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1 INTRODUCTION

A gauge invariant theory which unifies the gravity and the electromagnetic fields
was first introduced by Weyl in 1918 [13]. For physical reasons, his theory was
not accepted but it remained both as a part of physics and mathematics. Weyl
manifold is a differentiable manifold with a torsion free connection which is
non-metric.

In 1924, Friedmann and Schouten introduced a semi-symmetric linear con-
nection in a differentiable manifold [4]. After that, in 1932, Hayden introduced
the notion of metric connection with torsion in a Riemannian manifold [6].
Moreover, Yano studied semi-symmetric metric connection in a Riemannian
manifold and obtained a result about conformally flatness [14].

The notion of semi symmetric connection was generalized to quarter sym-
metric connection by Golab in 1975 [5]. There are many papers about quarter
symmetric connection not only in Riemannian manifolds but also in Hermitian,
Kéhler, Kenmotsu manifolds (see Mishra and Pandey [9], Dwivedi [3], Pusic
[12], Yano and Imai [15]).

In this work, we consider a quarter symmetric connection on Kéahler Weyl
manifolds and almost contact Weyl manifolds and examine the properties of
this connection.

2 PRELIMINARIES

A Weyl manifold is a differentiable manifold M of dimension n with a confor-
mal metric tensor g and a symmetric connection D which satisfies, called the

195



compatibility condition,

Dygij = 2wigij, (2.1)
where w is a 1-form. Such a Weyl manifold is denoted by M, (g,w). If w is a
closed form, M, (g,w) is conformal to a Riemannian manifold.

Under the conformal change of the metric tensor g,
Gij = Ngij, A>0, (2.2)
the 1-form w changes by the law
W = wg + Di In . (2.3)

A quantity S is called a satellite of g with weight r if it admits a transfor-
mation of the form
S =A"S, (2.4)

under the change (2.2) of the metric tensor g.

The prolonged (extended) covariant derivative of a satellite S of weight r is
defined by .
DS = DS — rwgS, (2.5)

from which it follows that Dyg;; = 0 (see [16], [7], [10]).
It is easy to see from (2.1) that

k= { ki } — 9™ (Gmk Wi + Gtk — Grim), (2.6)

where I‘;k are the coefficients of the Weyl connection D and { k’l} are the con-
nection coefficients of the Levi-Civita connection.

The mixed curvature tensor, the covariant curvature tensor, the Ricci tensor
and the scalar curvature for M,,(g,w) are respectively given by [11]:

VWi, = (DpDy — DiDy)o?, (2.7)
Whikt = 9npWi (2.8)
Wi = WE =g" Wi, (2.9)

s = gIyWi. (2.10)

By considering (2.7), the explicit form of the mixed curvature tensor W, for
M, (gv w) is
Wh, = oIh — oI, + T, T —Th I (2.11)

The mixed curvature tensor, the covariant curvature tensor and the Ricci
tensor of M, (g,w) satisfy the following properties [11]:

Wikt + Wi = 0, Wiy = n(Dwyi — Dywy) = 20Dy, (2.12)
Wikt + Wi = 4gijD[lwk], W[ij] = nD[iwj]. (2.13)

196



Let N be an n-dimensional Riemannian manifold endowed with a linear
connection V. Then V is said to be quarter symmetric if the torsion tensor 77
of V satisfies

T} = pj Al — prAj, (2.14)
where py is a 1-form and Al is any (1,1) tensor field. If Ajj is defined as
A;-gjk = Ajk-, then

Ajr = Uk + Vi, (2.15)

where Uj, and Vj;, are respectively symmetric and anti symmetric part of Ay
[15].

3 KAHLER WEYL MANIFOLDS

A Weyl manifold of dimension 2n is called Kéhler Weyl if

[ nl h
FiFr = s, (3.1)
F{F} gis = gjis (3.2)
and '
D;FF =0, Vijk, (3.3)

where sz is a (1,1) tensor field of weight zero and called an almost com-
plex structure, g;; is Hermitian metric. Such a manifold will be denoted by
K Ms,(g,w) [2]. -

The (0,2) tensor field F;; of weight 2 and (2,0) tensor field F*/ of weight
—2 are, respectively, given by

Fij = Ffgi; = —Fj; (3.4)
F = Flg* = —FJi, (3.5)

The contraction of (3.4) on the indices k and i gives F} = 0.

Suppose that a Kéhler Weyl manifold admits a quarter symmetric linear
connection D with the torsion tensor T' and satisfies the following compatibility
condition

Drgij = 2wigij. (3.6)
If we take Uji, = g;r and Vi = Fji in (2.15), then we find that Af = 6f + Fik.
Therefore, the torsion tensor T takes the form
Th. = p; (6, + F) —pi (65 + F)) . (3.7)
We note that the 1-form py is of zero weight.

Theorem 3.1. On every Kdahler Weyl manifold there exists a unique quarter
symmetric linear connection associated to every 1-form p and (1,1) tensor field
F.
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Proof. Assume that the relation between fink and Fan is given by
Lo = Dot + Une (3.8)

where f‘fnk and ank are respectively the coefficients of D and D, and ngk is
any (1,2) tensor field. Then from (2.1), (3.6) and (3.8), we find that

Uligns + Ujigni = 0. (3.9)

After permuting the indices 4, j and k in the above equation cyclicly and using
some algebraic operations, we obtain

= Tl gnk + T gni- (3.10)
From (3.7) and after some simplifications, we have
Uik + Uks = pi (0 = Fx) + i (67 = FY) = 20" gi, (3.11)

where pt = pygt*. Since TY, = U}, — U}, by considering the above equation, we
obtain

Ul = pi6i — i F} — p' g (3.12)
Hence, we find that T/ . = T7 .+ p,,0, — pxFJ, — p’ gy which completes the
proof. O

The mixed curvature tensor W;kl for D is given by
W;kl == ak:f‘;‘l _ alf;k + f‘;-rlliink - f%iink. (313)

Hence, by considering the definition of f§z and after a long straightforward
calculations, we obtain

Whi = Wi+ 6l — hag+ ging™ on — gjg" o — 2F Doy
+ p' (Fjepi — Fjpr) + pj (Fipe — Fipr) (3.14)

1
§gjkpmpm-

Therefore, the covariant curvature tensor W;;y, the Ricci tensor Wy, and
the scalar curvature § are respectively given by

where o, = kaj = pipk + F"Dmpr +

Wikt = Wijki + gujr — gkt + gjpil — gjiik + 2FijD[kpl]
+  pi (Fjepr — Fyipe) + pj (Fupe — Faepr) (3.15)
Wi = Wi+ (n—2)aj,+ gjkg" au — gjicir + QQilFijD[lcpl]
+  Fupp' — Fup'pr — Fup'pj, (3.16)
and _ )
§=s+2(n—1)g%a; +2F%Dypy. (3.17)
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Proposition 3.2. The mized curvature tensor V_[/iikl and the covariant curva-
ture tensor Wijr of a Kdahler Weyl manifold with a quarter symmetric linear
connection satisfy the following relations:

(i) Wijk + Wijie = 0

(1) Wijii + Wi = 4gi; Dywy

(iti) Wiy = Wi, = 2nDywy.
Proof. (i) The covariant curvature tensor Wij of a Kéhler Weyl manifold
endowed with a quarter symmetric linear connection D is given by (3.15). By
changing the indices k and [ and then taking the sum of the equations obtained
gives Wijrr + Wik = Wijr + Wijie = 0.

(43) Similarly, if we change the indices k£ and [ in (3.15) and sum up the

obtained equations, then we get Wik + Wit = Wi + Wik = 4gi; Dywy)-
(ii7) Since F! = 0, the result follows easily from (3.14). O

Theorem 3.3. If the curvature tensor of a Kihler Weyl manifold with a quarter
symmetric linear connection vanishes and the 1-form py is locally a gradient,
then the connection reduces to the Weyl connection.

Proof. If W;jr = 0 and the 1-form py is locally a gradient, then (3.15) takes
the form

Wikt = —guQjk + gik0i — gjkQi + GjiQik
- pi (Fjrpr — Fypr) — pi (Fupk — Faepr) - (3.18)

If we permute the indices j, k and [ in (3.18) cyclicly, then we obtain two
more equations. Now, by taking the sum of the three equations and taking into
account of the 1% Bianchi Identity for Weyl manifolds, we obtain

0 = guapr + gijapy + giwopy) + Fijepipr + Frupipj + Fijpipk. (3.19)

By contracting the above equation with F7g"* we get for n # 2

Fjloz[jl] = —pkpk. (320)
. 1 m m
Since apj;) = 3 (Fjmp"p1 — Fimp™'py),
k 1 5l m m
—P Pk = §F (F]mp b — E7rbp pj)
1 m ) m
= 5 (PP + 500"p))
= Prpr, (3.21)

from which we find that p; = 0 for positive definite metric tensors belonging
to the conformal class. Now since py =0, IV, =T7 . + p 6l — piF2, — p/ gk
takes the form IV , =T which completes the proof. O
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4 ALMOST CoNTACT WEYL MANIFOLDS

Let Ms,41 be a differentiable manifold of dimension 2n + 1. An almost contact
structure (¢,&,n) on Ma, 1 is a triple satisfying the following relations

glof = —oF +mich, (4.1)
pl¢ = 0, (4.3)
me; = 0, (4.4)

where d){ is a tensor field of type (1,1), £ is a vector field and 7; is a 1-form.
Moreover, if there is given a Riemannian metric g;; such that

gijfi)iéﬁi = Gts — NtNs, (4.5)
gijﬁj = N (4-6)

then (¢,&,1n,g) is called an almost contact metric structure on M. A differen-
tiable manifold Ms,,11 with almost contact metric structure (¢, &, 7, g) is called
almost contact metric manifold [1].

It is easy to see that the tensor ¢;;, which is defined by qbfgjk = ¢yj, is anti
symmetric and contraction of gbg gives ¢! = 0.

It follows immediately from the equations (4.1), (4.2) and (4.5) that the
(1,1) tensor field ¢ , the 1-form 7; and the vector field ¢¢ are weight of 0, 1
and —1, respectively.

Let Ms,11(g, w) be a Weyl manifold with the connection D. Then Ma,,+1(g,w)
has an almost contact structure if the following conditions are satisfied in addi-
tion to the conditions (4.1)-(4.6) [8]:

Drgij =0, Dy¢l =0, Din; =0, Dy&' =0. (4.7)

Such a manifold is called almost contact Weyl manifold and will be denoted by
ACMazp41(9,w).

Now, we consider the manifold ACMs,+1(g,w) with a quarter symmetric
linear connection D and the torsion tensor T is of the form

Tie = 40} — 19} (4.8)

where the (1,1) tensor field Ag = ¢g and the 1-form ¢; = fn;, where f is any
function of weight —1. Here, we also have

Ekgij = 2wk Gij- (4.9)

Theorem 4.1. On every almost contact Weyl manifold there exists a unique
quarter symmetric linear connection associated to every 1-form q and (1,1)
tensor field ¢.

200



Proof. Suppose that the relation between l:ink and Fan be
v, =1, +U,, (4.10)

where ffn i and an . are the coefficients of the connections D and D, respectively

and U}, is any tensor field of type (1,2).
From (2.1), (4.9) and (4.10) we have

Ub.gnj + Ujpgni = 0. (4.11)
Permuting cyclicly the indices i, j, k and after some modifications, we obtain

Uik +Uidgn = (U5 = Ui)gne + (U — Uji)gns
= Tg‘ghk + T]?jghi (412)

Using the definition of i’; and after straightforward calculations, we find that
(U, + Ul ghs = —@iPrj — ardbis- (4.13)

Multiplying the last equation by g7*, we have
Ulp + Upi = =i}, — qidi- (4.14)

We conclude from the above equation that

Tl = Ul — Uly = 4:6h, — a9} (4.15)
Hence, we obtain
Ul = @195, (4.16)
and therefore - ‘ .
Lok = Thok — - (4.17)
O

The mixed curvature tensor for an almost contact Weyl manifold endowed
with a quarter symmetric linear connection D is of the form

W;kl = 3kf§z - alfg'k + fﬁffnk - f?}cfink' (4.18)

By using (4.17) and (4.18) we have

O (T% — @) — O (Tl — andi)

+ (T3 = @87") Tk = i) = (Tt = 660") (Tt = @1
W;kl — Ok (CH¢§-) + 0 (Qk¢§-) - qkfﬁ¢% - eri,@k¢;"

+ Q@] Ol + Al + Gl — e b, (4.19)

i
gkl
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After some simplifications we obtain

;kl = W;kl + ¢§' (O1qr — Okaqt) + Qi (8@; - F}?Qﬁn + Finz(?}ﬁ)
@ (Okds — Tidn, + Thp @) - (4.20)

If we use the definition of prolonged covariant derivative for (bé» and 7y, then
we get

WN/;M = Wjikl + ¢§‘ (Dle - Dle) + Qle¢§ - Qle¢§‘- (4.21)

Since Duj)é- = 0, we find that
W;kl = W;kl + ¢§* (Dle - Dle) . (4.22)

From (4.22), the covariant curvature tensor Wijkl is given by

Wikt = Wij + 265D 4, (4.23)
where D[l q,, is anti symmetﬂr{ic part of Dl q,-
Contracting the tensor W}kl with respect to i and [ and using the fact that
niqb; =0, gives us
ij = ij + (ZS;DZ(]]Q (424)

Theorem 4.2. For an almost contact Weyl manifold with a quarter symmetric
linear connection, we have

s=s, (4.25)

where s and s are scalar curvature of the manifold with respect to the connections
D and D, respectively.

Proof. Multiplying (4.24) by ¢’* and using the identity &/ qS; =0 gives

5 = s+D;(arg’"e})
s+ D; (foeg’ ¢!)
s+ D; (f&6))

= S.

O

Theorem 4.3. On an almost contact Weyl manifold with a quarter symmetric
linear connection, if the 1-form q is locally a gradient, then

i i
gkt = Wikt
Wj = ij.
Proof. The proof is immediate from (4.22). O
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Proposition 4.4. On an almost contact Weyl manifold with a quarter sym-
metric connection, the following relations hold:

(1) Wijkl + Wijlk =0
(i1) Wijit + Wi = %gijW[zkz]
(iii) Wiy = 2nDjwy
(iv) Wiaij + Wiji + Wi = 2 ((bkzD[iqj] + D, q, + driD, qi])
Proof. (i). Changing the indices k and [ in (4.23) yields
Wijie = Wijie — 207V, q,,- (4.26)
By adding (4.23) to (4.26) we obtain the result.

(¢4). Similar to proof (7).
(#41). Contracting (4.22) with respect to ¢ and j yields

Wiy = Wiy + ¢ (Dsz - Dle) : (4.27)
Since ¢! = 0, we find that

(iv). Using the 1" Bianchi Identity

Whiiij + Whiiji + Wi = 0, (4.29)
and after the straightforward calculations, we get the result. O
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