) is called
almost contact metric manifold [1].

It is easy to see that the tensor φij , which is defined by φki gjk = φij , is anti

symmetric and contraction of φji gives φii = 0.
It follows immediately from the equations (4.1), (4.2) and (4.5) that the

(1, 1) tensor field φji , the 1-form ηi and the vector field ξi are weight of 0, 1
and −1, respectively.

LetM2n+1(g, ω) be a Weyl manifold with the connectionD. ThenM2n+1(g, ω)
has an almost contact structure if the following conditions are satisfied in addi-
tion to the conditions (4.1)-(4.6) [8]:

Ḋkgij = 0, Ḋkφ
j
i = 0, Ḋkηi = 0, Ḋkξ

i = 0. (4.7)

Such a manifold is called almost contact Weyl manifold and will be denoted by
ACM2n+1(g, ω).

Now, we consider the manifold ACM2n+1(g, ω) with a quarter symmetric

linear connection D̃ and the torsion tensor T̃ is of the form

T̃ i
jk = qjφ

i
k − qkφij , (4.8)

where the (1, 1) tensor field Aj
i = φji and the 1-form qj = fηj , where f is any

function of weight −1. Here, we also have

D̃kgij = 2ωkgij . (4.9)

Theorem 4.1. On every almost contact Weyl manifold there exists a unique
quarter symmetric linear connection associated to every 1-form q and (1, 1)
tensor field φ.
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Proof. Suppose that the relation between Γ̃j
mk and Γj

mk be

Γ̃j
mk = Γj

mk + U j
mk, (4.10)

where Γ̃j
mk and Γj

mk are the coefficients of the connections D̃ and D, respectively

and U j
mk is any tensor field of type (1, 2).

From (2.1), (4.9) and (4.10) we have

Uh
ikghj + Uh

jkghi = 0. (4.11)

Permuting cyclicly the indices i, j, k and after some modifications, we obtain

(Uh
ik + Uh

ki)ghj = (Uh
ij − Uh

ji)ghk + (Uh
kj − Uh

jk)ghi

= T̃h
ijghk + T̃h

kjghi (4.12)

Using the definition of T̃h
ij and after straightforward calculations, we find that

(Uh
ik + Uh

ki)ghj = −qiφkj − qkφij . (4.13)

Multiplying the last equation by gjt, we have

U t
ik + U t

ki = −qiφtk − qkφti. (4.14)

We conclude from the above equation that

T̃h
ij = U t

ik − U t
ki = qiφ

t
k − qkφti. (4.15)

Hence, we obtain
U t
ik = −qkφti, (4.16)

and therefore
Γ̃j
mk = Γj

mk − qkφ
j
m. (4.17)

The mixed curvature tensor for an almost contact Weyl manifold endowed
with a quarter symmetric linear connection D̃ is of the form

W̃ i
jkl = ∂kΓ̃i

jl − ∂lΓ̃i
jk + Γ̃m

jl Γ̃
i
mk − Γ̃m

jkΓ̃i
mk. (4.18)

By using (4.17) and (4.18) we have

W̃ i
jkl = ∂k

(
Γi
jl − qlφij

)
− ∂l

(
Γi
jk − qkφik

)
+

(
Γm
jl − qlφmj

) (
Γi
mk − qkφim

)
−
(
Γm
jk − qkφmj

) (
Γi
ml − qlφim

)
= W i

jkl − ∂k
(
qlφ

i
j

)
+ ∂l

(
qkφ

i
j

)
− qkΓm

jlφ
i
m − qlΓi

mkφ
m
j

+ qlqkφ
m
j φ

i
m + qlΓ

m
jkφ

i
m + qkΓi

mlφ
m
j − qkqlφmj φim (4.19)
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After some simplifications we obtain

W̃ i
jkl = W i

jkl + φij (∂lqk − ∂kql) + qk
(
∂lφ

i
j − Γm

jlφ
i
m + Γi

mlφ
m
j

)
− ql

(
∂kφ

i
j − Γm

jkφ
i
m + Γi

mkφ
m
j

)
. (4.20)

If we use the definition of prolonged covariant derivative for φij and ηk, then
we get

W̃ i
jkl = W i

jkl + φij

(
Ḋlqk − Ḋkql

)
+ qkḊlφ

i
j − qlḊkφ

i
j . (4.21)

Since Ḋlφ
i
j = 0, we find that

W̃ i
jkl = W i

jkl + φij

(
Ḋlqk − Ḋkql

)
. (4.22)

From (4.22), the covariant curvature tensor W̃ijkl is given by

W̃ijkl = Wijkl + 2φjiḊ[l
q
k]
, (4.23)

where Ḋ
[l
q
k]

is anti symmetric part of Ḋ
l
q
k
.

Contracting the tensor W̃ i
jkl with respect to i and l and using the fact that

ηiφ
i
j = 0, gives us

W̃jk = Wjk + φijḊiqk. (4.24)

Theorem 4.2. For an almost contact Weyl manifold with a quarter symmetric
linear connection, we have

s̃ = s, (4.25)

where s̃ and s are scalar curvature of the manifold with respect to the connections
D̃ and D, respectively.

Proof. Multiplying (4.24) by gjk and using the identity ξjφij = 0 gives

s̃ = s+ Ḋi

(
qkg

jkφij
)

= s+ Ḋi

(
fηkg

jkφij
)

= s+ Ḋi

(
fξjφij

)
= s.

Theorem 4.3. On an almost contact Weyl manifold with a quarter symmetric
linear connection, if the 1-form q is locally a gradient, then

W̃ i
jkl = W i

jkl,

W̃jk = Wjk.

Proof. The proof is immediate from (4.22).
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Proposition 4.4. On an almost contact Weyl manifold with a quarter sym-
metric connection, the following relations hold:

(i) W̃ijkl + W̃ijlk = 0

(ii) W̃ijkl + W̃jikl =
4

n
gijW[lk]

(iii) W̃ i
ikl = 2nD[lωk]

(iv) W̃klij + W̃kijl + W̃kjli = 2
(
φklḊ[i

q
j]

+ φkiḊ[j
q
l]

+ φkjḊ[l
q
i]

)
Proof. (i). Changing the indices k and l in (4.23) yields

W̃ijlk = Wijlk − 2φji∇̇[l
q
k]
. (4.26)

By adding (4.23) to (4.26) we obtain the result.
(ii). Similar to proof (i).
(iii). Contracting (4.22) with respect to i and j yields

W̃ i
ikl = W i

ikl + φii

(
Ḋlqk − Ḋkql

)
. (4.27)

Since φii = 0, we find that

W̃ i
ikl = W i

ikl = 2nD[lωk]. (4.28)

(iv). Using the 1st Bianchi Identity

Wklij +Wkijl +Wkjli = 0, (4.29)

and after the straightforward calculations, we get the result.
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[4] Friedmann, A., Schouten, J. A., Überdie geometric der holbsymmetricschen
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