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Abstract. Let (M,∇) be a manifold with a symmetric linear connection.
The natural Riemann extension g (defined by Kowalski-Sekizawa) generalizes
the Riemann extension (introduced by Patterson-Walker). The harmonic
morphisms form a special class of harmonic maps, with many applications
[1]. On (T ∗M, g) we obtain here a para-Hermitian structure, we construct
a harmonic morphism and we generalize a result of [2].
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1 Introduction

The affine geometry of a manifold (M,∇), endowed with a symmetric linear con-
nection, induces a (semi-)Riemannian geometry on the total space of the cotan-
gent bundle T ∗M , given by the Riemann extension g introduced by Patterson-
Walker [8].

Osserman problem, Walker manifolds, almost para-Hermitian manifolds,
non-Lorentzian geometry and so on, are related to the Riemann extension. For
some other applications, see [5].

The Riemann extension is a metric of signature (n, n) on T ∗M which was
generalized by Kowalski and Sekizawa to the natural Riemann extension (see
[7], [9] and for the notion of naturality see [6]). Another generalization is the
deformed Riemann extension (see [4]).

In [2], the harmonic functions were characterized with respect to both natural
Riemann extension and (classical) Riemann extension on the phase space T ∗M .

A special class of harmonic maps is given by harmonic morphisms, see [1].
A harmonic morphism between (semi-)Riemannian manifolds is defined as a
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smooth map between (semi-)Riemannian manifolds which pulls back (local)
harmonic functions from the target manifold to (local) harmonic functions on
the domain manifold.

The present paper gives some applications of the deformed and natural Rie-
mann extensions on T ∗M . Our main goal is to provide some harmonic mor-
phisms with respect to natural Riemann extension on T ∗M .

Note: This paper is an announcement of the forthcoming paper [3]. The
geometric structures, induced from the base manifold M to the total space of its
cotangent bundle T ∗M , can also be seen as some extensions of several geometric
objects from a submanifold to the whole space.

2 Preliminaries

The technique of lifting several geometric objects from a base n-dimensional
manifold M to its cotangent bundle T ∗M goes back to the last century, for
which we cite [10]. The natural projection p : T ∗M →M , p(x,w) = x associates
to each local chart (U, x1, . . . , xn) around x ∈ M the corresponding local chart
(p−1(U), x1, . . . , xn, x1∗, . . . , xn∗) around (x,w) ∈ T ∗M . On the cotangent space
(T ∗M)(x,w) at (x,w) of T ∗M one has a canonical basis:

{(∂1)(x,w), . . . , (∂n)(x,w), (∂1∗)(x,w), . . . , (∂n∗)(x,w)},

where ∂i = ∂/∂xi and ∂i∗ = ∂/∂wi, i = 1, n. In local coordinates, the global
defined vertical vector field:

W =

n∑
i=1

wi∂i∗

is of Liouville type.
The vertical lift fv ∈ F(T ∗M) of any function f ∈ F(M) is defined by

fv = f ◦ p. Then the vertical lift Xv is a function on T ∗M associated to the
vector field X ∈ X (M) and defined by:

Xv(x,w) = w(Xx)

at any point (x,w) ∈ T ∗M . When X is written in local coordinates as X =∑n
i=1 ξ

i∂i thenXv can be written in local coordinates asXv(x,w) =
∑n
i=1 wiξ

i(x)
at any point (x,w) ∈ T ∗M .

We note that Xv is not a vector field on T ∗M but Xv is a function preserved
by the action of the canonical vector field W , that is:

W (Xv) = Xv, ∀X ∈ X (M). (2.1)

Proposition 2.1. ([11]) If X and Y are vector fields on T ∗M such that X(Zv) =
Y (Zv), ∀Z ∈ X (M) then X = Y .
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We recall from [10] that the vertical lift αv is a vector field tangent to
T ∗M , associated to any 1-form α ∈ Ω1(M) and defined by αv(Zv) = (α(Z))v,
∀Z ∈ X (M). When α is written in local coordinates as α =

∑n
i=1 αidxi then

αv can be written in local coordinates as αv =
∑n
i=1 αi∂i∗ where we identify

fv = f ◦ p ∈ F(T ∗M) for any f ∈ F(M). Hence αv(fv) = 0, ∀f ∈ F(M). The
complete lift of a vector field X ∈ X (M) is a vector field Xc ∈ X (T ∗M) defined
by:

Xc(Zv) = [X,Z]v, ∀Z ∈ X (M).

When X is written in local coordinates by X =
∑n
i=1 ξ

i∂i then Xc can be
written in local coordinates as:

Xc
(x,w) =

n∑
i=1

ξi(x)(∂i)(x,w) −
n∑

h,i=1

wh(∂iξ
h)(x)(∂i∗)(x,w),

at each point (x,w) ∈ T ∗M .
Then Xc(fv) = (Xf)v, ∀f ∈ F(M) and on T ∗M the Lie bracket satisfies:

[Xc, Y c] = [X,Y ]c, [Xc, αv] = (LXα)v,

[αv, βv] = 0 = [Xc,W ], [αv,W ] = αv,∀X,Y ∈ X (M), α, β ∈ Ω1(M),

where LX denotes the Lie derivative with respect to X.

3 Deformed Riemann extension

If (M,∇) is an n-dimensional manifold endowed with a symmetric linear con-
nection, then the deformed Riemann extension is a semi-Riemannian metric g
of signature (n, n) on the total space of T ∗M defined at any (x,w) ∈ T ∗M by

g(x,w)(X
c, Y c) = −aw(∇XY +∇YX) + Φ(X,Y ) (3.1)

g(Xc, αv) = aα(X), g(αv, βv) = 0, (3.2)

for any vector fields X,Y and any differential 1-forms α, β on M , where a ∈ R∗

and the real function Φ(X,Y ) on T ∗M is symmetric in X and Y . We assume
a > 0.

Remark that the deformed Riemann extension generalizes both the Rie-
mann extension introduced by Patterson, Walker in [8] (when Φ = 0) and also
the natural Riemann extension (see [7] and [9]) when Φ(X,Y ) = bw(X)w(Y ),
∀X,Y ∈ X (M), where b ∈ R.

Proposition 3.1. Let (M,∇) be a manifold endowed with a symmetric lin-
ear connection. Then the total space of its cotangent bundle carries a para-
Hermitian structure (Ga, P̄ ) where Ga is the deformed Riemann extension with
Φa(X,Y ) = a(∇XY +∇YX)v and P̄ is defined by:

P̄Xc = Xc, P̄αv = −αv, ∀X ∈ X (M), α ∈ Ω1(M). (3.3)
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Proof. One can see that P̄ 2 = I and P̄ 6= ±I where I is the identity. We note
that:

Ga(Xc, Y c) = Ga(αv, βv) = 0, Ga(Xc, αv) = aα(X),

∀X,Y ∈ X (M), α, β ∈ Ω1(M). (3.4)

Moreover, P̄ is skew-symmetric with respect to Ga:

Ga(P̄U, P̄V ) = −Ga(U, V ), ∀U, V ∈ X (T ∗M). (3.5)

Hence (Ga, P̄ ) is an almost para-Hermitian structure. Since the Nijenhuis
tensor field of P̄ vanishes identically it follows that P̄ is integrable and therefore
(Ga, P̄ ) is a para-Hermitian structure which complete the proof.

By using a similar but longer computation, we generalize Theorem 5.1 ob-
tained in [2]:

Theorem 3.2. If Xv, Zv ∈ F(T ∗M) are the vertical lifts of the vector field
X,Z ∈ X (M) then:

((grad Zv)Xv)(x,w) =
1

a
{(∇XZ +∇ZX)v − 1

a
Φ(Z,X)}(x,w), (3.6)

where we used the characterization for gradZv given by:

g(gradZv, U) = UZv, ∀U ∈ X (T ∗M).

4 Harmonic maps and morphisms

We recall that a map ϕ : (N,h)→ (Ñ , h̃) between (semi-)Riemannian manifolds
is a harmonic map if the Euler-Lagrange operator τ(ϕ) defined as the trace (with
respect to h) of the second fundamental form ∇dϕ of ϕ vanishes identically, that
is

τ(ϕ) = traceh∇dϕ = 0.

Definition 4.1. A map ϕ : (N,h)→ (Ñ , h̃) between (semi-)Riemannian man-
ifolds is:

(i) a harmonic morphism if for any harmonic function f defined (locally) on

Ñ , its pull-back f ◦ ϕ is a (locally) harmonic function on N .
(ii) horizontally weakly conformal if there exists a function Λ : N → R

(called square dilatation) such that in any local coordinates (y1̃, . . . , yñ) on Ñ
one has:

h(gradϕα, gradϕβ) = Λh̃αβ , α, β = 1, ñ,

see [1].
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Theorem 4.2. Let (M, g) be a Riemannian manifold and let (T ∗M, g) be the
total space of its cotangent bundle endowed with the natural Riemannian ex-
tension constructed with the Levi-Civita connection ∇ of g. For any map
ϕ = (ϕ1, . . . , ϕk) : (M, g) → Rk, its associated map is defined at any point
(x,w) ∈ T ∗M by:

ϕ̃(x,w) = ((gradϕ1)(x,w), . . . , (gradϕk)(x,w)). (4.1)

Then ϕ̃ is a harmonic morphism if and only if ϕ̃ is an eigenmap of the vertical
lift of the Laplacian, i.e.

(∆ϕ)v =
b(n+ 1)

2a
ϕ̃, (4.2)

and (gradϕ1)c, . . . , (gradϕk)c are mutually orthogonal and of the name length.

Proof. Let ∇ be the Levi-Civita connection of g. We take α ∈ Ω1(M) such
that αx = w, (but the proof is independent of the choice of α that satisfies this
condition). From the relation

(gradZv)(x,w) =
1

a
{Zc − 2∇αvZc +

b

a
w(Z)αv}(x,w)

and (2.1) at any (x,w) ∈ T ∗M , we obtain for any set of vector fields {Zi}i=1,k:

ḡ
(
gradZvi , gradZvj

)
(x,w)

=
1

a2
ḡ(Zci − 2∇̄αvZci + cZvi α

v, Zcj − 2∇̄αvZcj

+ cZvj α
v)(x,w)

=
1

a2
{ḡ
(
Zci , Z

c
j

)
− 2ḡ

(
Zci , ∇̄αvZcj

)
+ cZvj ḡ (Zci , α

v)− 2ḡ
(
∇̄αvZci , Z

c
j

)
+ 4ḡ

(
∇̄αvZci , ∇̄αvZcj

)
− 2cZvj ḡ

(
∇̄αvZci , α

v
)

+ cZvi ḡ
(
αv, Zcj

)
− 2cZvi ḡ

(
αv, ∇̄αvZcj

)
+ c2Zvi Z

v
j ḡ (αv, αv)}(x,w) (4.3)

Using local coordinates, we can easily check:

ḡ(W, βv) = ḡ(W,W) = 0, ∀β ∈ Ω1(M). (4.4)

By using the definition of natural Riemann extension, the definition relation
of ∇ and (4.4), we express some of the terms involved in (4.3):

ḡ
(
∇̄αvZci , ∇̄αvZcj

)
(x,w)

= ḡ
(
∇̄αvZci , α

v
)
(x,w)

= ḡ
(
αv, ∇̄αvZcj

)
(x,w)

= ḡ (αv, αv)(x,w) = 0;

ḡ
(
Zci , Z

c
j

)
(x,w)

= −aw
(
∇ZiZj +∇ZjZi

)
x

+ bw (Zi)x w (Zj)x .
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Using the definition formula of ∇, we obtain

ḡ
(
Zci , ∇̄αvZcj

)
(x,w)

= −aαx (∇Zi
Zj)x + bw (Zi)x w (Zj)x

and ḡ (Zci , α
v)(x,w) = aαx (Zi)x where i = 1, k.

By substituting the previous relations (and also the above relations in which
i and j replace each other) into (4.3), we obtain:

ḡ
(
gradZvi , gradZvj

)
(x,w)

=
1

a2
{−aw

(
∇ZiZj +∇ZjZi

)
x

+ bw (Zi)x w (Zj)x

+ 2aw (∇Zi
Zj)x − 2bw (Zi)x w (Zj)x + 2aw

(
∇Zj

Zi
)
x
}

=
1

a2
{
aw
(
∇Zi

Zj +∇Zj
Zi
)
x
− bw (Zi)x w (Zj)x

}
= − 1

a2
ḡ
(
Zci , Z

c
j

)
(x,w)

, i, j = 1, k. (4.5)

Now, Zc1, . . . , Z
c
k are mutually orthogonal and of the same length on (T ∗M, ḡ)

if and only if there exists a real function Λ : T ∗M → R such that ḡ
(
Zci , Z

c
j

)
=

Λδij , i, j = 1, k.
From (4.5), by taking Zi = gradϕi, i = 1, k, we obtain that ϕ is hori-

zontally weakly conformal if and only if (gradϕ1)c, . . . , (gradϕk)c are mutually
orthogonal and of the same length.

We recall from ([2], Corollary 4.2) that the vertical lift Y v of a vector field
Y ∈ X (M) is a harmonic function (with respect to a natural Riemann extension
g) on T ∗M if and only if

(divY )v =
b(n+ 1)

2a
Y v.

Hence ϕ is a harmonic map with respect to g if and only if ϕ is an eigenmap
of the vertical lift of the Laplacian

(∆ϕ)v = ((∆ϕ1)v, . . . , (∆ϕk)v),

i.e. (4.2) is satisfied.
We complete the proof since any map between (semi-)Riemannian manifolds

is a harmonic morphism if and only if it is harmonic and horizontally weakly
conformal see [1].
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